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PREFACE 


This book is intended to be a tutorial on antenna arrays. Each chapter builds 
upon the previous chapter and progressively addresses more difficult subject 
material. The many pictures and examples introduce the reader to practical 
applications. 

The book starts with some electromagnetics/antennas/antenna systems 
information that is relevant to the other eight chapters. The next two chapters 
deal with the analysis and synthesis of arrays of point sources and their associ¬ 
ated array factors. These chapters would be useful for acoustic sensors as well 
as electromagnetic sensors. Chapter 4 presents a sampling of different kinds 
of elements that replace the point sources of the previous two chapters. The 
next chapter shows that the elements do not have to lie along a line or in a 
plane. Antenna elements may lie conformal to a surface or be distributed in 
space. Chapter 6 introduces mutual coupling where the elements radiate and 
receive electromagnetic waves, so they interact. These interactions are 
extremely complex and difficult to predict. Computer modeling and experi¬ 
ments are needed to predict the performance of arrays where mutual coupling 
is important. Chapter 7 introduces many different approaches to getting 
signals to and from the array elements to a computer where the signal detec¬ 
tion takes place. Finally, the various numerical techniques behind smart anten¬ 
nas are introduced in Chapter 8. 

This book emphasizes the computational methods used in the design and 
analysis of array antennas. I generated most of the plots presented in this book 
using one of three commercial software packages. MATLAB (MATLAB 
Version 2009a, The Math Works, www.mathworks.com, 2009) is the primary 
program used to do the plotting and calculations. MATLAB was also used to 
do many of the computations and is even useful for controlling experimental 
hardware. I used FEKO (FEKO, Suite 5.4, EM Software and Systems, www. 
feko.info, 2008) and CST Microwave Studio (CST Microwave Studio, Version 
2009.07, Sonnet Software, Inc., www.sonnetsoftware.com, June 16, 2009) to 
generate the figures listed in the table below. The support staff at FEKO (C. 
J. Reddy, Ray Sun, and Rohit Sammeta) and Sonnet (Jim Willhite) were very 
helpful and responsive to my questions while writing this book. 
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I am grateful for the help I received from many different people. I am 
especially indebted for the extraordinary help from Northrop Grumman 
(Dennis Lowes and Dennis Fortner), the National Electronics Museum (Ralph 
Strong and Michael Simons), and Ball Aerospace (Peter Moosbrugger and 
Debbie Quintana).The numerous pictures they provided are credited through¬ 
out this book. I especially encourage you to visit the National Electronics 
Museum. It is free, and they have a tremendous collection of antennas as well 
as other interesting science/engineering items (children-friendly too). Boris 
Tomasic of the USAF AFRL enlightened me on some very interesting array 
work and provided me with a lot of pictures and information. Robert Horner 
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interesting Vivaldi direction finding array. Junwei Dong and Amir Zaghloul 
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Antenna Array Basics 


Big antennas can detect faint signals much better than small antennas. A big 
antenna collects a lot of electromagnetic waves just like a big bucket collects 
a lot of rain. The largest single aperture antenna in the world is the Arecibo 
Radio Telescope in Puerto Rico (Figure 1.1). It is 305 m wide and was build 
inside a giant sinkhole. Mechanically moving this reflector is out of the 
question. 

Another approach to collecting a lot of rain is to use many buckets rather 
than one large one. The advantage is that the buckets can be easily carried 
one at a time. Collecting electromagnetic waves works in a similar manner. 
Many antennas can also be used to collect electromagnetic waves. If the output 
from these antennas is combined to enhance the total received signal, then 
the antenna is known as an array. An array can be made extremely large as 
shown by the Square Kilometer Array radio telescope concept shown in 
Figure 1.2. This array has an aperture that far exceeds any antenna ever built 
(hundreds of times larger than Arecibo). It will be capable of detecting 
extremely faint signals from far away objects. 

An antenna array is much more complicated than a system of buckets to 
collect rain. Collecting N buckets of rain water and emptying them into a large 
bucket results in a volume of water equal to the sum of the volumes of the N 
buckets (assuming that none is spilled). Since electromagnetic waves have a 
phase in addition to an amplitude, they must be combined coherently (all the 
same phase) or the sum of the signals will be much less than the maximum 
possible. As a result, not only are the individual antenna elements of an array 
important, but the combination of the signals through a feed network is also 
equally important. 

An array has many advantages over a single element. Weighting the signals 
before combining them enables enhanced performance features such as inter¬ 
ference rejection and beam steering without physically moving the aperture. 
It is even possible to create an antenna array that can adapt its performance 
to suit its environment. The price paid for these attractive features is increased 
complexity and cost. 

This chapter introduces arrays through a short historical development. 
Next, a quick overview of electromagnetic theory is given. Some basic antenna 
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Figure 1.1. Arecibo Radio Telescope (courtesy of the NAIC—Arecibo Observatory, 
a facility of the NSF). 


Figure 1.2. Square kilometer array concept. (Courtesy of Xilostudios.) 
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definitions are then presented ends before a discussion of some system con¬ 
siderations for arrays. Many terms and ideas that will be used throughout the 
book are presented here. 


1.1. HISTORY OF ANTENNA ARRAYS 

The first antenna array operated in the kilohertz range. Today, arrays can 
operate at virtually any frequency. Figure 1.3 is a chart of the electromagnetic 
frequency spectrum most commonly used for antenna arrays. Antenna arrays 
are extremely popular for use in radars in the microwave region, so that spec¬ 
trum is shown in more detail. 

The development of antenna arrays started over 100 years ago [1]. Brown 
separated two vertical antennas by half a wavelength and fed them out of 
phase [2]. He found that there was increased directivity in the plane of the 
antennas. Forest also noted an increase in gain by two vertical antennas that 
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Figure 1.3. Frequency spectrum. 
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Figure 1.4. Chain Home, AMES Type 1 antenna array. (Courtesy of the National 
Electronics Museum.) 


formed an array [3]. Marconi performed several experiments involving mul¬ 
tiple antennas to enhance the gain in certain directions [4]. These initial array 
experiments proved vital to the development of radar. 

World War II motivated countries into building arrays to detect enemy 
aircraft and ships. The first bistatic radar for air defense was a network of 
radar stations named “Chain Home (CH)” that received the formal designa¬ 
tion “Air Ministry Experimental Station (AMES) Type 1” in 1940 (Figure 1.4) 
[5]. The original wavelength of 26 m (11.5 MHz) interfered with commercial 
broadcast, so the wavelength was reduced to 13 m (23.1 MHz). At first, the 
developers thought that the signal should have a wavelength comparable to 
the size of the bombers they were trying to detect in order to obtain a reso¬ 
nance effect. Shorter wavelengths would also reduce interference and provide 
greater accuracy. Unfortunately, the short wavelengths they desired were too 
difficult to generate with adequate power to be useful. By April 1937, Chain 
Home was able to detect aircraft at a distance of 160 km. By August 1937, 
three CH stations were in operation. The transmitter towers were about 107 m 
tall and spaced about 55 m apart. Cables hung between the towers formed a 
“curtain” of horizontally half-wavelength transmitting dipoles. The curtain 
had a main array of eight horizontal dipole transmitting antennas above a 
secondary “gapfiller” array of four dipoles. The gapfiller array covered the 
low angles that the main array could not. Wooden towers for the receiving 
arrays were about 76 m tall and initially had three receiving dipole antennas, 
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Figure 1.5. SCR-270 antenna array. (Courtesy of the National Electronics Museum.) 


vertically spaced on the tower. As the war progressed, better radars were 
needed. A new radar called the SCR-270 (Figure 1.5) was available in Hawaii 
and detected the Japanese formation attacking Pearl Harbor. Unlike Chain 
Home, it could be mechanically rotated in azimuth 360 degrees in order to 
steer the beam and operated at a much higher frequency. It had 4 rows of 8 
horizontally oriented dipoles and operates at 110 MHz [6]. 

After World War II, the idea of moving the main beam of the array by 
changing the phase of the signals to the elements in the array (originally tried 
by F. Braun [7]) was pursued. Friis presented the theory behind the antenna 
pattern for a two element array of loop antennas and experimental results that 
validated his theory [8], Two elements were also used for finding the direction 
of incidence of an electromagnetic wave [9]. Mutual coupling between ele¬ 
ments in an array was recognized to be very important in array design at a 
very early date [10]. A phased array in which the main beam was steered using 
adjustable phase shifters was reported in 1937 [11]. The first volume scanning 
array (azimuth and elevation) was presented by Spradley [12]. The ability to 
scan without moving is invaluable to military applications that require 
extremely high speed scans as in an aircraft. As such, the parabolic dish anten¬ 
nas that were once common in the nose of aircraft have been replaced by 
phased array antennas (Figure 1.6). 
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Figure 1.6. The old reflector dishes in the nose of aircraft have been replaced by 
phased array antennas. (Courtesy of the National Electronics Museum.) 


Analysis and synthesis methods for phased array antennas were developed 
by Schelkunoff [13] and Dolph [14]. Their static weighting schemes resulted 
in the development of low sidelobe arrays that are resistant to interference 
entering the sidelobes. These later formed that basis of the theory of digital 
filters. In the 1950s, Howells and Applebaum invented the idea of dynamically 
changing these weights to reject interence [15],Their work laid the foundation 
for adaptive, smart, and reconfigurable antenna arrays that are still being 
researched today. 

Improvements in electronics allowed the increase in the number of ele¬ 
ments as well as an increase in the frequency of operation of arrays. The 
development of transmit-receive (T/R) modules have reduced the cost and 
size of phased array antennas [16]. Computer technology improved the model¬ 
ing and design of array antennas as well as the operation of the phased arrays. 
Starting in the 1960s, new solid-state phase shifters resulted in the first practi¬ 
cal large-scale passive electronically scanned array (PESA). A PESA scans a 
volume of space much more quickly than a mechanically rotating antenna. 
Typically, a klystron tube or some other high-power source provided the 
transmit power that was divided amongst the radiating elements. These anten¬ 
nas were ground- and ship-based until the electronics became small and light 
enough to place on aircraft. The Electronically Agile Radar (EAR) is an 
example of a large PESA that had 1818 phase shifting modules (Figure 1.7). 
Active electronically scanned arrays (AESA) became possible with the devel¬ 
opment of gallium arsenide components in the 1980s. These arrays have many 
transmit/receive (T/R) modules that control the signals at each element in 
the array. 

Today, very complex phased arrays can be manufactured over a wide range 
of frequencies and performing very complex functions [17]. As an example, 
the SBX-1 is the largest X-band antenna array in the world (Figure 1.8) [18], 
It is part of the US Ballistic Missile Defense System (BMDS) that tracks and 
identifies long-range missiles approaching the United States. The radar is 
mounted on a modified, self-propelled, semi-submersible oil platform that 
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Figure 1.7. EAR array. (Courtesy of the National Electronics Museum.) 


travels at knots and is designed to be stable in high winds and rough seas. 
Through mechanical and electronic scanning, the radar can cover 360° in 
azimuth and almost 90° in elevation. There are 45,000 GaAs transmit/receive 
modules that make up the 284-m 2 active aperture. Figure 1.9 shows the array 
being placed on the modified oil platform. A radome is placed over the array 
to protect it from the elements (Figure 1.10). 


1.2. ELECTROMAGNETICS FOR ARRAY ANALYSIS 

Before delving into the theory of antenna arrays, a review of some basic elec¬ 
tromagnetic theory is in order. The frequency of an electromagnetic wave 
depends on the acceleration of charges in the source. Accelerating charges 
produce time-varying electromagnetic waves and vice versa. The radiated 
waves are a function of time and space. Assume that the electromagnetic fields 
are linear and time harmonic (vary sinusoidally with time). The total electro¬ 
magnetic field at a point is the superposition of all the time harmonic fields at 
that point. If the field is periodic in time, the temporal part of the wave has a 
complex Fourier series expansion of the form 

E(t)= £ a„e' 2mA ' (1.1) 

where a n = E(t)e~ i2nmfi> = Fourier coefficients and/ 0 is the fundamental 
frequency. The fundamental frequency determines where the wave is centered 
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Figure 1.10. SBX-1 deployed inside a radome. (Courtesy of Missile Defense Agency 
History Office.) 


on the frequency spectrum in Figure 1.3. If the electromagnetic field is periodic 
or aperiodic, it has the following temporal Fourier transform pair: 


E(t)= J E(f)e~^df 

(1.2) 

£(/) = J E(t)e i2xfi dt 

(1.3) 


Equations (1.1), (1.2) and (1.3) illustrate how any time-varying electromag¬ 
netic field may be represented by a spectrum of its frequency components. 
E(t ) is the superposition of properly weighted fields at the appropriate fre¬ 
quencies. Superimposing and weighting the fields of the individual frequencies 
comprising the waveform. Traditional electromagnetics analysis examines a 
single-frequency component, and then it assumes that more complex waves 
are generated by a weighted superposition of many frequencies. 

Equations (1.1), (1.2) and (1.3) do not take the vector nature of the fields 
into account. A single-frequency electromagnetic field (Fourier component) 
is represented in rectangular coordinates as 

E(t) = xE x cos (2 nft) + yE y cos(2 nft + y/ y )+zE z cos ( 2k ft + y/ z ) (1.4) 
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where x, y, and z are the unit vectors in the x, y, and z directions; E x , E y , and 
E z are the magnitudes of the electric fields in the x, y, and z directions; and 
iffy and i jf z are the phases of the y and z components relative to the x compo¬ 
nent. Using Euler’s identity, (1.4) may also be written as 

E(t) = Re{Ee' 2nft } (1.5) 

where E represents the complex steady-state phasor (time independent) of 
the electric field and is written as 

E = xE x + yE y e iv > + zE z e'^ (1.6) 

and E x , E y , and E, are functions of x, y, and z and are not a function of t. 

Maxwell’s equations in differential and integral form are shown in Table 
1.1. Note that the e'“ time factor is omitted, because it is common to all com¬ 
ponents. Variables in these equations are defined as follows: 

E electric field strength (volts/m) 

D electric flux density (coulombs/m 2 ) 

H magnetic field strength (amperes/m) 

B magnetic flux density (webers/m 2 ) 

J electric current density (amperes/m 2 ) 

p ev electric charge density (coulombs/m 3 ) 

J m magnetic current density (volts/m 2 ) 

p mv magnetic charge density (webers/m 3 ) 

Q e total electric charge contained in S (coulombs) 

Q m total magnetic charge contained in S (coulombs) 

S closed surface (m 2 ) 

C closed contour line (m) 

Electric sources are due to charge. Magnetic sources are fictional but are often 
useful in representing fields in slots and apertures. 

Each of the equations in Table 1.1 is a set of three scalar equations. There 
are too many unknowns to solve these equations, so additional information is 
necessary and comes in the form of constitutive parameters that are a function 
of the material properties. The constitutive relations for a linear, isotropic, 
homogeneous medium provide the remaining necessary equations to solve for 
the unknown field quantities. 


D-eE 
B = pH 

J = ctE 


(1.7) 

( 1 . 8 ) 
(1.9) 
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TABLE 1.1. Maxwell’s Equations in Differential and Integral Form 


Law 

Differential 

Integral 

Faraday 

V x E= -jcoB - J m 

j>EcH = -jcojjBds-jji m ds 

Ampere 

V x H= jcdD + J 

j>HcH = jcojjDds + jjj-ds 

Gauss electric 

V • D= p ev 

§Dds = Q t 

Gauss magnetic 

V • B= p mv 

§Bds = Q m 


where the constitutive parameters describe the material properties and are 
defined as follows: 

p permeability (henries/m) 

e permittivity or dielectric constant (farads/m) 

o conductivity (siemens/m) 

Assuming the constant to be scalars is an over simplification. In today’s world, 
antenna designers must take into account materials with special properties, 
such as 

• Composites 

• Semiconductors 

• Superconducting materials 

• Ferroelectrics 

• Ferromagnetic materials 

• Ferrites 

• Smart materials 

• Chiral materials 

• Conducting polymers 

• Ceramics 

• Electromagnetic bandgap (EBG) materials 

Antenna design relies upon a complex repitroire of different materials that 
will provide the desired performance characteristics. 

Spatial differential equations have only general solutions until boundary 
conditions are specified. If these equations still had the time dependence 
factor, then initial conditions would also have to be specified. The boundary 
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conditions for the field components at the interface between two media are 
given by 

• The tangential electric field: 

nx(Ej-E 2 ) = -J« (1.10) 

• The normal magnetic flux density: 

n-(B 1 -B 2 ) = p ms (1.11) 

• The tangential magnetic field: 

nx(H 1 -H 2 ) = J s (1.12) 

• The normal electric flux density: 

n-(D 1 -D 2 ) = p es (1.13) 

where subscripts 1 and 2 refer to the two different media, p ms is the magnetic 
surface charge density (coulombs/m 2 ), and p es is the electric surface charge 
density (webers/m 2 ). 

Maxwell’s equations in conjunction with the constitutive parameters 
and boundary conditions allow us to find quantitative values of the field 
quantities. 

Power is an important antenna quantity and has units of watts or volts times 
amps. Multiplying the electric field and the magnetic field produces units of 
W/m 2 or power density. The complex Poynting vector describes the power 
flow of the fields via 


S = ^Re{ExH*} (1.14) 

Note that the direction of propagation (direction that S points) is perpendicu¬ 
lar to the plane containing the E and H vectors. S is the power flux density, 
so V • S is the volume power density leaving a point. A conservation of energy 
equation can be derived in the form of 


JjExH*.ds = -JJjE.J*dv-;a»JJ^^ + ^jdv (1.15) 


The terms ^-e|E| 2 and ^p|H| 2 are the electric and magnetic energy densities, 
respectively. Finally, E • J* represents the power density dissipated. 
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1.3. SOLVING FOR ELECTROMAGNETIC FIELDS 

The sources that generated the current on the antenna or the voltage across 
the terminal of the antenna must be known in order to calculate the fields 
radiated by the antenna. There is an analytical approach to finding fields for 
some very simple antennas in which the current on the antenna is postulated. 
In most practical cases, however, the fields must be found using numerical 
methods. This section presents an approach for analytically finding fields for 
simple antennas that also forms the basis for some numerical approaches in 
the frequency domain. 


1.3.1. The Wave Equation 

A time-varying current on an antenna is the input to a linear system called 
free space. The output is the radiated electromagnetic field. The simplest 
conceivable antenna is called an isotropic point source, and it radiates equally 
in all directions. At a constant distance from the source (the surface of an 
imaginary sphere), the amplitude and phase of the electromagnetic field 
radiated by the point source is the same at a given instant in time. Point 
sources don’t really exist. However, certain radiating objects, such as stars, 
behave as though they were point sources when the observer is far away. If a 
point source is modeled as a spatial impulse, then an impulse response must 
exist for free space. Once the impulse response is known, then the output is 
found by convolving an input with the impulse response. This approach to 
finding the fields radiated by an antenna is identical to finding the impulse 
response of a filter. 

The quest for the impulse response of free space (also called the free-space 
Green function) begins with the vector wave equation for the electric field 
with only electric sources. It is derived by taking the curl of Faraday’s law and 
substituting Ampere’s law into the right-hand side. 

VxVxE = -;oo)uVxH = -;'<B^(y<aeE + J) = A: 2 E -jcopJ (1.16) 

The left-hand side of this equation may be converted to a more convenient 
form using the vector identity VxVxE = V(VE)- V 2 E and substituting 
Gauss’ law. 


V 2 E + k 2 E = joi/MjJ + — Vp ev (1.17) 

e 

This equation is very useful when there are no sources, because E is easy to 
find. Unfortunately, the sources are in terms of both J and p ev . Thus, in order 
to calculate the fields radiated by an antenna or scattering object, both J and 
p ev must be known. 
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Our goal is to have one vector quantity on the left-hand side of the equa¬ 
tion and one source quantity on the right-hand side. In order to achieve this 
goal, a wave equation is found for the magnetic vector potential A. Then, E 
and H are found from A. The derivation of the wave equation for the vector 
magnetic potential starts by defining A from Gauss’ law, V • B = 0, and the 
vector identity V • V x A = 0. 


B = Vx A (1.18) 

Substituting (1.18) into Faraday’s law gives 

Vx(E + y< 0 A) = O (1.19) 

Recognizing that (1.19) fits the form of the vector identity V x VF = 0, E is 
defined as 


-VF = E + /©A (1.20) 

or 

E = -jcoA - VF (1.21) 

where F is an arbitrary scalar potential. The next step is to substitute (1.18) 
and (1.21) into Ampere’s law to get 

^VxVxA = /me(-/ft>A-VF)+J (1.22) 

which may be rewritten as 

V 2 A + k 2 \ = ~ni + V(V • A + joqieV) (1.23) 

by using the vector identity V x V x A = V(V • A) - V 2 A, defining k 2 = of fie, 
and rearranging the terms. Since F and A are arbitrary (we took them from 
some vector identities), we can define our own relationship between them. 
Looking at (1.23), the choice for relating F and A that would greatly simplify 
the equation is 


V-A + jcaefiV = 0 (1.24) 

This relationship between A and V is known as the Lorentz condition. Using 
the Lorenz condition in (1.23) yields the wave equation. 


V 2 A + k 2 \ = ~fii 


(1.25) 
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A similar derivation for magnetic sources yields another wave equation. 

V 2 F + * 2 F = -eJ m (1.26) 

where F is the electric vector potential for the fictional magnetic current. 


1.3.2. Point Sources 

If the source in (1.25) is an impulse function or a point source, then it is rep¬ 
resented in rectangular coordinates as 

J(x', /, z') = J(r') = 8(x')8(y')8{z') (1.27) 

The field characteristics of a point source are most simply defined in terms of 
0 and 0. The z-component of (1.25) outside the origin.becomes 

~r 2 ^ + l 2 A=0 (1.28) 

r dr dr 

The 0 and 0 variations are zero, so the wave equation is only a function of r, 
the distance from the origin to the point of observation. The impulse response 
of free space, Q(r), is found by substituting A z = Q(r)lr into (1.28) to get 

^P- + k 2 G(r) = 0 (1.29) 

dr 

where r= ri = xx + yy + zi and r = Irl. Solving this equation for G(r) results in 
two solutions. Since the assumed time dependence is e jM , the first solution 
represents waves traveling away from the point source (transmit antenna) 


Q{r)= 


(1.30) 


and the second solution represents waves traveling toward the point source 
(receive antenna) 


Q{r)~ (1-31) 

Anr 

Theoretically, real antennas consist of a collection of point sources. Their 
far-field patterns are a convolution of the current on the antenna (J) with Q. 
An antenna may be thought to consist of point sources distributed throughout 
space. When a point source is at (x', y', z') instead of at the origin, it is repre¬ 
sented as 
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/(/?) = 5(x-x')5(;y-/)5(z-z') 

= -r±7l8(r-r')8(e-e')8(<l>-4>') (1.32) 

47ir 


If the point source is at the origin, then 


(1.33) 


and the free-space Green function is 


G(r\r') = - A 


(1.34) 


where r'= x'x + y'y + z% r = Ir'l, and R = Ir - r'l. 

To summarize, the electromagnetic fields radiated by an antenna may be 
found by the following steps: 


1. Postulate the current on the antenna (J).This may be done experimen¬ 
tally, analytically, numerically, or a reasonable guess. 

2. Calculate A by convolving the J and or F by convolving the J m with Q 
for each vector component: 


p-jkR 

A = /iJJJj(r')— dV 

(1.35) 

p-jkR 

F = efffj m (r') £ - dv' 

}] J UnR 

(1.36) 


3. Calculate H: 


H = -VxA-/©F-/—V(V*F) (1.37) 

R (ORE 

4. Calculate E from Ampere’s law: 

E =—VxH--VxF (1.38) 

j(oe e 


The next two subsections demonstrate this procedure on simple antennas. 
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1.3.3. Hertzian Dipole 

A Hertzian dipole is a straight-wire antenna that is 2a long and is very small 
compared to a wavelength (2 a « A). We follow the steps of the previous 
section to find the radiated fields. If the antenna lies along the z axis, then it 
can be modeled as a line of point sources from z = -a to z = a (Figure 1.11). 
Since the antenna is so small, the current is approximately a constant, J = 
zl 0 8(x')8(y') along the length of the wire. The magnetic vector potential is 
given by 


„ e -jk\r-z 'I 

A * = nUJ J 0 8(x')S(y') 4?r|r _ z1 dx'dy'dz' 


(1.39) 


This integral simplifies to 


^ /r(2 a)Ioe- ikr 

1 4 nr 


(1.40) 


given the following assumptions: 

^ = |r-z'|-r 
2n«sc A 
2a cR 

I{z') is a constant = I 0 

This solution has a variable r that is one of the dimensions of a spherical 
coordinate system yet has a vector component that is in a rectangular 
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coordinate system. In order to put everything in one coordinate system, the z 
component is converted to spherical coordinates. 


2 anlg 
4 nr 


(1.41) 


The electric and magnetic fields are derived from (1.35) and (1.36): 


H = 2 g ^sin 


(1.42) 

(1.43) 


where Z is the impedance given by 



(1.44) 


A short distance from the antenna, the 1/r 2 and 1 /r 3 terms quickly become 
negligible compared to the 1/r term: 


E = j2aZI 0 ksind—Q (1.45) 

4nr 

g~i kr „ 

H = j2aZI 0 k sin 0-<p (1.46) 


Equations (1.45) and (1.46) are far-field equations because the electric and 
magnetic fields are orthogonal to each other and to the direction of propaga¬ 
tion. Another property of the far field evident from these equations is that the 
electric and magnetic fields are related by 


E = -ZrxH 

(1.47) 

H = ifxE 

(1.48) 


The power flow is shown to be in the radial direction by calculating the 
complex Poynting vector given by 


. \I 0 \ 2 Z 0 a 2 k 2 sm 2 e 


(1.49) 


Thus, the power radiated is a function of 1/r 2 , which is the same as an indi¬ 
vidual point source. Unlike the isotropic point source, the Hertzian dipole has 
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preferred directions of radiation and reception as given by the sin 6 term. It is 
also polarized: The electric field is described by a vector. 


1.3.4. Small Loop 

Point sources may also be placed side-by-side to form a loop as shown in 
Figure 1.12. Assume the loop is so small that the current is constant on the 
loop and is given by 


(1.50) 


The magnetic vector potential is found from 

A. = sin e'dr'dd'df 

ooo 4 ji R 


(1.51) 


where R is given by 

R = \r-r'\ = J(r-r') (r-r') = y/r 2 + r' 2 -2r r’ 

= <Jr 2 + a 2 -2ar (sin 9 (cos0cos0' - sin 0 sin 0')} (1-52) 

The observation distance is assumed to be much greater than the loop diam¬ 
eter (r » a). Factor r out of the radical, then the a 2 !/ 2 inside the radical is very 
small and can be ignored. Since air is also very small, the binomial expansion 
for the square root gives an accurate approximation: 
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R-r-asin9(cos<l>'+sm<j)sm<l>') (1.53) 


The second term contributes little to the amplitude of the magnetic vector 
potential, because its maximum value is a. For instance, if r is 100 m and a is 
1 m, then the amplitude of A decreases by about 1%. Thus, R — r in the 
denominator. However, the same 1 % increase in R produces a 180° phase shift 
at a frequency of 600 MHz, and (1.53) must be used in the phase term. Making 
the proper substitutions into (1.51) yields 


A = 


Hl 0 J j 2 J 8(9'- 90°)S(r'-a)e- ik[r - 
4?r o o o r 


sin0(cos0cos0 / + sin0sin0')] 

- r' 2 sin 9'dr'd9'd<t>'<p 


(1.54) 


Integrating over & and /, substituting the rectangular representation of </>', 
and making the small phase angle approximation e'* — 1 + jx reduces the 
equation to 


A = ^° ae f (-Jcsin0 , + ycos0')[l + jkasin9(cos<j>cos<j)' + sin0sin0')]d0'<p 

4 nr o 

(1.55) 


After performing the final integration and substituting <p = -xsin</> + ycos0, 
then 


^ }iukna 2 l( > sm9e~’ kr > 

4 nr ^ 


(1.56) 


The magnetic field is 

H = - V x A = j-(/A)e = - Mk2 Sing e-H (1.57) 

ju nr dr tor 

where M = m 2 I 0 is the dipole moment of the small current loop. The electric 
field is given by 


E=-ztxH = - MZt2sm V -e 


These equations have a form similar to those for the Hertzian dipole and are 
called dual formulations. The analysis of larger loops is more complicated 
because one cannot assume that a is small compared to X, so the current is not 
constant in amplitude and phase around the loop. 
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1.3.5. Plane Waves 

A plane wave is a transverse electromagnetic (TEM) wave having constant 
amplitude and phase in an infinite plane in space at an instant in time. A TEM 
wave has the electric and magnetic fields orthogonal to the direction of propa¬ 
gation. The plane wave travels in the direction orthogonal to the plane. Thus, 
a plane wave is described by a vector or an angle of propagation and magni¬ 
tude and phase of the field in the plane. The propagation vector points in the 
direction of propagation and is written as 

k = k x x+k,y+k z z (1.59) 

where the propagation constants in the x, y, and z directions are given by 

k x = ^- = ksindcos<j) 
k y = ^- = ksindsin<l> 
k z = ~^- = kcosd 

and the projections of the wavelength onto the x,y, and z directions are given 
by A*, Ay, and A z . 

Even though the point source and plane wave are mathematical and con¬ 
ceptual models, we relate them in a very practical way, because we are often 
only interested in a portion of the angular extent of the field. When the spheri¬ 
cal wave of a transmit antenna impinges on the receive antenna, how spherical 
does it look? As the distance between the antennas increases, the incident 
wave looks less curved. At some distance R the incident wave can be said to 
be a plane wave relative to the receive antenna or over a local extent. This 
approximation is extremely important in antenna measurements. As a rule of 
thumb (and IEEE definition [19]), a receive antenna is in the far field of a 
point source when the maximum phase deviation across the aperture is less 
than A/16 or jc/8 radians. Figure 1.13 shows the simple trigonometric derivation 
for the far-field formula given by 


(1.60) 


where R is the distance from the point source to the receive antenna and D 
is the largest dimension of the receive antenna. For high-performance (low- 
sidelobe) antennas, a stricter error tolerance may be needed, and the far field 
will be a greater distance from the antenna. 
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Figure 1.13. Derivation of the definition of far field. 


1.4. ANTENNA MODELS 

Antennas transmit and/or receive signals. From a circuit point of view, the 
antenna appears as a load on a transmission line. An antenna is matched when 
the signal from the transmission line is radiated and not reflected back to the 
transmitter. Determining the impedance of this load and matching it to the 
feed line is important. An antenna may also be considered a filter. The filter 
passes electromagnetic waves with desirable frequency, directional, and polar¬ 
ization attributes. These models are widely used in antenna design and are 
described in the next sections. 

1.4.1. An Antenna as a Circuit Element 

A radiating system consists of an oscillating source to generate a signal, a 
transmission line or waveguide, and an antenna to transform that signal to an 
electromagnetic wave. Not all the power generated by the transmitter goes to 
the antenna. Transmission lines and connectors between the source and 
antenna become potential sources for degradation due to mismatches, radia¬ 
tion loss, and heat loss. A guided wave traveling along a transmission line 
reflects from any discontinuity, or point in the transmission path where the 
impedance changes. These reflections set up a standing wave in the line which 
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stores energy and reduces the amount of power delivered to the intended load 
(antenna). The standing wave ratio (SWR) is the ratio of the maximum to 
minimum value of the voltage standing wave established by the reflections. 
SWR is a common measure used in matching guided wave components and 
is calculated by 


1 + fz.l 

i-|rj 


(1.61) 


where T L is the reflection coefficient at the discontinuity. An SWR of 1 indi¬ 
cates a perfect match. The reflection coefficient is the ratio of the reflected to 
incident voltages at the discontinuity 

p _ ^reflected _ ^f. ~ Zq ( 162) 


where Z 0 is the transmission line impedance and Z L is the discontinuity imped¬ 
ance. Frequently, T L is also called s n from the s parameters. Impedances are 
a function of frequency, so SWR is often used to establish the frequency range 
or bandwidth in which an antenna can be used. In most cases, an SWR < 2 or 
sn < -10 dB define the bandwidth limits. One needs to be careful comparing 
the bandwidth of two antennas. Sometimes, for receive antennas, the band¬ 
width is defined over the frequency range when VSWR < 3. It is more impor¬ 
tant to have a low VSWR for a transmit antenna, because the reflected power 
can be high enough to damage circuits. 

Signal power escapes from the circuit through radiation or heating. 
Radiation losses occur when the signal leaks from the transmission path by 
way of connectors or the open sides of microstrip lines. Thermal losses result 
when resistance in the transmission line converts part of the signal to heat. 
Resistance comes from the imperfect conductors and dielectrics that make up 
the transmission line. The reduced power delivered to the antenna terminals 
is given by 


FI=5 A 5 r (l-|r t | 2 )PTR (1.63) 

where 8 h is the thermal dissipation efficiency, 8 r is the radiation dissipation 
efficiency, T L is the reflection coefficient due to reflections within the transmis¬ 
sion line, and P TR is the power generated by the transmitter. The intent is to 
get as much power as possible to radiate in a desired direction and receive as 
much power from the intended source as possible. Any loss of power or addi¬ 
tion of unwanted power is very undesirable. 

Example. If a system has 8 h = 8 r = 0.99 and Z 0 = 75 Q and Z, = 77 + y30 Q, 
then find P,. 
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77 + /30-75 2 + /30 

L ~ n + y30 + 75 ~~ 152 + ;30 

The resulting transmitted power is 

P t = .99 2 (l - .19 2 ) 10 W => % transmitted = 94.3% 


1.4.2. An Antenna as a Spatial Filter 

Antennas do not radiate power isotropically (equally in all directions). Instead, 
an antenna is a spatial filter which concentrates power in certain directions at 
the expense of decreasing the power radiated in other directions. The power 
density (W/m 2 ) radiated by an antenna is given by 

(1.64) 


Directivity compares the power density in a designated direction to the average 
power density. Unless otherwise specified, directivity implies that the maximum 
value of directivity is given by 


D = 


47rS, m ax 


(1.65) 


The gain of the antenna is the ratio of the power radiated in a particular 
direction to power delivered to the antenna. Gain differs from directivity 
because gain includes losses. 

Directivity is always greater than or equal to gain. The denominator in 
(1.65) can be replaced by power delivered to the antenna, thus avoiding the 
double integration. Gain and directivity are related through the radiation 
efficiency, S e , the ratio of the power radiated by the antenna to the power input 
to the antenna 


G(0,<l>) = 8 e D{9,<l>) (1.66) 

The realized gain includes the losses due to the mismatch of the antenna input 
impedance to a specified impedance. Realized gain is frequently used by engi¬ 
neers when integrating the antenna into the system. When gain is written 
without any angular dependence, G, it implies the maximum gain of the 
antenna. Since G is a power ratio, it is often expressed in decibels 

G dB = 101og 10 G = 10 log G (1.67) 

Figure 1.14 shows a three-dimensional plot in cylindrical coordinates of a 
relative antenna radiation pattern far from the antenna as a function of 9 and 
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0, where 6 is measured in the radial direction, 0 is in the horizontal plane, and 
the pattern amplitude in the vertical direction. Relative means that no abso¬ 
lute units of power are associated with the pattern, but the power between 
two different angles are of the correct ratio. A relative antenna pattern means 
that the maximum value is normalized to 1 or 0 dB.The direction of maximum 
gain is at the center of a large lobe called the main beam, while smaller lobes 
are called sidelobes, and the zero-crossings are called nulls. Bigger lobes in 
some directions indicate greater gain in those directions. 

Three-dimensional antenna patterns (Figure 1.14) provide an overall quali¬ 
tative evaluation of the antenna’s spatial response. Accurately determining 
sidelobe levels, null locations, and beamwidth require the use of two- 
dimensional cuts, however. An antenna pattern cut is the two-dimensional 
antenna pattern measured on a great circle around the antenna. Figure 1.15 
shows two orthogonal polar magnitude plots of the three-dimensional pattern 
in Figure 1.14 (0 = 0° and 0 = 90°). These same patterns appear as rectangular 
plots in Figure 1.16 (dB) and in Figure 1.17 (linear). The polar plot is useful 
for appreciating the angular layout of the pattern. The rectangular plots are 
used to precisely locate nulls, determine beamwidth, and establish sidelobe 
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90 



270 


Figure 1.15. Polar plot of the relative antenna pattern in decibels. 



Figure 1.16. Linear antenna pattern plot in decibels. 


levels. Note that low sidelobes are difficult to see in the linear plot compared 
to the dB plot. In this book, <p is the azimuth angle and 9 is the elevation angle. 
For linear or nearly linearly polarized antennas, the terms £-plane and H- 
plane cuts are used. An £-plane cut is the antenna pattern in the plane con¬ 
taining the electric field and the maximum of the main beam, while the //-plane 
cut is the antenna pattern in the plane containing the magnetic field and the 
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Figure 1.17. Linear rectangular antenna pattern. 


maximum of the main beam. Antenna patterns are often normalized to the 
peak of the main beam. 

The beamwidth of an antenna may mean either (a) the angular separation 
between the half-power (3 dB) points on either side of the peak of the main 
beam (most common engineering definition) or (b) the angular separation 
between the first nulls on either side of the main beam (definition often used 
in optics and physics). If the antenna pattern is not symmetrical, then the 
beamwidth must be specified in the plane of the antenna pattern cut. Usually 
the beamwidth is specified in two orthogonal antenna pattern cuts. 

Another important antenna gain characteristic is effective (or equivalent) 
isotropically radiated power (EIRP). EIRP is the gain of the transmitting 
antenna multiplied by the power delivered to its input. 

EIRP = P,G (168) 

It is the transmitter-antenna combination that determines the transmitted 
power of a system. EIRP is especially important for satellite antennas where 
power and antenna size are at a premium. 


1.4.3. An Antenna as a Frequency Filter 

Antennas transmit and receive certain frequencies better than other frequen¬ 
cies, making the antenna a frequency filter. Antennas that respond to a very 
small range of frequencies are known as narrowband or resonant antennas, 
and those that respond over a wide range of frequencies are known as broad¬ 
band antennas. Usually, a narrowband antenna is quite simple in shape, like 
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a dipole. The simplicity allows the current to resonate over a well-defined 
region. On the other hand, broadband antennas have a more complex shape, 
like a helix or spiral. The complex shape gives the antenna the ability to reso¬ 
nate at many different adjacent frequencies. 

The bandwidth is usually stated in one of three ways: 

• Percent of center frequency 


BW = —— x 100 (1.69) 

• Ratio of high and low frequencies 

BW = |^ (1.70) 

• Range of frequencies 

BW = / hi -/ l0 (1.71) 

Broadband implies that the antenna has a 10% or higher bandwidth, or it 
operates over at least an octave (fjf i0 = 2). The term ultra-wide band (UWB) 
refers to antennas that have very broad bandwidths [20]. The Defense 
Advanced Research Projects Agency (DARPA) defines UWB as BW > 25% 
and the Federal Communications Commission (FCC) defines UWB as 
BW > 20%. 

Defining the values of / hi and f 0 are not easy. Some ways this is done 
include: 

• A function of antenna gain. f ccnta is the frequency of the highest antenna 
gain, / h i is the highest frequency at which the gain has not fallen below 
-3 dB, and / l0 is the lowest frequency at which the gain has not fallen 
below -3 dB. 

• A function of SWR. /*„,„ is the frequency at which the antenna is best 
matched,/ hi is the highest frequency at which the SWR is still less than 2, 
and / 0 is the lowest frequency at which the SWR is still less than 2. An 
equivalent definition is the reflection coefficient (s n ) is less than 1/3 or 
-10 dB. Sometimes receive antennas may be specified using a VSWR > 2. 

• A function of some important antenna performance feature. / hi and f a 
define the bandwidth over which the performance indicator lies within 
acceptable bounds. 

The bandwidth can refer to either the instantaneous bandwidth or opera¬ 
tional bandwidth. Instantaneous bandwith is the bandwidth of the signal at 
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the antenna. The operational bandwidth is the bandwidth of the antenna and 
is greater than the instantaneous bandwidth. 

Example. Is an antenna that has a bandwidth over the AM broadcast fre¬ 
quencies a broadband antenna? / hi = 1600 kHz and / !o = 540 kHz => / center = 
1070 kHz BW = / hi - / to = 1060 kHz, BW = / u - /<,//«„.« x 100 = 1060/1070 x 
100 = 99.065%, and BW = / hi // lo = 1600/540 = 2.963. This antenna would be 
broadband. 


1.4.4. An Antenna as a Collector 

As mentioned previously, an antenna collects electromagnetic waves in a 
similar manner that a bucket collects rain. A time-varying electromagnetic 
field incident on an antenna causes charges in the receiving antenna to oscil¬ 
late. If the charges oscillate at the same rate as the incident field, some of the 
electromagnetic wave re-radiates as a wave at the same frequency as the inci¬ 
dent wave. The remainder of the wave converts into heat or is delivered to a 
load such as a radio receiver. The amount of current induced by an incident 
wave may be represented by a current density distributed over an area called 
the collecting aperture (A c ). The areas over which the collected energy is 
coupled to a receiver, scattered, and dissipated are represented respectively 
by the effect aperture (A e ), the scattering aperture (A,), and the loss aperture 
(Al) [21]. 


A c = A e + A s + A L (1.72) 

All the aperture terms have units of area, but they are not necessarily related 
to the projected area of the antenna. The effective aperture represents that 
part of the incident power density delivered to the receiving system, while the 
scattering and loss apertures represent those parts of the incident power 
density that are scattered and dissipated as heat. 

The power delivered to the output of a receiving antenna is the same as 
the incident power density multiplied by the effective aperture. 

P,=S,A. (1.73) 

Equation (1.73) is very similar to EIRP, as we would expect from a reciprocal 
device. The effective aperture is related to gain by 


G 


4 itA* 
A 2 


(1.74) 


Effective aperture is a term reserved for receive antennas, whereas gain 
describes both transmitting and receiving antennas. 
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Example. Find the gain of a 50-m-diameter radio telescope parabolic reflector 
antenna at 1 GHz. Assume that A c = A e = area of the reflector aperture. 

A e = k25 2 


Then 


G = 


4tt 2 25 2 

(3x 10 8 /lxl0 9 ) 2 


= 54.4 dB 


1.4.5. An Antenna as a Polarization Filter 

Polarization of an electromagnetic wave describes how the magnitude and 
orientation of the electric field vector changes as a function of time at a given 
point in space. The polarization of an antenna is defined as the polarization 
of the wave transmitted by the antenna. The orientation of the time-varying 
electric field is important because it determines the orientation of the current 
induced in an object. Remember that the current flows in the same direction 
as the electric field. Thus, a time-varying electric field with z-directed polariza¬ 
tion will produce a time-varying current in a wire parallel to the field, no 
current in a wire perpendicular to the z direction, and some time-varying 
current in a wire oriented between parallel and perpendicular. The orientation 
of a transmitting antenna, receiving antenna, and any scatterer in between 
affects the amount of power received. 

If we assume that the electric field vector is a plane wave traveling in the 
z direction, the electric field lies in the x-y plane. The time harmonic repre¬ 
sentation of a single frequency electric field is 

E(t) = E x0 cos(cot - kz)\ + E y0 cos(cot - kz + 'V y )y (1-75) 

We may examine the vector at a point in space (z = 0): 

E = E x \ + E y y (1.76) 

Equating (1.75) to (1.76) results in these definitions: 

E x = £ x0 cos(fiW) (1.77) 

E y = E y0 cos (at + '¥ y ) (1.78) 


Solving for cos(nX) produces 


cos(firt) = —- 


(1.79) 
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Using trigonometry, (1.79) can be written as 

sin(©f) = ^l-(^-j (1.80) 

With a little manipulation, the following equation describes the orthogonal 
components of the propagating plane wave: 

aE\ - bE x E y + cEj = 1 (1.81) 


where 


a = —t —— -, b = -fEEZi-, c= 1 — (1.82) 

E 2 X 0 cos 2v F/ E x0 E y0 cos 2 T y £ y 2 0 cos 2 4% v 2 

This equation for an ellipse tells us that at any point in space, the tip of the 
electric field vector traces an ellipse over a period of time. Conversely, if a 
wave is frozen in time, the tip of the E vector along the propagation path 
traces out the same ellipse. For this reason, we say that the wave is elliptically 
polarized. 

The electric field vector rotates either clockwise or counterclockwise. If you 
place your right thumb in the direction of wave propagation, and your fingers 
curve in the direction of the E field trajectory, the wave is said to be right-hand 
polarized (RHP). On the other hand (literally), if the trajectory is such that 
the thumb of the left hand can be pointed in the direction of wave propaga¬ 
tion, and the fingers curve in the direction of the E field trajectory, the wave 
is left-hand polarized (LHP). The relative phase determines the handedness 
of the wave. For 0° < T y < 180° the wave is LHP, and for 180° < T y < 360° the 
wave is RHP. Figure 1.18 shows the electric field rotation for left-hand and 
right-hand elliptical polarization. 


x x 



right-hand polarization left-hand polarization 

Figure 1.18. Rotation of the electric field for right-hand and left-hand polarization. 
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An ellipse (Figure 1.19) is characterized by (a) its axial ratio (AR), defined 
by the ratio of the major axis to the minor axis of the ellipse, and (b) the 
orientation, represented by the angle the major axis makes with the x axis 
of the coordinate system (t). The AR has values ranging from 1 for a circle to 
°° for a line. Sometimes the inverse of the AR is given, because it has 
values between zero and one which are more computer-friendly. The axial 
ratio is positive for right-hand polarization and negative for left-hand 
polarization. 

Two extremes of elliptical polarization are when AR = °° and AR = 0. When 
AR = °° the minor axis of the ellipse is zero, so the trajectory describes a 
straight line. 

Linear Polarization (AR = «>) 

E x0 = 0 (linearly polarized in y direction) 

E y o = 0 (linearly polarized in x direction) 

E x o = Eyo and 4^ = 0 (linearly polarized with t = 45°) 

Since an x-polarized wave has E y = 0, and a y-polarized wave has E x = 0, any 
linearly polarized wave is the sum of an x-polarized wave and a y-polarized 
wave. 

The other special case occurs when the length of the major axis equals the 
minor axis (AR = 1). Since both the longest and the shortest chords through 
the center are the same length, the trajectory is a circle. Circular polarization 
occurs when E x0 = E y0 and they are 90° out of phase. 
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Circular Polarization (AR = 1) 

E x o = Eyo, 4' y = +90° (left-circularly polarized) 

E x o = E ylh 4*, = -90° (right-circularly polarized) 

If the receive antenna is not polarization-matched to the incoming electro¬ 
magnetic wave, then it will not receive the maximum possible power. The 
receive polarization of an antenna is defined as the polarization of an incident 
wave that results in maximum power at the antenna terminals. It is related to 
the (transmit) polarization of the antenna in the same plane of polarization 
by having the same 

1. Axial ratio 

2. Sense of polarization 

3. Spatial orientation 

The power received by an antenna is multiplied by a polarization efficiency 
or polarization mismatch factor to account for the polarization mismatch 
between an incident wave and an antenna’s receive polarization. This polariza¬ 
tion efficiency is calculated by taking the inner product of the incident wave 
polarization vector and the complex conjugate of the receive antenna polariza¬ 
tion vector. 


(1.83) 


where 


e, = polarization vector of incident wave = 
e r = polarization vector of receive antenna = 
The received power is given by 


E incident 
|E incident I 

E antenna 

: |E antenna | 


(1.84) 

(1.85) 


P r = pAS (1.86) 

If the receive antenna has the same polarization as the transmit antenna, then 
there is a perfect match. 


Example. Given the following values of E x , E y , and 4*,, what is the polariza¬ 
tion of the field? 
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E x 

E y 

% 

Answer 

1 

0 

45° 

x linear 

0.707 

0.707 

0° 

linear 45° from x axis 

0.707 

0.707 

90° 

LHP circular 

0.867 

0.5 

180° 

linear 60° from x axis 

0.867 

0.5 

90° 

elliptical 


1.5. ANTENNA ARRAY APPLICATIONS 

Antenna arrays find applications over a wide range of frequencies. Some 
common types of systems that depend on arrays are described in this section. 


1.5.1. Communications System 

A communications system sends information from one point to another. For 
the receiver to detect the signal, the signal must be strong enough to be dis¬ 
tinguished from noise. Radio receivers are typically rated by the minimum 
detectable ratio of received power to noise power, also known as the signal- 
to-noise ratio (SNR). 

Average power density at a distance R from an isotropic radiator is the 
total radiated power divided by the surface area of a sphere, PJAnR 2 . Increasing 
R to 2R reduces the average power density on the new imaginary sphere by 
one forth. The transmitter power density incident on an object, therefore, 
depends on the transmitted power, the antenna gain (which depends upon the 
antenna efficiency and the directivity function of azimuth and elevation), and 
the range from the radiator to the target: 


Si = 


P,G, 
4 nR 2 


(1.87) 


In reality, electromagnetic waves encounter such problems as atmospheric 
absorption, particulate scattering, and obstacle scattering. To account for 
these additional losses, a loss factor (L < 1.0) is included in the calculation of 
power density. 


S,= 


P,G,L 

AnR 2 


(1.88) 


The power density incident on the receiving antenna is multiplied by the effec¬ 
tive aperture to get the power delivered to the output terminals of the antenna. 
The resulting equation is known as the Friis transmission formula (Figure 
1 . 20 ) [ 22 ], 
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GP t 

4tcR 2 



Figure 1.20. Friis transmission formula. 


P,G,LA C 
' 4 nR 2 


(1.89) 


Example. A cellular phone transmits 1 W of power at 840 MHz. Assume the 
phone is always between 100 m and 3 km of a base station. What is the 
minimum sensitivity of the receiver at the base station? The antennas are 
monopoles with gains of 1.5. 

p __ P,G,G r LX 2 _ 1 x 1.5 x 1.5 x 1 x 0.357 2 
r (4 nR) 2 (4ttx3000) 2 


1.5.2. Radar System 

A radar system determines the characteristics of a target by radiating electro¬ 
magnetic waves toward a target and analyzing the waves re-radiated toward 
the radar receiver. Radar can determine up to five different target parameters: 
angular location (azimuth and elevation), range, speed, size (in RCS terms), 
and identification. 

The angular location of a target is found from the orientation of the antenna 
beam. When a target is detected, the position of the antenna pattern main 
lobe corresponds to the target location within a beamwidth of accuracy. In 
order to accurately determine location, radar antennas must have narrow main 
beamwidths, meaning antennas with high gain or directivity, and the beams 
must be movable to search the space around the radar. Antenna beams are 
scanned by either physically moving the antenna or electronically scanning 
the beam. 

Monopulse is a more sophisticated method of locating a target. A mono¬ 
pulse antenna simultaneously employs two beams: a sum beam and a differ¬ 
ence beam. The sum beam has a high gain in the direction of the target to 
determine the presence of the target. The difference beam has a sharp, deep 
null in the direction of the target to accurately determine its angular location. 
If the target is kept inside the deep null, the angular location of the target can 
be accurately determined. Since the difference pattern beam null is deep and 
narrow, it is easy to precisely locate a target. 
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Other target parameters are determined by characteristics of the received 
signal. A radar signal is an information signal; and consequently, the informa¬ 
tion extracted depends on the signal bandwidth and the type of information 
transmitted in the first place. Different types of radar modulation provide 
different information. One common type of modulation is pulse modulation 
where the carrier is switched on and off at a particular rate (called the PRF 
or pulse repetition frequency) for a short period of time (or pulse width). 
Another method of modulating a radar signal is to sweep the frequency lin¬ 
early over a bandwidth (this is a sawtooth FM signal). Frequency and pulse 
modulation are combined in pulse compression radars. 

The simplest method of determining target distance comes from accurately 
timing a radar pulse from the time it leaves the radar until it returns. The 
target distance is given by [23] 


R 


cAt 

~Y 


(1.90) 


where c is the speed of light and At the time delay between pulse transmission 
and reception. 

The range resolution depends on the pulse width. 


AR = y (1.91) 

where A R is range resolution and ris pulse width. The maximum unambiguous 
range is the range beyond which a target appears closer because multiple 
pulses were transmitted before a return pulse is received. 


flunamb 


2PRF 


(1.92) 


where PRF is the pulse repetition frequency. 

When an object stands in the free-space propagation path of an electro¬ 
magnetic wave, the wave induces current on that object. Some of the current 
induced on the object reradiates or scatters, but not equally in all directions. 
Like the effective aperture of an antenna, the radar cross section, (o), has 
units of area (typically square meters) and is only partially related to the 
physical size of the scatterer. RCS is a function of the size, shape, and material 
composition of the target, as well as the frequency and polarization of the 
incident wave. 

The power density incident on a scattering object is given by (1.88). The 
power scattered in any direction is determined by multiplying the incident 
power density by the area represented by the radar cross section. 
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Figure 1.21. Derivation of the bistatic radar range equation. 


P P.G t L t o 
1 4nR 2 


(1.93) 


If the scattered power travels a distance R r to receive with a gain of G r , then 
the final equation for the received power (Figure 1.21) is 


P,G,L,oA e L r 
16 n 2 R}R} 


(1.94) 


This equation is known as the bistatic radar range equation because the trans¬ 
mitter and receiver are at two different locations [24]. 

Like an antenna pattern, the RCS pattern has a main lobe, sidelobes, and 
nulls. Also like antenna patterns, two-dimensional plots are frequently used 
to evaluate various properties of RCS. Since RCS has units of m 2 , when 
expressed in logarithmic form it is usually compared to a 1-m 2 target. Thus, 
the units are dBsm or dB relative to a square meter. 

When the radar uses one antenna to transmit and receive, the bistatic radar 
range equation reduces to the monostatic radar range equation or more simply 
the radar range equation. The RCS in this case represents only power scat¬ 
tered directly back to the radar (backscattering). For clarity, the path loss (L) 
has been ignored. 


p P,GA e o _ P,G 2 X 2 o 
r ~ (4nR 2 f ~ (4nf R* 


(1.95) 


Example. An over-the-horizon radar transmits a pulse with 1-MW average 
power. This waveform bounces from the ionosphere to the ocean and back 
to a receive station that is 300 miles away from the transmit station. If 
the distance from the transmitter to the ocean is 2000 km and the distance 
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from the ocean to the receive antenna is 2400 km, then how much power 
arrives at the receiver. Both the transmit and receive antennas have gains 
of 30 dB. The bistatic RCS of the ocean at these angles is 10 m 2 . The 
radar operates at 10 MHz. G = 10 30/1 ° = 1000, A = 3 x 10 8 /(10 x 10 6 ) = 
30.0 m, A t = 30 2 (1000)/(4tt) = 71,620.0 m 2 , P r = lx 10 6 (1000)(71,620)(10)/ 
[(4?r • 2,000,000) 2 (4 tt • 2,400,000) 2 ] = 1.2466 x KT 15 W 


1.5.3. Radiometer 

Communications and radar systems use both transmitting and receiving sub¬ 
systems. A radiometer, on the other hand, uses only the receiver subsystem 
[25]. The radiometer listens to electromagnetic waves naturally emitted by 
objects. All objects with a temperature above absolute zero have vibrating 
charges. Because accelerating charges radiate electromagnetic waves, the 
random thermal motion of charges in any object results in the radiation of 
electromagnetic waves. Temperature indicates the amount of random molecu¬ 
lar motion. At higher temperatures, more molecular collisions take place, and 
molecules move faster because more energy is stored in the material; there¬ 
fore, more waves will be radiated at higher frequencies. Thus, temperature 
and electromagnetic radiation are closely related. 

A blackbody is a perfect radiator and absorber of electromagnetic energy. 
Planck’s radiation law states that a blackbody radiates uniformly in all direc¬ 
tions with a spectral brightness given by 


_ 2 hp i 


(1.96) 


where B f is spectral brightness,/? is Planck’s constant,/is temporal frequency 
(Hz), c is the speed of light in a vacuum (3 x 10 8 m/s), k B = Boltzman’s constant 
(1.23 x 10“ 23 JK _1 ), and T is absolute temperature (K). This power is radiated 
over a broad range of frequencies; but for objects with temperatures near the 
ambient reference temperature (300 K), most of the power is concentrated in 
the thermal infrared region of the electromagnetic spectrum. At microwave 
frequencies, although these signals are only about one-millionth as strong as 
the thermal infrared signal, good microwave antenna systems can detect the 
blackbody radiation. The brightness is found by integrating the blackbody 
spectral brightness over a frequency bandwidth (/) for a blackbody at tem¬ 
perature T. This equation is known as the Stefan-Boltzmann law: 

B = °j B f df = (1.97) 

where a s = 5.673 x 10“ 8 Wm' 2 K 4 is the Stefan-Boltzmann constant. No natural 
objects emit perfect blackbody radiation; however, all objects such as terrain, 
sea, or the atmosphere emit a fraction of the ideal thermal radiation. The 
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emissivity ( e ) is the ratio of the brightness of an object to the brightness of a 
blackbody at the same temperature. 


(1.98) 

where B(0, <p) represents brightness of material at temperature T and B bb 
represents brightness of a blackbody at temperature T. Emissivity ranges 
between zero for a perfect reflector to unity for a blackbody. Emissivity varies 
with the material composition and the shape of the radiating object as well as 
with wavelength. At some frequencies, a particular body looks a lot more like 
a blackbody than at other frequencies. 

Brightness temperature, T B , is another way to represent the thermal radia¬ 
tion emitted from a gray body. For a blackbody, the temperature equals the 
absolute temperature of the object. Note that the emissivity and brightness 
temperature vary with orientation. 

r B (0,0) = e(0,0)r (1.99) 

The output of an antenna receiving only thermal radiation is frequently rep¬ 
resented by an antenna temperature, T A , which is proportional to the total 
power resulting from the thermal radiation incident on the antenna. The 
antenna temperature is given by 

T a = -i- IT T b ( 9, <p)G(d, <f>) dO. (1.100) 

An JJ4x 

where G(d, <j>) is the antenna gain pattern and T B {6, <j>) is the brightness tem¬ 
perature distribution incident on the antenna, and da is the differential solid 
angle. The antenna temperature is therefore the spatially filtered sum of the 
radiation emitted by the bodies surrounding the antenna. 

A receiving antenna generates power due to the increased thermal activity. 
If the antenna is modeled as a noise-generating resistor at temperature, T A , 
the available noise power from the antenna is given by 

P r = k B T A Af (1.101) 

where k B = 1.23 x 10" 23 J K“’J (Boltzmann’s constant) and A/is the bandwidth 
of the receiver. A radiometer uses an antenna and receiving system to measure 
emission from objects. The brightness temperature distribution incident on a 
spaceborne microwave radiometer directed toward the earth is due both to 
radiation from the earth’s surface and its atmosphere. At microwave frequen¬ 
cies below 10 GHz, atmospheric absorption and emission is small and may be 
neglected. At higher frequencies, the atmospheric contributions are significant 
and must be included. 
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Since emissivity is a characteristic of target size, shape, and composition, 
the brightness temperature for any aspect maps the emissivity of the observed 
target to a power level. The radiometer uses a highly directional antenna to 
scan in azimuth and elevation, and the data are recorded to produce a pixel 
map of the emissivity of the surface being scanned. 

Example. Calculate the power received by an isotropic point source if the 
emissivity of the observed object is isotropic at 300 K. 

First, find T A :T A = — f 2 *r(l)(3OO)(l)sin0d0<i0 and then substitute into 
4tc 0 J0 

(1.101) to get P r = 300 x 1.23 x KT 23 x A/. 


1.5.4. Electromagnetic Heating 

Electromagnetic heating systems radiate electromagnetic waves for the sole 
purpose of heating an object. When an electromagnetic wave strikes an object, 
it induces both a displacement current and a conduction current. Conduction 
current results from the free movement of electrons in an object, while dis¬ 
placement current results from the constrained motion of electric dipoles, 
a polarized pair of charges. If the material has high conductivity, conduction 
current predominates, and the surface current density is expressed by 
Ohm’s law, 


3 „ = ctE (1.102) 

If the material has a large real-valued dielectric constant, most of the induced 
current will be a displacement current density equal to the time rate of change 
of the electric flux density (D). 


i.-£ 

dt 


(1.103) 


The total current density is the sum of the displacement current density and 
the conduction current density. 


J r = J £ +J ct = ^- + ctE (1.104) 

dt 

Ordinarily, charged particles and dipoles are randomly distributed and 
oriented in a media, so the thermal activity is totally random. An electric field, 
however, induces organized motion of charges (current). A time-varying field 
causes free electrons, ions, and dipoles to move in a target. They collide and 
transfer some of their energy to other particles. Since molecular dipoles have 
larger mass than electrons, heating is more effective in dielectrics, where dis- 
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no field 



applied electric field 
E 



Figure 1.22. Water molecules aligning with the electric field. 


placement current is large. The field induces a torque on the dipoles that 
makes each molecule attempt to rotate in order to align its dipole moment 
with the electric field. For instance, water molecules, which are dipoles, 
become polarized by an applied electric field (Figure 1.22). Due to the inertia 
of the molecule, it takes time for this torque to polarize the media. Energy is 
transferred to surrounding molecules and the dipoles rotate, thereby increas¬ 
ing the temperature. Conversely, when the electric field is removed, the 
increased random molecular motion destroys the alignment of the dipole 
moments and reduces the polarization exponentially with time. 

The response time of a dielectric is a measure of the rate at which the 
polarization decays if the electric field is suddenly removed. The amount of 
displacement current density is time-dependent. Some of the dipole alignment 
energy becomes random motion (heat) every time a dipole is knocked out of 
alignment and then realigned. The response time indicates whether the dipole 
moments can keep in step with a time-varying electric field. At low frequencies 
the electric fields change direction slower than the response time of the dipoles, 
so the dipoles orient quickly, and the media only absorbs energy for a rela¬ 
tively short period of time. If the electric field changes direction faster than 
the response time of the dipoles, the dipoles do not rotate, no energy is 
absorbed, and the dielectric does not heat. When the electric field changes at 
about the same rate that the dipoles can respond, they rotate, but the resulting 
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polarization lags behind the changes in the direction of the electric field. This 
lag indicates that the dielectric absorbs energy from the field and its tempera¬ 
ture increases [26]. 

A microwave heating system consists of a microwave source and antenna. 
The source generates power at a frequency selected to correspond to the 
response time of the dielectric being heated. Heating of dielectrics has two 
familiar applications: microwave ovens and cancer therapy (induced hyper¬ 
thermia). These applications work because both food and tumors contain 
mostly water (a molecular dipole). The heater uses an appropriate frequency 
(high MHz to low GHz region) to excite the water dipoles at a rate near the 
response time of water, and the target absorbs the transmitted energy. 

Example. If a microwave oven is placed in a room at a temperature less than 
0°C, can the oven melt an ice cube? 

Answer: As explained above, the microwave oven excites dipoles in the 
water. Ice is a crystal. Consequently, the ice will not melt. If there is a small 
amount of water on the ice, then this water will heat and the ice will melt 
through microwave heating of the water and heat conduction. 


1.5.5. Direction Finding 

Finding the direction of a signal can be done in two ways. The first is to point 
the antenna main beam at the signal, so the direction of the signal occurs at 
the maximum received power. This approach requires a large antenna for 
accurate direction finding. On the other hand, nulls are precisely defined and 
have large variations in gain over a short angular sector. A small loop has a 
distinct null that has been used for direction finding since the early 1900s. 
Figure 1.23 shows an example of an early DF loop antenna that operated 
at HF. 


1.6. ORGANIZATION AND OVERVIEW 

This book is organized as a progression from relatively simple antenna arrays 
consisting of point sources to very complex digital beamforming arrays that 
can perform extremely complex signal processing. Most research on arrays 
was limited to point sources due to the computational limits of computers. 
The next two chapters summarize many of the developments surrounding the 
analysis and synthesis of these simple arrays. Real antenna arrays have real 
antenna elements, however. These elements are introduced in Chapter 4. 
Chapter 5 extends the narrow view of an array lying in a plane to an array 
consisting of antenna elements that can lie anywhere on a surface or in space. 
Thus, an array becomes even more versatile than a single aperture antenna. 
Placing array elements close together results in the elements interacting with 
each other. Each element in the array receives signals for all the other ele- 
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Figure 1.23. Early DF loop antenna. (Courtesy of the National Electronics Museum.) 


ments in the array. This mutual coupling can significantly change the array 
performance and must be accounted for in the design. This complicated 
mutual coupling concept is described in Chapter 6. Coherently combining the 
signals in an array or beamforming is addressed in Chapter 7. Finally, the array 
has the potential to change its ability to receive and transmit signals based 
upon the environment and feedback. These adaptive arrays can reject interfer¬ 
ence, form multiple beams, and change performance characteristics. An 
emphasis is placed upon computational aspects of antenna arrays. 
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Array Factor Analysis 


This chapter presents the fundamental approaches to the analysis of linear 
and planar arrays of point sources. Element patterns, polarization, and mutual 
coupling are delayed until future chapters. Keeping the elements along a 
straight line or in a plane are the most common array configurations. Other 
types of nonplanar arrays will be discussed in future chapters. 


2.1. THE ARRAY FACTOR 

A single isotropic point source transmits a field as derived in Chapter 1. If that 
point source transmits to an array of point sources, then the output of the 
array is proportional to the weighted sum of the received signal from each 
element in the array. 


N p jkRn 

E(x f ,y f ,z f )^t 1 w n — ( 2 - 1 ) 

where R„ = distance from element n to the point at (Xf, y fi Zf). As shown in 
Chapter 1, the phase of the received signal at the element is positive, because 
the signal is traveling toward the element. A transmit array has a minus sign 
in the phase, because the radiation is going away from the antenna. Figure 2.1 
is a diagram of a point source transmitting to an array of point sources. When 
the array is very far from the point source, then all the R„ in the denominator 
of (2.1) are approximately the same. Consequently, the field is proportional 
to the sum of the weighted phase factors. 


(2-2) 

Most arrays are either linear or planar. A linear array has all of its elements 
lying along a straight line. To make calculations easy, assume that the array 
lies along the x, y, or z axes. The phase reference, or point of zero phase, is 
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.k. 


transmit^* receive array of 

point source point sources 

* * # 


Figure 2.1. Near field of the array. 



Figure 2.2. Phase difference between two elements on the x axis. The dashed line is 
the plane wave, and the arrows indicate the direction of propagation. 


chosen to be either the first element or the physical center of the array. The 
origin of the coordinate system is placed at the phase center. An incident plane 
wave arrives at all of the elements at the same time when the incident field is 
normal or broadside to the array. When the plane wave is off-normal, then 
the plane wave arrives at each element at a different time. Thus, the phase 
difference between the signals received by the elements is accounted for by 
an appropriate phase delay before summing the signals to get the array output. 
An example of the phase difference between two elements along the x axis 
is shown in Figure 2.2. If the incident wave vector is in the x-y plane, then 
the phase is a function of 0. If the incident wave vector is in the x-z plane, 
then the phase is a function of 6. The array factor or antenna pattern due to 
isotropic point sources is a weighted sum of the signals received by the 
elements. 


AF = 


(2.3) 
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where N is the number of elements, w„ = a n e’ Sn is the complex weight for 
element n, k = 2n/X, (x m y n , z„) is the location of element n, (0,0) is the direc¬ 
tion in space, and 


1 , kx„u = kx„ cos0 or kx n sin 6 along x axis 

ky„u = ky„ sin 0 or ky„ sin 6 along y axis 

kz n u = kz„cosd along z axis 

Equations (2.2) and (2.3) are the same when y/ n = kR„. The definition of the 
variable, u, depends upon which plane contains the array and the incident field 
vector. In digital signal processing terms, this equation is a spatial finite impulse 
response (FIR) filter. The diagram of a linear array in Figure 2.3 shows the 
signals sampled at discrete points in space/time and then weighted and 
summed. 

A planar array has all of its elements in the same plane. By convention, the 
elements of a planar array usually lie in the x-y plane with the z axis pointing 
away from broadside. Thus, 6 is measured from broadside and is often called 
the elevation angle, while 0 is measured from the x axis and is often called 
the azimuth angle. Figure 2.4 is a diagram of a planar array with elements 
lying in arbitrary positions in the x-y plane. Of course, the array can lie in the 
x-y, x-z, or y-z planes. The definition of i//„ depends upon the plane in which 
it lies. 
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Figure 2.4. Arbitrary distribution of elements in the x-y plane. 


k(x n u + y n v) x-y plane 

y/ n = k(x n u + z„w) x-z plane 
k(y„v + ZnW) y-z plane 


(2.4) 


where 


(x n , y n ) = location of element n 
u = sin0cos$ 
v = sin0sin0 
W = COS0 

u 2 +v 2 +w 2 = sin 2 0(sin 2 </>+ cos 2 </») + cos 2 (9 < 1 

The array factor is a function of amplitude weights, phase weights, element 
placement, and frequency. This chapter examines the effects on the array 
factor due to varying these variables. The next chapter provides recipes for 
finding the values of these variables that produce a desired array factor. 

2.1.1. Phase Steering 

The maximum value of the array factor is at the peak of the main beam which 
occurs when y/„ = 0 for all n. 


AF max =2> 


(2.5) 
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Figure 2.5. Beam of an 8-element array steered to 45°. 


This maximum can be moved without moving the antenna by adding a con¬ 
stant phase shift, 8„, to y/ n . For a linear array along the x axis, the phase at 
element n is 


yA„ = kx„u + 8 n (2.6) 

If 8 n is selected such that % = 0° in the desired steering direction, u s , then the 
peak of the main beam will appear at u - u s . 

8 n = -kx n u s (2.7) 

Phase shifters placed at each element implement the steering phase. 

Example. Consider an 8-element uniform array along the x axis with an 
element spacing of 0.5A. Steering its beaim to an angle of 0 = 45° (Figure 2.5) 
requires a phase at element n of 8 n - -.101 n (n - 1) radians. 

A phase shift only delays a signal by up to one period or 2k radians. If the 
signal received at the first element is within the same period as the signal 
received at the last element, then 

k(x N -x x )u s < 2n (2.8) 

Thus, one pulse width can illuminate the entire aperture at once when it is 
incident from the maximum steering angle. Technically, to reproduce the 
signal with 100% accuracy, time delay units (5„ > 2k) would be required when¬ 
ever (2.8) is violated. A phase shifter only delays a signal up to one period, T, 
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while a time delay unit can delay the signal many periods. In practice, the rule 
of thumb is to use time delay units whenever the first element of the array 
receives the beginning of the pulse and the last element of the array receives 
the end of the pulse [1], 


(y^-y^u, <CT 3d B 


(2.9) 


where T 3dB is the pulse width and c is the speed of light. 


Example. A 60-element uniform linear array with d = 1.5 cm at 10 GHz 
receives a pulse having a bandwidth of 100 MHz. What is the maximum scan 
angle without time delay units? 


cT 3dB (3xlQ 10 )lQ- 9 
59(1.5) 


(N-l)d 


which means that the main beam is limited to scanning ±19.9° off broadside. 

The phase shift required at element n in a planar array to steer a beam to 
(Ms) is 

k(x„u s +y„v s ) x-y plane 

S„ = ■ k(x„u s + z„w s ) x-z plane (2.10) 

k(y n v s + z n w s ) y-z plane 

where u 2 + v 2 + w 2 < 1. The phase in (2.10) reduces to that of a linear array if 
the beam is steered in one of the principal planes (either 0 = 0° or 0 = 90°). 

Figure 2.6 shows the effects on the array factor in three dimensions as it is 
steered from 90° to 0°, assuming that the 8-element linear array lies along the 
y axis and has a constant XI2 element spacing. The array factor starts with a 
doughnut shape at broadside and ends with a dumbbell shape at end-fire. 


6 =90° 




0 ° 


Figure 2.6. Beam of an 8-element linear array steered from 90° to 0° in three 
dimensions. 
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2.1.2. End-Fire Array 

An end-fire array is a linear array having the peak of its main beam pointing 
in the same direction as the axis of the array. The simplest end-fire array is a 
uniform array with its peak steered to u = 1 (see 0 degrees in Figure 2.6), which 
means that y/ = 0° or 


8 s =-kd (2.11) 

A polar plot of the array factor for an end-fire array with N - 5 and d = 112 
is shown as the solid line in Figure 2.7. This array factor has a very wide 
beamwidth and two main beams. Shrinking the element spacing to 0.2A 
produces the dashed line in Figure 2.8. The closer spacing eliminates the main 
beam at 180°. 

A narrower main beam, hence better resolution and a higher directivity, is 
possible by altering the spacing and phase in an optimal fashion. The Hansen- 
Woodyard end-fire array [2] achieves greater directivity by forcing the 
maximum of the main beam to be in invisible space or u > 1. An optimum 
directivity occurs when an extra n phase shift occurs across the extent of the 
array. This optimum phase shift is given by 

-kd + — for a maximum at u = -1 
8 S = N (2.12) 
-kd - — for a maximum at u = 1 


90 

120 ^"- 5^60 



Figure 2.7. Polar plot of the array factors of an end-fire array for d = 0.5A and d = 0.2A. 
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Figure 2.8. Polar plot of the array factors of a Hansen-Woodyard end-fire array for 
optimum spacing (d = 0.2A). 


when the array element spacing is 


d = 


f N -1 
l N . 


X 

4 


which for large arrays becomes 


d 


X 

4 


(2.13) 


(2.14) 


Figure 2.8 is the Hansen-Woodyard end-fire array factor with d = 0.2X for a 
5-element array. 


2.1.3. Main Beam Steering with Frequency 

If the main beam of the array is pointing at an angle of u s due to phase steer¬ 
ing the main beam, then the peak of the main beam will move with a change 
in frequency. As a result, the main beam can be steered without moving the 
array. 

Example. At 10 GHz, the elements of a linear array are spaced 0.5A and the 
array operates from 8.2 to 12.4 GHz. 

The phase delay between elements is then given by <5 S = 0.79 radians. This 
phase shift steers the beam to an angle of 
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u s = — = 0.25 = 14.5° from broadside 
kd 

At 8.2GHz (A. = 3.66cm), the beam points at u, = 0.305 = 17.8°. 
At 12.4GHz (A = 2.42cm), the beam points at u s = 0.202 = 11.7°. 


2.1.4. Focusing 

Focusing an array concentrates the field radiated/received by the array at/from 
a specific point in the near field rather than the far field. Antenna focusing has 
been applied to antenna measurements [3] and medical treatments [4], The 
focusing occurs over a small area rather than at a single point due to the finite 
aperture size. Ricardi [5] and Hansen [6] show that the minimum spot size of 
a uniform array antenna is about 0.35A in diameter. Since the focal point is in 
the near field, the array factor must take into account the exact distance from 
each element to the focal point at (x fi y f ). The relative array factor in the near 
field is given by 


N e ikR„ 

A F = I(2.1.5) 


where R n = yj(x„-x f ) 2 +(y n -y/f . In order to focus the array, the array factor 
should coherently sum to a maximum at the focal point. In other words, the 
phase of the field from each element is made identical at the focal point by 
setting the weights to 


w n =e- ikR » (2.16) 

Focusing an array results in the highest possible field level at the focal point 
without any amplitude weighting. 

Example. Find the phase weights of an 8-element array centered at x = 0 with 
d = 0.5A that has a beam focused at x = -0.5A and y - 2A. Compare results 
with an unfocused array. 

The phase weights (in radians) needed to focus the array are 


[-2.25 -0.85 - 0.0978 - 0.0978 - 0.855 - 2.25 2.15 - 0.0653] 


Figure 2.9 shows the near-field array factor for the array focused at 
(x f ,y f ) = (-0.5A,2A). The power is much higher (10.8 dB) than if the far-field 
beam is steered in the direction of the focal point (1.9 dB) as shown in 
Figure 2.10. 
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Figure 2.10. Near-field array factor is focused in the far field at (x f , y f ) = (-50A, 200A). 
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2.2. UNIFORM ARRAYS 

Uniform arrays have periodic element spacing, and the weights at each element 
are the same, except for beam-steering phase shifts. 


2.2.1. Uniform Sum Patterns 

A uniform linear sum array has w n = 1 and equally spaced elements with the 
peak of the main beam pointing at broadside. Assuming the phase center is 
at the first element of the array, then the array factor is given by 


AF = 1 + + e’ 2 ' 1 ' + ■ ■ ■ + e i(n = £ e i(n 1)r 

(2.17) 

where 

I kd cos 0 or kd sin 0 along x axis 

kd sin 0 or kd sin 6 along y axis 

kdcosd along z axis 

d = spacing between elements 

The distance a plane wave needs to travel between adjacent elements along 
the x axis is shown in Figure 2.11. Multiplying the distance by k yields the 
phase, y/. A similar derivation is possible when the array lies along the y or 
z axes. 

The phase reference does not have to be the first element in the array. 
Moving the phase reference results in multiplying the array factor by a 



Figure 2.11. Phase difference between adjacent elements of a uniform linear array 
along the x axis. 
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constant phase but will not change the magnitude of the array factor. Another 
convenient place for the phase reference is the physical center of the array. 
When the origin of the coordinate system moves to the center of the array, 
the array factor becomes 


AF = J>M'> 


(2.18) 


Equations (2.17) and (2.18) differ only by the phase factor 


(2.19) 

which is the phase difference between element 1 and the center of the array. 

Multiplying both sides of (2.17) by e i¥ and subtracting the resulting product 
from (2.17) results in a simpler expression for the array factor 


AF - AFe' y = 1 - e jv 


( 2 . 20 ) 


Solving (2.20) for AF produces 


1 - e iN¥ sin(^Vyr/2) 
1 - e iw sin(yr/2) 


The maximum of (2.21) occurs when \ff= 0°. 


AF = Jy^ 0 = N 


( 2 . 21 ) 


( 2 . 22 ) 


Often, only the relative array factor is important, and dividing (2.21) by N 
normalizes the array factor. If the phase center is at the physical center of the 
array, then the phase term in (2.21) disappears. Thus, the array factor normal¬ 
ized to the peak of a uniform array factor (AT) when the phase center is at the 
physical center of the array is 


_ sin(M/r/2) 
TV sin (yz/2) 


(2.23) 


Note that the denominator in (2.21) is independent of array size and forms an 
envelope for the array factor amplitude, because it has a lower frequency than 
the numerator. On the other hand, the frequency of the sine wave in the 
numerator is proportional to the number of elements in the array. A compari¬ 
son of the array factors and numerators for N = 10 and N = 20 is shown in 
Figure 2.12. The dotted line in the figure is the envelope or denominator and 
is the same for both arrays. 
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Figure 2.12. Uniform array factors for N = 10 and N = 20 along with the numerators 
and denominator of the expression for the uniform array. 


The zeros of (2.23) or nulls in the array factor occur when AF AI (i/r null ) = 0, 
and the denominator is not equal to zero or 


Ny /nun . . 2mji 

—-— = ±mn => w n uh = ±-, 

2 Y N 


(2.24) 


Sidelobes are local maxima that occur between two nulls. Their approximate 
location occurs when the numerator of (2.23) is a maximum or 


(N V \ ,. 2n + l 

t 2 J-±l= > *'-±— : * 


n = 1,2,... 


(2.25) 


For a large array, the numerator of (2.23) quickly varies while the denomina¬ 
tor slowly varies. The first sidelobe occurs at a small value of yr, and the small 
argument approximation for sin, or x — x for small values of x, is used in the 
denominator. Consequently, the sidelobe envelope close to the mainbeam is 
given by the denominator of (2.23). Substituting the location of the first sid¬ 
elobe into (2.23) provides an estimate of the sidelobe level of the first sidelobe 
of a uniform linear array. 


Ny//2 


—4—= 0.212 = -13.5 dB 
N 3 n 

~2~N 


(2.26) 
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Figure 2.13. Array factors for N = 4-, 6-, and 8-element arrays having elements spaced 
d = A/2 along the x axis. 


Smaller uniform linear arrays have sidelobe levels close to 13dB below the 
peak of the main beam. 

Example. Plot the unnormalized array factors for N = 4-, 6-, and 8-element 
arrays having elements spaced d = 2/2 along the x axis. 

Figure 2.13 shows the three array factors. Increasing the number of ele¬ 
ments increases the main beam peak and the number of sidelobes and decreases 
the width of the main beam. 


As mentioned in Chapter 1, the antenna beamwidth determines the resolu¬ 
tion and gain of the array. A useful approximation for the null-to-null beam- 
width for a uniform array comes from (2.24) with m - 1 


(2.27) 


In most electromagnetics systems, the 3-dB beamwidth is more useful than 
the null-to-null beamwidth. It is found by taking the difference between the 
two angles found by solving the following transcendental equation: 


sin(/Vyr/2) _ 1 
Asin(i/r/2) ~Jl 


(2.28) 


When N is large, then the argument in the denominator is small, so the array 
factor can be approximated by a sine function, and the the 3-dB beamwidth 
is found by 
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injNy/2) 

Nyr/2 


The 3-dB point on a sine function is given by 


0 443 

Nyr/2 = 1.3916 =>u 3 dB= 7 ^- 


(2.29) 


(2.30) 


For half-wavelength spacing the 3-dB beamwidth is approximately twice the 
angle found in (2.30). 


<?3dB = 101.57N (2.31) 

Example. Find all the maxima and nulls for a 6 -element array having elements 
spaced d = A/2 along the x axis. What is the null-to-null and 3-dB 
beam widths? 


i//nuii = ±-=> 0nuii = cos 1 (± /n/3) for m - 1,2,3 

6 

</> null = 70.5°, 48.2°, 0°, 109.5°, 131.8°, 180° 

2n + l , ,( 2n + \\ £ . 

y/ st -± —-— it =>0si = cos —-—I form = l,2 

0 S| = 60°, 33.6°, 120°, 146.4° 

null-to-null beamwidth = 109.5°-70.5° = 39° 


The 3-dB beamwidth is found by finding the angles for which 
sin( 37 rcos 0 ) 6 


sin(7Tcos0/2) y/2 


$ 0 = 0.3 radians or 17.2° 


This value is quite close to that obtained using (2.31), 63 ^ — 16.9°. 

A planar array can be constructed by stacking linear arrays. Start with an 
N x 1 element linear array along the x axis with element spacing d x and weights 
Wi„. Another linear array having N x2 elements is placed d y above the first array 
and displaced A 2 in the x direction. Linear arrays are added d y above the last 
one until the planar array is complete (see Figure 2.14). The array factor for 
this array is given by 


AF= £ N 'Y 1 w mn e ik[xnU+ymV] = X li, w mn e ik ^ l(n ~ i)dx+Am]u+lm ~ l)dy ^ 


(2.32) 
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Z 



Figure 2.14. Planar array can be built from a set of equally spaced linear arrays. 


where N y is the number of linear arrays, N xm is the number of elements in 
linear array m, and A m represents x displacement of array m. 

Two common element layouts are rectangular spacing 

A m =0 (2.33) 

and triangular or hexagonal spacing [7] 



d y =d x J 3/2 


m is even/odd 
m is odd/even 


(2.34) 


These spacings for a rectangular array are shown with two microstrip arrays 
in Figure 2.15. The array on the left has 16 elements in a rectangular lattice 
within a square boundary and operates at X band. The array on the right has 
19 elements in a triangular lattice within a hexagonal boundary and operates 
at L band. Although the equilateral triangle spacing is most common, isosceles 
and general triangular spacing is also possible [8], 

If all the weights are equal to one, then the array factor for rectangular 
spacing is 


AF = 



(2.35) 
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Figure 2.15. Common element lattices for a planar array. (Courtesy of Ball Aerospace 
& Technologies Corp.) 


where 


y/ x = kd x (u-u s ) 
y/ y =kd y (v-v s ) 


and for triangular spacing is 

Ar 8in(Aky,) sin(A^) | ,., f „ r+Wv ) sm(N„yr x ) sin {N yo y/ y ) 
N„sin(yr x ) N ye sin( y / y ) N xo sin( y / x ) N yo sin( y/ y ) 

The triangular spacing array factor consists of two uniform arrays with spac- 
ings of 2 d x and 2 d y . The first array has its bottom left element at the origin, 
and the second array has its bottom left element at (d x , d y ). 

Usually, the beamwidth of a planar array is defined for two orthogonal 
planes. For example, the beamwidth is usually defined in 6 for <j> = 0° and 
</> = 90°. As with a linear array, nulls in the array factor of a planar array are 
found by setting the array factor equal to zero. Unlike linear arrays, the nulls 
are not single points. 


2.2.2. Uniform Difference Patterns 

A difference pattern has a null at broadside instead of a peak. This null can 
precisely locate the direction of a signal, because the null has a very narrow 
angular width compared to the width of the main beam of a corresponding 
sum pattern. When the array output is zero, the signal is in the null. Slight 
movement of the null dramatically increases the gain of the array factor and 
the reception of a signal. A 20-element uniform sum array can be converted 
into a 20-element difference array by giving half the elements a 180° phase 
shift, or half the elements are one and half are minus one. The array factor 
for this uniform difference array is shown in Figure 2.16. 

The array factor for a uniform difference array is written as 



62 ARRAY FACTOR ANALYSIS 




Sidelobes in the array factor approximately occur when the numerator is a 
maximum. 
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Figure 2.17. Plot of the magnitude of the ratio of the sum and difference patterns for 
a 2-element uniform array from 9 = -30° to 30°. 


cosf^O = -1 => y/ = ± 


2(2n + l) 


n = 1,2,... 


(2.42) 


This equation does not yield a good approximation to the height of the dif¬ 
ference main lobes; hence n starts at one instead of zero. 

Example. Plot the magnitude of the ratio of the sum and difference patterns 
(DF) for a 2-element uniform array from 6 = -30 °to 30°. 

Figure 2.17 has a plot of the ratio, DF, (solid line) and a linear fit of DF 
(dotted line). This plot shows that the angle of incidence can be found from 
the ratio of the difference pattern to the sum pattern. 


2.3. FOURIER ANALYSIS OF LINEAR ARRAYS 

Antenna arrays sample the signals incident on them through elements at dis¬ 
crete locations. In order to avoid aliasing, the array must sample the incident 
signal at the Nyquist rate. The Nyquist rate stipulates that two samples are 
taken during the period of the highest frequency. Since an electromagnetic 
signal has time (T) and spatial (A) periods, the samples are taken at 

T ■ ,■ 

— in time 

2 

A 


in space 
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i. Normal incidence b. Endfire incidence c. Oblique incidence 

Figure 2.18. Array sampling of plane wave from three directions. 


Of course, these are related by 


A/2 

r/2 


(2.43) 


where c is the speed of light. Consequently, the elements of an array must be 
separated at most by half a wavelength to avoid under sampling an incident 
plane wave for any angle of incidence. A plane wave impinges on all the ele¬ 
ments of an array simultaneously at normal incidence (Figure 2.18a). At this 
angle (u = 0) the element spacing is irrelevant. Figure 2.18b demonstrates 
the need for A/2 sampling for an incoming wave from the u = 1 direction. 
Undersampling is not a problem at normal incidence but can be at angles 
off-normal. The angle at which aliasing begins (Figure 2.18c) is given by u A . 
This wave is sampled at the Nyquist rate if 

A = 2 du A (2.44) 


Thus, 


, A 

d<—, 

2 

then u A > 1 

(oversampled) 

d=~, 

2 

then u A = 0 

(perfect sampling) 

, * 
d>—, 

2 

then u A < 0 

(undersampled) 


Aliasing manifests itself as pattern replication. As the spacing gets wider, 
grating lobes or clones of the main beam appear in the pattern. These extra 
main beams appear at regular intervals given by 




FOURIER ANALYSIS OF LINEAR ARRAYS 65 



Figure 2.19. Array factors of 8-element arrays for three different spacings. 



When the array with grating lobes receives a signal, the direction of the 
signal cannot be determined, because the angle of arrival is ambiguous: Did 
the signal enter the main beam or the grating lobe? The broadside array 
factors of an 8-element array with element spacings of d = A/2, d = A, and 
d = 2A are shown in Figure 2.19. Increasing the frequency causes dJX to 
increase as well. An array designed for optimum sampling at the center fre¬ 
quency undersamples a plane wave at frequencies above the center frequency 
and oversamples at frequencies below the center frequency. 

Example. An array operating at a center frequency of/ 0 = 10 GHz (Ao = 3 cm) 
has a 5% bandwidth. What is the maximum element spacing (in centimeters) 
that adequately samples signals up to ±30° from broadside? 

The highest frequency will limit the element spacing, so / = 10.25 GHz and 

X hi = 2.93 cm, d = —^ — = 1.69 cm or 0.56 Aq 

2 cos 30° 

An equally spaced linear array is the superposition of many 2-element 
arrays. If the amplitude weights are symmetric about the center of the array, 
then symmetric pairs of exponent terms in the array factor can be combined 
into a cosine term. An even element array has N = 2 M elements and an 
odd-element array has N = 2M+1 elements. The symmetric elements in an odd 
array with the phase center at the physical center of the array combine as 
follows: 
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Figure 2.20. A 6-element array is composed of three Fourier components added 
together. The 6-element array is shown at the top. Pairs of elements point to their 
corresponding array factors. 


a m e imv + a m e ^ = 2 a m cos(mi^) (2.46) 

The array pattern, then, is the superposition of all the 2-element array patterns 
that make up the array. Figure 2.20 has plots of the three Fourier components 
of a 6-element array superimposed on the array factor for a 6-element uniform 
array. At u = 0, the three components have peaks that add in phase to form 
the main beam. If an array has an odd number of elements, then there is a 
single element at the center (zero spatial frequency) with an amplitude weight 
a 0 . The array factors for the even- and odd-element arrays can be written as 

AF 2M = 2 X a m cos 1 j y/J even (2.47) 

AF 2M+ i =a 0 + 2'£a m cos(m\i/) odd (2.48) 


These equations have the familiar form of a Fourier series, especially when 
written as 


AF 2M =2^a m cos|^(2m-l)ff^«j 

even 

(2.49) 

AF 2M+1 =a 0 +2]£a m cos|^2m7r^^QMj 

odd 

(2.50) 
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A difference pattern with low sidelobes requires a different set of weights 
than a corresponding sum pattern. The amplitude taper for sidelobes in a sum 
pattern will not result in the same low sidelobes in a difference pattern and 
vice versa. Difference arrays have an even number of elements, because the 
center element of an array with an odd number of elements serves as a con¬ 
stant in the Fourier series. This constant would not be canceled by the other 
elements, so the difference null would not be as deep. The array factor for a 
symmetric linear difference array is given by 

AF = ^-Yb n sin[kd(n-.5)u] (2.51) 

where b n is the difference amplitude weight for element n. 

The fast Fourier transform (FFT) is an efficient way to calculate the array 
factor. Usually, the antenna weights are placed in an array then padded with 
zeros (zeros added onto the end of the array weights). For instance, if there 
are N elements in the array and P zeros used for padding, then the vector 
looks like 

jwj-wvO^-oj (2.52) 

The number of zeros in the pad determines how smooth the array factor will 
look. Basically, the interpolation in u space is in increments of A u = 2l(N + P) 
from u = -1 to u = {N + P)Au-l . Note that u = 1 is not included. This fact is 
important in relating the FFT results to points in space. 

Example. Find the array factor of an N = 8 element uniform linear array using 
a FFT. 

The MATLAB command is given by 

AFdb=10*logl0(abs(fftshift(fft(ones(1,N),P+N)))) 

An FFT algorithm usually returns the dc component in the first cell of the 
vector. A command like fftshift rearranges the vector to put the dc component 
in the center. As the number of zeros in the pad increases, the array factor 
becomes smoother. Figure 2.21 shows the FFT array factor for P = 0, 8, 24, 
and 56. 

2.4. FOURIER ANALYSIS OF PLANAR ARRAYS 

The elements of a planar array are usually laid out in a periodic lattice in the 
x-y plane. For example, when elements are in a rectangular lattice, (2.32) is 
written as a two-dimensional discrete Fourier series 
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Figure 2.21. FFT of an 8-element uniform linear array with P = 0,8,24, and 56. 



AF=HV 


y'2?ru«-l)^-(w-Wj)+(m-l)-j^(v-Vj)l 


(2.53) 


Figure 2.22 is a plot of the maxima of (2.53) as a function of u and v and is 
known as a grating lobe plot. The three dashed lines correspond to the angular 
space 0 < 9 < 90° and 0 < 0 < 306° (real space) when d x = d y = A/2, A, and 1.5A. 
If the element spacing is not the same or the number of elements are different 
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in the x and y directions, then the circles in the u-v plane are ellipses. For 
the rectangular element spacing, grating lobes appear at regular intervals 
given by 


u m =u s +m\/d x for m = 0, ±1, ±2,... 
v n =v s +nA./d y forn = 0, ±1, ±2,... 

All grating lobes in (2.54) that satisfy 

(u m -u s f+(v n -v s f< 1 


(2.54) 


(2.55) 


appear in the array factor in real space. As can be seen from (2.55), steering 
the main beam moves the center of the circle in the u-v plane to the point 
( u s , v s ). A planar array (with no steering) in the x-y plane with uniform spacing 
sees the grating lobes enter real space at d = 90° and (p = 0°, 90°, 180°, 270° 
when d - 1.0A in the x and y directions. When d = 1.41 A, then additional grating 
lobes enter real space at the 45°, 135°, 225°, and 315° azimuth angles as shown 
in Figure 2.22. 

Triangular spacing modifies the sampling strategy and produces grating 
lobes at the locations ( u m , v n ) defined by 



form = 0,±l,±2,... 
forn = 0, ±1, ±2,... 


(2m -1) A 
2 d x 


(2n-l)T) 

2 d y J 


(2.56) 


The spacing d x is the length of the bottom side of the triangle, while d y is the 
height of the triangle. Only grating lobes that satisfy (2.55) appear in the array 
factor. The grating lobe plot for equilateral triangular spacing is shown in 
Figure 2.23. The first set of six grating lobes appear in real space when 
d x = 2/n/ 3A which is larger than the minimum spacing for grating lobes for 
rectangular element spacing. Grating lobes enter real space at G = 90° when 
<p = 30°, 90°, 150°, 210°, 270°, 330°. The element spacing in those directions 
is 2 d y . Since d y =d x yf3/l for an equilateral triangle, then in those six 
directions 


dy = d x J3/2 = 2/V3A V3/2 = A (2.57) 

and grating lobes appear. Thus, we would expect grating lobe peaks to enter 
real space when the element spacing between elements in any row (x direc¬ 
tion) to be d x = 2/V3A = 1.15A. Now grating lobes at (p - 0°, 60°, 120°, 180°, 
240°, and 300° due to element spacings in the x direction should occur when 
d = 2.0A as verified by Figure 2.23. 
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Figure 2.23. Grating lobe plot for triangular spacing. 


Triangular spacing not only delays the appearance of grating lobes but 
allows larger elements in the array. The maximum area that an element can 
occupy in rectangular spacing is d x d y while for triangular spacing it is 2d x /-v/3. 
As a result, an array with triangular spacing has 86.6% fewer elements than 
the same array with a square lattice. At least from a throretical point of view, 
triangular spacing is superior to rectangular spacing. Practical considerations, 
such as the feed network, may dictate the need for rectangular spacing. 

Grating lobes appear in directions where the periodic sampling is one 
wavelength or more. By controlling the sampling in certain directions through 
varying A m , d„, and d y in (2.32), the grating lobes can be moved to a direction 
that can accommodate limited scanning without bringing the grating lobes into 
real space [9]. Another approach is to randomize the A m , so there is no periodic 
spacing in any direction. 

The element lattice that samples the received signal occurs inside a defined 
perimeter or shape. The three most common planar array shapes are rectan¬ 
gular (including square), elliptical (including circular), and hexagonal. Figure 
2.24 has examples of hexagonal, circular, elliptical, and rectangular arrays. 
Other shapes, including fractal, have also been used. Oftentimes, the shape 
must conform to the surface area available. For instance, the AN/APG-77 
radar antenna shown in Figure 2.25 fits inside the nose cone of a USAF F-22A. 
It has 1500 elements arranged in an irregular shape. Grating lobes are a func¬ 
tion of the periodic spacing of the elements and not the array shape. Directivity 
of an array factor is a function of array area but not shape. The shape does 
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Figure 2.24. Some planar array shapes: a. hexagonal b. circular c. elliptical d. rectan¬ 
gular. (Courtesy of Northrop Grumman and available at the National Electronics 
Museum.) 
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play an important role in determining beamwidth and sidelobe level of the 
array factor, however. 

The element locations inside any shaped boundary can be found by first 
selecting an element lattice (rectangular or triangular) that is larger than the 
desired array. Next, overlay the array shape on the element lattice. Elements 
in the lattice that are outside of the shape are discarded. Certain element 
configurations can be generated without this process, such as rectangular 
arrays and fractal arrays. 

Example. Compare the uniform array factors for a square, circle, and hexa¬ 
gon-shaped planar array with rectangular element spacings of d x = d y = 0.5/1. 

The element layouts and corresponding uniform array factors appear in 
Figure 2.26 to Figure 2.31. The square array has the highest sidelobes. They 
only occur in two directions of <j>, however. Outside of those two cuts, the 
sidelobes are extremely low. The circular array has nearly constant sidelobes 
as a function of 0, especially close to the main beam. Its peak sidelobes are 
lower than those of the rectangular array. The hexagonal array has its highest 
sidelobes along four cuts in the 0 direction. Directivity is nearly the same for 
all the shapes, since they have about the same number of elements. Table 2.1 
lists the directivity and maximum sidelobe level for square, circular, and hex¬ 
agonal arrays in Figures 2.26-2.31. 

When the elements lie on a rectangular grid, then the array factor takes the 
form of a two-dimensional DFT. The two-dimensional FFT can be used to 

5 |-*-1 


>. 0 


-5 0 5 

Figure 2.26. Square array with rectangular spacing. 
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-5 0 5 

Figure 2.28. Circular array with rectangular spacing. 

calculate an array factor [10]. Zero padding is necessary in both rows and 
columns of the weight matrix in order to get sufficient sampling. In this case, 
both u and v are a function of 9 and <j>, so there is not a nice relationship 
between the Fourier transform variable and an angle as in the case of a linear 
array. 
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0 

Figure 2.29. Array factor for the circular array. 


>. 0 


_5 1-1-1 

-5 0 5 

Figure 2.30. Hexagon array with rectangular spacing. 


Example. Calculate the array factor of the triangular array in Figure 2.32. The 
array has 36 elements on a rectangular grid with d x = 0.5A and d y = 1.0A. 

A DFT multiplies a row vector of N element weights with a N x N ang phase 
matrix. This results in about N x N mg operations. To invoke an FFT, the weight 
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Figure 2.31. Array factor for the hexagon array. 


TABLE 2.1. Characteristics Due to Planar Array Shapes when Elements Are in a 
Square Grid 


Shape 

Directivity 

N 

Max Sidelobe Level (dB) 

Square 

27.72 dB 

14 x 14 =196 

-13.1 

Circle 

27.75 dB 

197 

-17 

Hexagon 

27.77 dB 

196 

-15.4 


matrix is filled with zeros in order to make the weight matrix rectangular. 
Next, the weight matrix is padded with zeros in order to sufficiently interpolate 
the array factor so that it looks smooth when graphed. Figure 2.33 is the array 
factor calculated using the FFT. The array factor points outside the circle are 
ignored, because they are associated with physically impossible angles. They 
account for (l-7r)/4xl00% or 21.5% of all the points calculated. 


2.5. ARRAY BANDWIDTH 

The array bandwidth is determined by a number of factors: 

1. Bandwidth of the elements in the array 

2. Element spacing 

3. Maximum steering angle 

4. Array size 
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Figure 2.33. Array factor calculated using an FFT.The points outside the circle should 
be ignored. 
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The bandwidth of the elements will be discussed in Chapter 4. The other three 
factors can be examined using isotropic point sources. Increasing the fre¬ 
quency increases the sampling in terms of wavelength between elements. As 
a result, the grating lobes appear sooner for higher frequencies than for lower 
frequencies as indicated by (2.54) and (2.56). Element spacing and grating lobe 
formation sets an upper frequency limit to the bandwidth. 

As presented earlier, when a beam is scanned, a change in frequency causes 
a change in main beam pointing direction. The main beam shift as a function 
of frequency is most pronounced at the highest scan angle. At frequency /, the 
main beam squints (moves) from u s = sin ft at f Q = center frequency to angle 
Msquint = sin ft quint according to 


kdu s quint = kodU s 



Note that u squinl gets smaller for frequencies higher than f 0 and smaller for 
frequencies less than f 0 . If / hi and / ]0 define the upper and lower limits of the 
bandwidth, then for a constant phase shift between element (steering phase) 

S s ~du io =^du bi (2.59) 

^10 

The angular difference between the upper and lower frequencies is given by 

u '°- u ‘A^Y~ u 4i-£ (2 ' 6o) 

Figure 2.34 is a plot of the steering angle as a function of frequency for 
ft = 10°, 20°, 30°, 40°, 50°, 50° at f 0 . The change in beam pointing direction 
over the same frequency range increases as ft increases. 

Increasing the size of an array decreases its bandwidth. If the bandwidth is 
bound by a 3-dB reduction in the main beam, then the bandwidth is calculated 
by 


BW = —(2.61) 
u s Ndu s 

Figure 2.35 is a plot of the array bandwidth as a function of the center fre¬ 
quency for array sizes with N = 20, 40, 60, and 100 for a uniform array with 
d = 0.5A. A good approximation for the bandwidth is given by [1] 


BW(%) = 203 dB (degrees) 


( 2 . 62 ) 
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Figure 2.34. Plot of steering angle as a function of frequency. 



2.6. DIRECTIVITY 

To find the directivity of an array, substitute the array factor into the equation 
for directivity in Chapter 1. 

D 4n\AKj_ 
iW sin OdOdtp 


(2.63) 
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A linear array with arbitrary element spacing along the z axis is symmetric 
with respect to </>, so the integral with respect to 0 in the denominator reduces 
to 2 it, and the directivity becomes 


2 

'f>« 


8 

I 

sT 

'be 

g -/**m(cos9-cos9 s ) j 

sin Odd 


i >„ 2 

- (2.64) 

X X w n w^e ik{lm 2n)cos9s J e jk{Zn 2m)c°se s in Odd 


The integral in (2.64) is easy to numerically compute. If the elements have a 
constant spacing, d, then an analytical form exists [20]: 


i>/ 

- & - (2.65) 

X X Wnwte ikd(m - n) ™ e ’smc[{n-m)kd] 

where sinc(x) = sin (x)/x. If the elements are spaced 0.5A apart, then the direc¬ 
tivity formula simplifies to 


d = tt- 

XKI 2 

Uniform arrays with constant spacing have a directivity of 


X X e ’ kd{m n)cos 6 s sine[(n -m)kd] 

__ 

N + 2 X (IV - n) sine (nkd) cos( nkd cos 9 S ) 


(2.66) 


(2.67) 


When d = 0.5A, the directivity becomes 


D-N 


(2.68) 
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Figure 2.36. Directivity of a uniform linear array as a function of element spacing. 


Graphs of the directivity as a function of element spacing for several values 
of N are shown in Figure 2.36. The directivity increases until a grating lobe 
appears (d is a multiple of A), and then it sharply decreases. This decrease is 
due to an increase in the denominator while the maximum value of AF in the 
numerator remains the same. The decrease in directivity due to the grating 
lobe becomes more dramatic as the number of elements increases, because 
the main beam and grating lobes have narrower beamwidths: A small change 
in 6 produces a large change in AF. 

Weighting the elements in the array reduces the directivity and efficiency 
of the array. A weighted aperture collects less total electromagnetic waves 
than a uniformly weighted aperture, so it is less efficient.Taper efficiency (also 
called illumination or aperture efficiency) is the ratio of the directivity of the 
tapered array to that of a uniform linear array or 

n £ £ sine [(n-m)kd] 

n T =-^-= - (2.69) 

uniform ft 2 £ £ WnM ,* s i nc [(„ - m)kd\ 

When d = 0.5A, this equation simplifies to 

_ ih 

NIKI 2 


(2.70) 
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Taper efficiency is an important figure of merit when evaluating low sidelobe 
tapers. 

The directivity for a planar array is found by substituting (2.4) into (2.63) 
to get 


An £wj 

d = — n - 1 - (2-71) 

1 J X W n e^ u -^y^-^ £ w * e -M*m(u-u s )+y m (v-v s) ] sin edm 
0 0"=1 rn =1 

It is unusual to have a planar array radiate out the front and back, so the limit 
of integration for 8 only goes from 0° to 90°, because the pattern is zero from 
8 equals 90° to 180°. Note that this assumption was not made for the linear 
array. Some terms in the denominator can be pulled outside the integrals 
to get 


4*2>- 


, n e> k Uxn- x m )u s+ (y„-y m M j J gM(x:„-x m )u+(y n -y m )v] ^ n Q d Q d< p 


(2.72) 


The integrals in the denominator can be evaluated analytically for certain 
element spacings, such as rectangular. Directivity formulas tend to be quite 
complicated and severely restricted to the element layout [20]. Performing 
the numerical integration in (2.72) is relatively easy and has the advantage of 
being geometry-independent. 

Many approximate formulas exist for quickly estimating the directivity of 
an array. First, the directivity can be calculated from the projected area of the 
array ( A p ) as long as the element spacing is not much larger than 0.5A: 


AnAp 

D = ^T 


n, 


(2.73) 


If the array has an irregular shape, then assume that each element occupies 
an area equal to d x d y for rectangular spacing. Thus, an N element array has 
an approximate directivity given by 

D = r],Nd x dylX 2 (2.74) 

Separable apertures are rectangular planar arrays whose array factors can 
be written as the product of two linear arrays and have an approximate 
directivity of 


D = nD x D y 


( 2 . 75 ) 
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where D x is the directivity of the linear array in the x direction and D y is the 
directivity of the linear array in the y direction. The directivity can also be 
estimated if the 3-dB beamwidths are known in orthogonal directions. 


4 k _ 32,400 

dB0=O dB0=zr/2 dB^=0° ®3 dB0=9O° 


(2.76) 


where 0? d B*=o° is the 3-dB beamwidth in degrees at 0 = 0°, 0? d B*=9O” is the 3-dB 
beamwidth in degrees at 0 = 90°, 03 dB«M) is the 3-dB beamwidth in radians at 
0 = 0, and 03 a d B “=*/2 i s th e 3-dB beamwidth in radians at 0 = nil. These formulas 
result from approximating the 3-dB beamwidth by AJ(Nd). When the array 
scans its beam, then the directivity decreases due to the decrease in the pro¬ 
jected area of the array. 


D(0 S ) = Dcos6 s (2.77) 

Example. Find the directivity of a rectangular planar array with N x = 6, 
N y = 10, d x = 0.5, and d y = 0.7 using (2.72) and (2.73) for both a uniform aper¬ 
ture and an aperture that is uniform in the y direction and has the amplitude 
weights [0.541 0.777 1 1 0.777 0.541] in the x direction. 

The taper efficiency for this array is 0.944. 

Equation for D Uniform jc-Amplitude Taper 

(2.72) 23.8 dB 23.6 

(2.73) 24.2 dB 24.0 

Since grating lobes can enter space from more than one 0 direction, the 
directivity of a planar array has more abrupt changes as the element spacing 
increases than a linear array. Figure 2.37 has plots of directivity versus element 
spacing in A for a square array of 10 by 10 elements with square and hexagonal 
element lattices. These curves relate to the grating lobe plots in Figures 2.22 
and 2.23. The square spacing has its first minimum at d- 1.0A and the second 
at d = 1.4A. The hexagonal spacing has its first minimum at d = 1.15A and the 
second at d = 2.0A. 


2.7. AMPLITUDE TAPERS 

The element weights control the directivity and sidelobe level of the array 
factor. Low-sidelobe amplitude tapers have high amplitude weights in the 
center of the array. The weights generally decrease from the center to the 
edges. Some examples are shown in Table 2.2. The results in Table 2.2 were 
obtained through numerical simulations (also see reference 11). The sidelobe 
levels and taper efficiencies assume that Nd is large. As the taper efficiency 
decreases, the 3-dB beamwidth increases and sidelobe levels decrease. 
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Figure 2.37. Directivity of planar arrays as a function of element spacing. 


TABLE 2.2. Properties of Some Simple Low-Sidelobe Amplitude Tapers for a 
Linear Array with Large Nd [11] 


tv„ 

First Sidelobe 
Level (dB) 

t?< 

SnullBW 

ftdB 

1.0 

-13.3 

1.0 

114.5° 

50.8° 

Nd/2, 

Nd/2 

2 «- 1 ! 

-26.5 

0.75 

229.2° 

73.1° 


Nd/2, 

Nd/2 


-15.8 

0.83 

163.8° 

66.2° 

|l N J 1 

Nd/2, 

Nd/2 

coif 2 - 1 1^1 

-23.0 

0.81 

172.0° 

68.2° 

CO ll N / 2 J 

Nd/2, 

Nd/2 


31 5 

0 67 

229.3° 

82.6° 

C0S Ll n / 2 J 



Nd/2, 

Nd/2 


-39.3 

0.58 

286.3° 

95.0° 

““LI N 1 )2\ 

Nd/2, 

Nd/2 

C0S 4ff2«^l_ 

-46.7 

0.51 

344.0° 

106.2° 

LI N 1 J 2 J 


Nd/2. 

Nd/2 

„ „ rr 2 «-l An! 



132.3° 

56.0° 

0.5 + 0.5cos-1 — 

-17.6 

0.97 



LI N J 2J 



Nd/2, 

Nd/2 

|Y2«-1 'll! 



142.4° 

58.8° 

0.33+ 0.67 cos-1 - 

-19.8 

0.93 


LL N )2] 



Nd/2 

Nd/2 


Example. Plot the array factors for a 20-element d = 0.5A array with triangu¬ 
lar, cosine, and cosine-squared amplitude tapers. 

Figure 2.38 shows the three low sidelobe array factors superimposed. The 
beamwidths and first sidelobe levels are shown in Table 2.3. 
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Figure 2.38. Array factors for a 20-element d = 0.5A array with triangular, cosine; and 
cosine-squared amplitude tapers. 


TABLE 2.3. Array Factor Characteristics for Three Low-Sidelobe 
Amplitude Tapers 


Taper 

First Sidelobe Level (dB) 


fyiull BW 

Cosine 

-21.7 

7° 

17.3° 

Cosine-squared 

-31.3 

8.4° 

23° 

Triangular 

-26.4 

7.4° 

23° 


2.8. z TRANSFORM OF THE ARRAY FACTOR 

The z transform converts the linear array factor into a polynomial using the 
substitution [12] 


(2.78) 


Substitute z into (2.17) to get 


AF = 


(2.79) 


It is convenient to write the array factor in (2.79) as 
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Factoring the above polynomial yields 


AF = w n (z-z 1 )(z-z 2 )-(z-z A[ . 1 ) (2.81) 

Each root (z = z n ) corresponds to a null in the array pattern. The roots have 
a magnitude of one and phase of y/„. A 4-element uniform array with d = 0.5A 
has the following polynomial form: 

z 3 + z 2 + z + 1 = (z + l)(z + j){z - j) (2.82) 

Its roots are graphed on the unit circle in Figure 2.39, and the array factor is 
shown in Figure 2.40. 

The magnitude of the array factor between zeros relates to the angular 
separation of the zeros. Closely spaced zeros have small lobes between them, 
while widely spaced zeros have large lobes between them. The uniform array 
example has zeros 1 and 2 and zeros 2 and 3 closely spaced, while zeros 1 and 
3 are widely spaced. The array factor between the closely spaced zeros are 
sidelobes, and the array factor between the widely spaced zeros is the main 
beam. Thus, the sidelobe levels of the uniform array may be lowered by 
moving the zeros on the unit circle as shown in Figure 2.41. For instance, 
moving the zeros of the 4-element uniform array closer to the negative real 
axis lowers the pattern’s sidelobe levels and widens the main beam. Null loca¬ 
tions at y/= ±120° instead of y/= ±90° result in 

AF = (z + l)(z- e' 067 *)(z- e-' 067 *) = z 3 + 2z 2 + 2z +1 (2.83) 


x/2 





-%n 

Figure 2.39. Unit circle representation of a four element uniform array. 
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Figure 2.40. Array factor of a four element uniform array with d = 0.5A. 


x/2 

1 



-*/2 

Figure 2.41. The zeros are moved closer together on the unit circle. 


The amplitude weights for the array elements are 1,2,2, and 1. These weights 
produce the normalized low-sidelobe array factor shown in Figure 2.42. Note 
that the sidelobes are lower and the main beam is wider than those of the 
uniform array. 

The examples so far only considered zeros lying on the unit circle. What 
happens to the array factor when the zeros move off the unit circle. The four 
element array has roots at z = -1 and ±j as indicated by the zeros labeled 
with a 1 in Figure 2.43. Changing the roots to z = -1.2 and ±1.2/ moves them 
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Figure 2.42. Moving the zeros closer together on the unit circle lowers the sidelobes 
and expands the main beam. 



Figure 2.43. Zeros moved off the unit circle for a 4-element array. 


a radial distance of 0.2 outside of the unit circle as shown by the zeros labeled 
with a 2 in Figure 2.43. The corresponding array weights are real since the 
roots are complex conjugate pairs and not symmetric: w = [0.5787 0.6944 
0.8333 1.0]. Moving the roots off the unit circle by an additional 0.2 results 
in roots at z = -1.4 and ±1.4/ which are labeled by a 3. The corresponding 
array weights are real since the roots are complex conjugate pairs and not 
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Figure 2.44. Array factors corresponding to zeros moved off the unit circle. 


symmetric: w = [0.3644 0.5102 0.7143 1.0]. The effects of moving the zeros is 
apparent on the array factor shown in Figure 2.44 and include 

• Decreased directivity and efficiency 

• Increased relative sidelobe levels 

• Filled-in nulls 

Moving zeros inside the unit circle produces similar effects to the array factor. 
For instance, moving the roots to z = -0.8 and +0.8/ results in the exact same 
amplitude weights as when z = -1.2 and ±1.2/, and the array factor looks like 
the plot labeled 2 in Figure 2.44. 

2.9. CIRCULAR ARRAYS 

A circular or ring array with elements lying on a circle of radius r c in the x-y 
plane has an array factor given by 

AF cir = £ WnC ik(r c ca^„ sinflcos0+r c s,n0„sin0sin0) 

= X W n e M s,nfl ( cos ^ cos^+sinfc, sin0) 

= ^w n e ikrcSineco ^- M (2.84) 


where 0„ is the angular location of element n.The beam is steered by applying 
a phase at element n given by 
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e -jkr c sinS, cost*,-*,) (2.85) 

Normally, the elements are equally spaced around the circle, so they are sepa¬ 
rated by an angle 


A <t> = — (2.86) 

As a result, the radius of the circle and the arc distance between adjacent 
elements is given by 


<* = 2r e sin(^) (2.87) 

If r c is known, then d can be found, or if d is known then r c can be found. If 
the array weights are uniform, then the array factor can be written as [13] 

AF = N X JnN (kr)e> nN{ ’ !/2 -® (2.88) 


where £ = tan M -—— and J n is a Bessel function of order n. The principal 
\u-uj 

component is the n = 0 term, and all other terms are referred to as residuals. 
For large arrays, the principal component is the dominant term, and the 
residuals can be ignored. Thus, for a large radius, the array factor is 
approximately 


AF = NJ 0 (kr c ) (2.89) 

If several circular arrays with different radii share a common center, then the 
resulting planar array is known as a concentric ring array [14,15], Figure 2.45 
is a diagram of a concentric ring array with ring n having N„ elements and a 
radius of r„. The physical distance between elements on ring n is constant and 
given by d n . Ring arrays are either designed to have a main beam at 0= 90° 
and scan only in azimuth or have a main beam at Q = 0° and scan in azimuth 
and elevation. 

The array factor for the concentric ring array with a single element at the 
center (Figure 2.45) is given by 


AF = 1 +5>„Xe 


(2.90) 


where N„ is the number of elements in ring n, N r is the number of rings, w„ 
represents elements weights for ring n, r„ is the radius of ring n, (x n , y n ) is the 
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Figure 2.45. Diagram of a concentric ring array. 


location of element n, x n = r„cos 0 m , y„ = r„sin <p m , and 0 m = 2idjn-\)IN„. In this 
formula, all the elements in the same ring have the same weight. 

The array factor for a circular array is often written in terms of Bessel func¬ 
tions as shown in (2.88). If each ring is represented by (2.88), then (2.90) can 
be rewritten as [13] 

AF = 1+ X w nN n £ J mNn (kr„ sin0)e >mJV ” ( * /2 “ 0) (2.91) 

Assuming that all the radii are large, then the array factor is independent of 
0 and only the principal component terms for each ring remain. 

AF = l + '£ l w n N n Jo(kr n sinf?) (2.92) 


Figure 2.46 is a diagram of a 279-element concentric ring array. There are 
nine rings with r„ = n?J2 and d„ = A/2. The number of equally spaced elements 
in ring n is given by 


N n =2jcr n /d n =27m (2.93) 

Since the number of elements must be an integer, the value in (2.93) must be 
rounded up or down. To keep d > A/2, the digits to the right of the decimal 
point are dropped. Table 2.4 lists the ring spacing and number of elements 
in each ring for a uniform concentric ring array with nine rings as shown in 
Figure 2.46. 
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Figure 2.46. Concentric ring array with nine rings spaced A/2 apart and having d n - A/2. 


TABLE 2.4. Ring Radius and Number of Elements per Ring for a 9-Ring Uniform 
Concentric Ring Array 


n : 1 2 

3 

4 

5 

6 

7 

8 

9 

r„ (A): 0.5 1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

N n : 6 12 

18 

25 

31 

37 

43 

50 

56 


A uniform array has equal element spacing and weighting. For a uniform 
concentric ring array, the ring spacing, r„, is a constant times the ring number 
and the spacing between elements within a ring, d„, is approximately constant 
for all rings. A nine-ring concentric ring array has the array factor shown in 
Figure 2.47. The Bessel function behavior in (2.92) is quite evident in the array 
factor. It has a directivity of 29.4dB, a peak sidelobe level of -17.4dB, and is 
symmetric in <j>. As long as the array factor is predominantly a function of 8, the 
maximum can be found from a slice of the array factor for a single value of 0. 


2.10. DIRECTION FINDING ARRAYS 

Direction finding with linear arrays is limited to either the 8 or <j) directions. 
In order to direction find in both azimuth and elevation directions, a planar 
array is needed. Circular arrays are also commonly used for direction finding. 
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Figure 2.48. Diagram of a 4-element Adcock antenna. 


2.10.1. Adcock Array 

The original Adcock array has four uniformly weighted elements situated at 
the four corners of a square with sides less than A/2 (Figure 2.48) [16]. It was 
developed to find the direction of arrival of a signal in both azimuth and eleva¬ 
tion. The north (N) and south (S) antennas on the y axis are out of phase, and 
the east (E) and west (W) antennas along the x axis are out of phase as well. 
The N-S array has an array factor given by 
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AF ns = 2 j sin (fc | sin 6 cos <j> j (2.94) 

Likewise, the array factor for the E-W array is given by 

AF ew =2/sin^A:^-sin0sin0j (2.95) 

Sir Watson-Watt developed the principle for finding the elevation and 
azimuth of a source incident on an Adcock array [17]. An estimate of the 
tangent of the azimuth angle is the ratio of the output from the E-W array to 
the output of the N-S array. 


sinf k— sin0sin0l 
"ew _ l 2 _/ 

^ NS sin^fc — sinflcosipj 


(2.96) 


An estimate of the elevation angle is given by 


cos 6 ~ —— ij AF| W + AFns 
kd 


(2.97) 


More accurate estimates of the arrival angles are possible by adding element 
pairs to the 4-element Adcock antenna on opposite sides of a circle with a 
center at the origin of the x—y axes. 


2.10.2. Orthogonal Linear Arrays 

A planar array is needed to locate sources in both azimuth and elevation. The 
Adcock array is the simplest version. Adding more elements to an array 
increases the cost of the components and computational complexity of the 
signal processing algorithms. As a result, direction of arrival (DOA) arrays 
have just enough elements to locate a desired number of sources. Orthogonal 
linear arrays are often used in place of fully populated arrays for direction 
finding [18]. 

The array factor for the linear array along the y axis can be written as a 
polynomial. 


AF y = \ + WyiZy +w y2 Zy + ••• (2.98) 

where z y = e' Vy . A similar polynomial for AF* is written in terms of z x = 

The polynomials for orthogonal arrays along the x and y axes can be factored 
to find the zeros: 
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(2.99) 

( 2 . 100 ) 


( Z, " Zxi ) (z, - z x2 )■ ■■ ■■ ( z x - z ANx -i>) = 0 
(Zy~Zyl){Zy ~Zy 2 )-{Zy ~Zy( Ny - 1)) = 0 

If several signals are incident upon the array, then the weights are adjusted 
until the array output is minimized. Factoring the array factor polynomial 
yields the polynomial zeros, hence the location of the nulls and the incident 
signals. The azimuth angle of a null is found by [19] 


w xX kd. sin#, cos0i d, 

-— = ——;-;-= —tan ft 

Yyi kd y sin#! sin ft d y 


( 2 . 101 ) 


or 


0i 


= tan 1 


dyVtA 

d *VyJ 


The elevation angle is found from 

y/h + \j / 2 y i = ( kd x sin ft cos ft) 2 +(kd y sin ft sin ft) 2 
= ( k sin ft) 2 (d 2 cos 2 ft + dj sin 2 <j>) 

Solving for ft yields 

d x cos 2 ft + d y sin 2 <p 



( 2 . 102 ) 


(2.103) 


(2.104) 


Once the zeros of the array factor polynomials are known, then the source 
locations in (ft, ft) can be found. 


2.11. SUBARRAYS 

Large phased array antennas are often divided into many smaller subarrays. 
The array panel in Figure 2.49 consists of 5 rows and 8 columns of 2 by 2 
(quad) elements in a subarray. Control electronics are mounted on back of 
the subarrays. An artist’s concept of the fully deployed antenna appears in 
Figure 2.50. The antenna operates from 1.215 to 1.3 GHz. Element spacing 
is 12.7 cm or 0.55A at 1.3 GHz. Another example of a subarrayed antenna is 
shown in Figure 2.51. This array operates from 2.2 to 2.3 GHz. It has 36 sub¬ 
array with 4 by 8 elements per subarray. The elements lie in a square lattice 
with d = 6.6 cm. 

Subarrays are modular and allow amplitude and phase weighting to occur 
at the subarray outputs or ports as well as at the individual elements. 
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Figure 2.49. Array panel of 10 by 16 elements or 5 by 8 quad modules. (Courtesy of 
Ball Aerospace & Technologies Corp.) 



Figure 2.50. Artist concept of the L band array with 11 panels. (Courtesy of Ball 
Aerospace & Technologies Corp.) 


Considerable savings is possible if amplitude and phase weights are only 
located at the subarray ports and all the element weights are uniform. Such 
an array appears in Figure 2.52. Unfortunately, this savings comes at an unac¬ 
ceptable performance cost of introducing grating lobes into the array factor. 

The effective weight of an element in an array is the product of the element 
weight times its corresponding subarray weight, or 

w n =a mn xb m (2.105) 

where a mn is the weight of element n which is in subarray m, b m is the weight 
at subarray port m, N s is the number of subarrays, and N e is the number of 
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Figure 2.51. Planar array with 36 subarrays. (Courtesy of Ball Aerospace & 
Technologies Corp.) 



Figure 2.52. Linear array with uniform element weights and weights at the 
subarray ports. 


elements in a subarray. Subarray weighting alone assumes that a mn = 1 and for 
N e constant assumes that array weights are represented as 

w = [b i b l -b i b 2 b 2 -b 2r b Ns b N ,-b N J (2.106) 

N e ~N C N, 

where w is a vector containing all the w n . Substituting the element weights into 
the equation for the array factor results in the following simplification: 
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— X b m e iklm ~ iNs+1),2]dN '* i 


(2.107) 


where AF C is the array factor due to a single uniform subarray and AF S is the 
array factor due to subarray weighting alone. Equation (2.107) is the product 
of a uniform array factor due to the elements in one subarray and the array 
factor due to the weighted sum of isotropic point sources at the phase centers 
of all the subarrays. Usually, dN e > A, so grating lobes appear in AF S at [21] 

0 g = sin -1 1 —] for g = 1,2,... and g<-N e (2.108) 
V dN e J A 


Since AF ( , has nulls at the same angles as the grating lobes appear, the grating 
lobes have nulls in their centers. As a result, the grating lobes do not get as 
large as those associated with large element spacing. An approximate expres¬ 
sion for the grating lobe heights relative to the peak of the main beam is [21] 


|AF(<y 2 


(2.109) 


where B b > 1 is the beam broadening factor (the ratio of the 3-dB beamwidth 
of the weighted array to the 3-dB beamwidth of the corresponding uniform 
array). In general, decreasing the sidelobe level increases B b , which in turn 
increases the grating lobe heights. 

A 64-element array divided into 8 subarrays with a low-sidelobe taper 
applied to its subarray ports has the effective element weights shown in Figure 
2.53. AF f is the broad beam uniform array factor in Figure 2.54. AF S has low 
sidelobes due to the subarray weights and grating lobes due to dN e > A. 
Multiplying these patterns results in the array factor shown in Figure 2.55. 
Except at u = 0, the peaks of AF S occur at the nulls of AF e . The nulls in AF e 
place nulls in the grating lobe peaks. These nulls reduce the grating lobes but 
do not eliminate them. 

Example. A 128-element array with d = 0.5A can be divided into several 
different subarray configurations. Table 2.5 shows four possible divisions with 
their associated maximum grating lobe locations and approximate heights 
when a low-sidelobe amplitude taper is applied at the subarray ports. This 
amplitude taper has a beam broadening factor of B b = 1.288. Increasing the 
number of elements in a subarray causes the grating lobe to get larger and 
move closer to the main beam as indicated in Table 2.5. 
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Figure 2.53. Effective element weights for a 64-element array divided into 8 subarrays 
with a low-sidelobe taper applied to its subarray ports. 


-15r 



Figure 2.54. Graphs of AF„ (dashed line) and AF, (solid line). 


The beam broadening factor is a function of the subarray weighting. For 
most practical cases, a low-sidelobe amplitude tape will have a higher B b than 
a high-sidelobe amplitude taper. B b has a lower bound of one. Thus, there is 
some tradeoff between the lowest design sidelobe level and the highest grating 
lobe level. A higher taper efficiency leads to a lower B b , which in turn results 
in a lower peak grating lobe. As a result, optimizing the amplitude taper 
should lead to a peak sidelobe level that is the same height as the peak grating 
lobe. One can only expect a small improvement to the maximum sidelobe level 
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Figure 2.55. Array factor due to the subarray amplitude taper in Figure 2.53. 


TABLE 2.5. Some Possible Subarray Divisions of a 128-Element Array and the 
Location and Approximate Height of the First Grating Lobe 


Ne 

N s 

0i 

Approximate Grating Lobe Level 

4 

32 

30° 

-36.9 dB 

8 

16 

14.5° 

-31.6 dB 

16 

8 

7.2° 

-25.8 dB 

32 

4 

3.6° 

-19.8 dB 


through optimization, since increasing B b to get lower sidelobes also causes 
the peak grating lobe to increase. 

Steering the main beam using phase shifters at the subarray ports results 
in very large grating lobes. The array factors shown in Figure 2.56 compare 
steering the pattern in Figure 2.55 to u = 0.12 using phase shifters at the subar¬ 
ray ports only (solid line) and phase shifters at the individual elements (dashed 
line). Steering AF t moves the peak of its pattern out of the null of AF e (which 
is not steered). These nulls in AF e are what cause the grating lobes to have a 
split down the middle in Figure 2.55. Without the nulls in the center of the 
grating lobes, the grating lobes dramatically increase. Practical beam steering 
is done at the element level. 


2.12. ERRORS 

The signals at each element in the array have errors due to manufacturing 
tolerances, element failures, aging, and quantization. Errors are either modeled 
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Figure 2.56. Comparison between phase steering at the subarray ports (solid line) and 
phase steering at the element level (dashed line) when the patterns are steered to 
u = 0.12. 


as statistically independent from element to element or statistically indepen¬ 
dent between groups of elements. The main concern with errors is the rise in 
the sidelobe levels. Other problems include beam pointing errors, loss in gain, 
and need for recalibration. 


2.12.1. Random Errors 

Random errors are statistically independent from element to element. These 
errors occur within individual array elements and associated components 
and have no effect on surrounding elements. For the most part, four types of 
random errors are possible: 

1. Random amplitude error, 8“ 

2. Random phase error, 8% 

3. Random position error, 8 s n 

„ IT element functioning properly 

4. Random element failure, P„'' = \ 

[0 element failure 

Random amplitude and phase errors appear in the signal weighting while the 
position errors appear in the relative element phases. An array factor with 
errors can be written as 


AF err = i(a„ +8“)e l ( p " +S ^e ik ^ u 


(2.110) 
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If the position and phase errors are relatively small, then the small phase 
approximation can be used (d x — 1 + jx for x « 1) for the phase terms in 
( 2 . 110 ): 


AF e „ - £(«„ + 8?){\+ j8 p )e ip "{\ + j5 s n )e ik *" u (2.111) 

Multiplying the quantities in (2.111) and collecting terms results in 

AF err = + %{[8 a n -8 a n 8 p ku8 s n - a n 8 p ku8 s n ] 

+ }[S“8^ +8“ku8 s n +a„8% +a n ku8 s n ]}e iPn e' k “ s " (2.112) 

Note that the first summation is the array factor with no errors. The second 
summation is an error array factor that is added to the array factor with no 
errors. Since the errors are assumed to be small, all terms that consist of the 
product of at least two errors can be dropped, leaving 


AF err = AF 0 + £{5“ + j(a n 8% +a n ku8 s n )}e ip "e ikus " (2.113) 


where AF 0 is the error free array factor. 

The error pattern effects are easy to see at a null in the error-free array 
factor, because the error-free pattern is zero and only the error term in (2.113) 
remains. In order to analyze the contribution of each type of error, assume 
that only one error at a time exists. The power pattern due to the amplitude 
weights alone is proportional to the magnitude of the error array factor 
squared. 


| AF amperr | 2 = (2.114) 


Taking the average value of the power pattern (line over quantity) results in 
| AF amperr | 2 = £ £ = £ 8? = NS? (2.115) 

Similar average power patterns occur for the other two error types: 

|AF pherr | 2 = £ £ a n a m 8 p m 8 p n e^-^e iku(s "-^ = ( £ a^S? (2.116) 
|AF poserr | 2 =(kuf X ^ t a n a m 8 s m 8 s „e i{Pn ~ Pm) e ikuiSn ~ Sm) = (kuf 


(2.117) 
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Since S“ is just as likely to add as to subtract from the main beam, it does not 
change the peak value of AF but has a relatively constant effect in the sidelobe 
region. Thus, the relative sidelobe level caused by the amplitude errors is the 
ratio of the sidelobe power to the power in the peak of the main beam: 


Sllrms 



(2.118) 


On the other hand, the phase errors cause small subtractions from the main 
beam as well as produce a relatively constant pattern in the sidelobe region. 
As a result, the average sidelobe level due to random phase errors is given by 




(2.119) 


The relative sidelobe level due to position errors alone is 



Position errors have little effect in the main beam region (u is very small) but 
have an increasing effect toward u = ±1. 

Example. A 50-element linear array (d = 0.5A) has a low-sidelobe taper. Plot 
AF amperr , AF pherr , and AFp^n when 8“ - 0.1, 8% = 0.1, and 8 S „ = 0.1. 

Figure 2.57 shows the plots. Random amplitude and phase errors have 
approximately the same magnitude over all the angles, while the position 
errors increase with lul. 

A different type of random error occurs when elements stop functioning. 
Element failures result from amplifier, receiver, phase shifter, and so on, 
malfunctions. The peak of the main beam is now at Nt],F, where F is the 
probability of element failure. Assuming that the element failures are uni¬ 
formly distributed across the aperture, the formula for rms sidelobe levels due 
to failed elements is 


sll r 


1 -P e 
Nrj,P e 


( 2 . 121 ) 



ERRORS 


103 



Figure 2.57. Plot of AF amperr (dashed line), AF pherr (dash-dot line), and AF poserr (dotted 
line) when <5° =0.1, 8% =0.1, and 8 S „ =0.1. The error-free pattern is the solid line. 


Comparing this formula with (2.118) reveals that the probability that an 
element has failed, 1 -P„ is the same as an rms amplitude error, 8“ . Position 
errors are relatively small compared to the other three errors, so a formula to 
calculate the rms sidelobe level of the array factor for amplitude and phase 
errors with element failures is [22] 


(l-P e ) + 8 a n +P t 8f 
P^l-Sf^N 


( 2 . 122 ) 


Example. A 30-element linear array (d = 0.5A) has a 30-dB,n = 7 low-sidelobe 
taper. Show the effects of a single element failure at (1) the edge and (2) the 
center of the array. 

Figure 2.58 shows the array factors superimposed on each other. Since the 
edge element has a low amplitude, it has little effect on the pattern when it 
fails. When the center element fails, the sidelobes significantly increase. The 
original pattern has r] T = 0.8535, while the edge failed taper has rj r = 0.8332 
and the center element failed taper has i] T = 0.8243. 

So far, only random, uncorrelated errors have been mentioned. If the same 
error occurs for groups of elements, then that error is correlated within that 
group of elements even though the error is random. An example would be a 
random amplitude error at the subarray port. That random error is passed on 
to each element in the subarray, so it is the same for all the elements of that 
subarray; hence there is a correlated error between elements of that subarray. 




104 


ARRAY FACTOR ANALYSIS 



Figure 2.58. Array factor of a 30-element linear array (d = 0.5A) with a 30 dB, n = 7 
low-sidelobe taper (dotted line) superimposed on the same array factor with element 
1 failed (solid line) and element 15 failed (dashed line). 



Figure 2.59. Array factor of a 36-element linear array (d = 0.5A)with a low-sidelobe 
taper (dotted line) and divided into 6 subarrays of 6-elements each. The dashed line in 
the pattern with random errors at the subarray ports only (8 a „ = 0.1 and 8% = 0.1). Plots 
of AF amperr (solid line) and AF pherr (dash-dot line) are superimposed. 


Example. A 30-element linear array (d = 0.5A) has a 20-dB, n = 2 taper applied 
at the elements. The array is divided into 6 subarrays, each having 6 elements. 
Plot the error patterns when 8“ - 0.1 and 8“ = 0.1 at the subarray port. 

Figure 2.59 has graphs of the array factor with no errors, with both the 
phase and amplitude errors, and AF amperr and AF pherr . The errors have greatest 
impact at the grating lobe locations. 
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2.12.2. Quantization Errors 

Phase shifters and attenuators have digital controls with a finite number of 
possible values. For instance, the least significant bit associated with amplitude 
and phase have the following values: 

A a = 2" Nba (2.123) 

A p =2kx 2~ Nbf (2.124) 

where N ba is the number of amplitude bits and N bp is the number of phase bits. 
A quantized amplitude weight has the value of 

4 = A a floor{-^-j+^- (2.125) 


and the quantized phase has a value of 

[ 8 n -ks n u s -0.5A P 


p q n = floor <- 


(2.126) 


where floor rounds down to the closest integer. If only the phase steering is 
quantized, then 8 n is not included in this equation. 

If the difference between the desired and quantized amplitude weight is 
assumed to be a uniformly distributed random number with the bounds being 
the maximum amplitude error of +A a /2, then the rms amplitude error is 
8° = A a /Vl2. This value can then be substituted into (2.122) to find the rms 
sidelobe level. 

If no two adjacent elements receive the same quantized phase shift, then 
the difference between the desired and quantized phase shifts are treated as 
uniform random variables between ±A p /2. As with the amplitude error, the 
random phase error formula in this case is 8% = A p /4\2. These same quan¬ 
tized phase errors result in beam-pointing errors too. The difference in phase 
between the desired and quantized steering phase shifts is 

q n =kd(n-l)(u s -u q ) (2.127) 

Solving for the angular difference at element n yields 


i -u q " 
q kd(n- 1) 


(2.128) 


Taking the average value of the right-hand side of (2.128) for all the elements 
in the array and the rms quantization error leaves 


Nd2 Nbp 


(2.129) 
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Either increasing the number of bits in the phase shifters or increasing the 
aperture size reduces the beam pointing error. 

When two or more elements have the same quantized phase shift, then the 
error is correlated and quantization lobes form. This situation occurs when 
the beam is steered to a small angle off boresite. The maximum phase shift 
across an aperture is given by 


y T ={N-l)kdu s (2.130) 

The total number of elements that receive the same quantized phase shift is 
then 


W °°^ W ° (N-l)2 <2131) 

This means that there are NIN Q subarrays of N Q elements that receive the 
same phase shift. The grating lobes due to these subarrays occur at [21] 

“- = “' ± 7iT = “| 1±£!i ^4r^] = “- (1±m2 '’ ) (2132) 

The approximation in (2.132) assumes the array has many elements. For large 
scan angles, quantization lobes do not form, because the element-to-element 
phase difference appears random. The relative peaks of the quantization lobes 
are given by [21] 


AF$ L = 


1 j y/l-u 2 

2 Np y-v/l-M, 2 


(2.133) 


Figure 2.60 shows a low-sidelobe array factor for a 10-element, d = 0.5A array 
with its beam steered to u = 0.1 when the phase shifters have 3,4, and 5 bits. 


Example. Find the location and heights of the quantization lobes for a 10- 
element array with d = 0.5A and the beam steered to u s = 0.05 when the phase 
shifters have 3, 4, and 5 bits. 

The location and heights of the grating lobes are calculated from (2.132) 
and (2.133). 


m 

-2 

-1 

1 

2 

u m 

-.71 

-.33 

.43 

.81 

3 

-19.6 dB 

-18.3 dB 

-18.5 dB 

-20.4 dB 
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m 

-1 

1 

u m 

-.71 

.81 

4 

-25.6 dB 

-26.4 dB 


There are no grating lobes for the 5-bit phase shifters. The location of the 
grating lobes and their heights are only approximate. The actual values calcu¬ 
lated from the array factor are given by 



Phase dithering reduces the size of the quantization lobes by adding a 
random phase to each phase shifter [23], For large arrays, this random phase 
has very little impact on the main beam-pointing angle. Two other similar 
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approaches that breakup correlated errors with small random errors include 
frequency and beam dithering [23], 


2.13. FRACTAL ARRAYS 

A fractal is a self-similar shape with a non-integer dimension [24], Self-similar 
means that a magnified portion of the shape has the same structure as the 
whole geometry. Fractals were first applied to antenna arrays by Kim and 
Jaggard [25]; and since then, several analysis and synthesis techniques for 
fractal arrays have been developed [26,27]. 

Fractal arrays can be formed through recursive application of a generating 
array used to create the much larger self similar array. The generating array 
has a pattern that is copied, scaled, and translated many times. There are a 
total of N g elements in the generating array with A, of the elements having 
an amplitude of one and the rest having an amplitude of zero. An example is 
the Cantor array [28] that has a 3-element (N a = 3) generating array with 
weights given by 


w = [101] (2.134) 

The next scale is found by replacing a 1 with 101 and replacing a 0 with 000. 

w = [101000101] (2.135) 

Applying the formula to obtain the next scale yields 

tv = [101000101000000000101000101] (2.136) 

Although this array does not have practical use, it does have some interesting 
properties. For instance, the array factor can be expressed as a product rather 
than a sum: 


AF„(yr) = nAF G (A£-y) 


(2.137) 


where AF G is the array factor of the generating array. If d = 0.25A, then the 
closest that two elements are spaced in the thinned aperture is 0.5A, so the 
directivity is derived from (2.68) 


(2.138) 


The generating array for Cantor arrays with every other element having an 
amplitude of zero may be expressed in the form 
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AF o(V ) = flI^l (2.139) 

Ni sin(i if) 

Other versions of the generating array are also possible. For instance, 
N g = 5 has the weighting 


w = [10101] (2.140) 

The recursive building of larger arrays results in much different array weights. 
Proceeding to the second scale results in the weights 

w =[1010100000101010000010101] (2.141) 


which differs from either (2.135) or (2.136). 

The fractal array factor is based upon an iterated (recursive) function. 
Therefore, the array factor can be calculated via the product of S generating 
array factors rather than the N additions and multiplications in a normal 
Fourier series representation of the array factor. 


s sin [MlVg-y] 

N U/V, sin[/V«rV] 


(2.142) 


The fractal dimension D of these Cantor arrays are calculated using [28] 


_ log AT) 
/d,m log N G 


(2.143) 


which results in/ dim = 0.6309 for N G = 3,/dim = 0.6826 for N c = 5, and/ dim = 0.7124 
for N g = 7. 


Example. Plot the array factors for the first four scales of the Cantor array 
when the generating array has d = 0.25A. 

The array factor of the three-element generating array is 


AF 0 (vO = 2cos(vr) 


(2.144) 


where y/= m. An expression for the normalized Cantor array factor given by 


AF* (v0 = fl AF g (3 m -‘ y/) = flcos(3 J - 1 yr) 


(2.145) 
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Figure 2.61. Array factors for N G = 3 and 5=1,2,3, 4. 



Figure 2.62. Array factors for N a = 3 and 5 = 5. 


The array factors for S = 1,2,3, and 4 are shown in Figure 2.61. You can see 
how similar the shape of the array factor are. Figure 2.62 shows the array 
factor at S = 7. 

A Sierpinski carpet is a two-dimensional version of the Cantor set [29]. An 
example of a generating array on a square lattice is 


1 1 1 
1 0 1 
1 1 1 
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The normalized array factor associated with this generating subarray for 
d x = d y = A/2 is given by 


AF G (u x , u y ) = — [cos(7ru)+cos(7rv)+2cos(7TM)cos(7rv)] (2.146) 

4 

The expression for the fractal array factor at stage S is 

AFn = ]”[[cos(3 p “ 1 7ru)+cos(3 , ’~ 1 7rv)+2cos(3 p “ 1 7rM)cos(3 , ’' 1 7rv)] (2.147) 

The geometry for this Sierpinski carpet fractal array at progressive stages of 
growth appears in Figure 2.63 along with a plot of the corresponding array 
factors. The array factors look self-similar. 

Linear polyfractal arrays can exhibit ultra-wideband characteristics when 
numerically optimized [30]. Polyfractal arrays are constructed from a set of 
multiple generatoring arrays rather than a single generating array. A 32- 
element linear polyfractal array was designed and built to have a wide band¬ 
width with suppressed grating lobes and relatively low sidelobes (-16.3 dB at 
/o and -5.39 dB at 4/ 0 ).The 32-element array was divided into 4 subarrays of 


Sierpinski carpet array at 3 levels 



Sierpinski carpet array factors 

Figure 2.63. Sierpinski carpet array and associated array factors for the first three 
stages. 
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Figure 2.64. Sierpinski carpet array and associated array factors for the first three. 
(Courtesy of Douglas Werner, Pennsylvania State University.) 



Figure 2.65. Sierpinski carpet array and associated array factors for the first three. 
(Courtesy of Douglas Werner, Pennsylvania State University.) 


8 elements each as shown in Figure 2.64. Each subarray pattern was calculated 
and measured then coherently combined to find the array pattern of the 32 
element array. Figure 2.65 shows the close agreement between the calculated 
and measured patterns. 
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Linear and Planar Array 
Factor Synthesis 


The array factor is a function of the amplitude and phase weights, the relative 
element positions, and the frequency. Values for these variables exist that 
yield a desirable array factor (as long as the laws of physics are obeyed). This 
chapter presents analytical, statistical, and numerical techniques to synthesize 
or optimize an array factor. 


3.1. SYNTHESIS OF AMPLITUDE AND PHASE TAPERS 

The techniques presented in this section are more academic than practical. 
They provide some insight into the design of low-sidelobe tapers, but the fact 
that amplitude and phase weighting are required and that the weights can 
significantly vary from element to element make them very difficult to imple¬ 
ment with real hardware. 


3.1.1. Fourier Synthesis 

In Chapter 2, the array weights were shown to be coefficients of a Fourier 
series. These coefficients come from the inner product of the desired array 
factor with a single Fourier component. 

w m = Y J AF(u)cosr(2m-l)^f-^-luldu, m = \, 2 , ...,M even (3.1) 

A -x/2d L vA/ J 

w m = — J AF(w)cos^2m^^jujdu, ra = 0, 1,...,M odd (3.2) 

where m is one of the M harmonics. The number of elements in the array is 
2M (even) or 2 M + 1 (odd). Note that u ranges from -1 to +1. The limits on 
the integral should also span this range. Thus, 
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A . , A 

— = 1 =>d = — 
2d 2 


(3.3) 


If d > A/2, then the limits of integration do not cover the range of u. If d < A/2, 
then the limits of integration cover a greater range than -1 to +1. Sine terms 
in the Fourier series expansion are included whenever the current weights 
(amplitude and phase) are not an even function with respect to the center of 
the array. 

Equations (3.1) and (3.2) provide a method of synthesizing a desired array 
factor for a given number of elements. The steps needed in a Fourier synthesis 
technique are as follows: 

1. Determine desired pattern AF(u). 

2. Determine number of elements and element spacing. 

3. Calculate limits of integration. 

4. Find the w m using (3.1) or (3.2). 

Example. Design a 16-element equally spaced array to receive signals at a 
constant level over an angular range of -0.5 < u < 0.5 and zero elsewhere. 

The specifications require that M = 8 and the array factor is represented 
by 


[0, u < -0.5 

AF(u) = |l, -0.5 < m < 0.5 

U 0.5 <u 

The weights derived using the Fourier series synthesis method are shown in 
Figure 3.1 and the corresponding array factor in Figure 3.2. Some of the 
weights are negative, so the amplitude weights also have to be accompanied 
by 180° phase shifts. 

The amplitude taper for low sidelobes in a sum pattern will not result in 
the same low sidelobes in a difference pattern and vice versa. Since the dif¬ 
ference array factor is an odd function, the weights for a difference array are 
the inner product of the desired array factor with a single Fourier sine 
component. 


w n ■ 


^J 2 i DF(M)sinj^(2n-l)^^jMj<iM 


(3.4) 


Example. Find the weights for a 20-element array with a difference pattern 
having the following specifications: 



sjqSi 
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0, -1 < u < -0.5 

-1, -0.5 <u<0 
D(u)= 0, u = 0 

1, 0 < m < 0.5 

0, 0.5 < u < 1 


Substituting into (3.4) and solving yields 
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w = [-0.0124 -0.0836 -0.0988 -0.0207 -0.0266 
-0.2170 -0.3620 -0.1860 0.1860 0.3620 
0.2170 0.0266 0.0207 0.0988 0.0836 0.0124] 

The weights derived using the Fourier series synthesis method are shown 
normalized in Figure 3.3 and the corresponding difference array factor in 
Figure 3.4. 

3.1.2. Woodward-Lawson Synthesis 

Sines and cosines are not the only building blocks that can be used to create 
array factors. An array factor is also the weighted sum of steered linear array 
factors [1,2]. 

M sin|"-^A:d(M-M m )j 

AF= S b m -^2-J (3.5) 

m - M Asinl -kd(u-u m )\ 

where the coefficients are the samples of the desired array factor given by 
6m = AF desired (« m ) (3.6) 

The samples are taken at points where the maximum of one beam is at a zero 
of all the other beams (the beams are orthogonal). 

_ mX 
~Nd 


(3.7) 
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Figure 3.4. Difference array factor corresponding to the Fourier coefficients. 



Figure 3.5. Woodward-Lawson array weights for the 16-element array. 

With this approach, the amplitude weights for the array are given by 

w n = — f b m e~' k(n ~ l)dUm (3.8) 

N m =-M 

Example. Repeat the Fourier series array synthesis example using the 
Woodward-Lawson synthesis technique. 

Figure 3.5 is a plot of the resulting array weights and Figure 3.6 is 
the corresponding array factor with the beams and desired array factor 
superimposed. 










120 LINEAR AND PLANAR ARRAY FACTOR SYNTHESIS 



Figure 3.6. Array factor corresponding to the Woodward-Lawson array weights. 


3.1.3. Least Squares Synthesis 

A more direct approach to array factor synthesis formulates the linear or 
planar array factor equation into a set of M equations with N unknowns. 
Samples of the desired array factor are taken at M points (AF!, AF 2 ,..., AF M ) 
and form a column vector for the right-hand-side of a matrix equation. 




1 e m • 
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Each row in (3.9) is the array factor with the w„ as unknowns. If M - N, then 
the weights are found using a direct matrix inversion. Otherwise, a least 
squares solution is necessary to solve the over or under determined system of 
equations. 

Example. Repeat the Fourier series and Woodward-Lawson example using 
a least squares approach. 

Taking 20 equally spaced samples of the array factor for the right-hand-side 
vector permits a direct matrix inversion to find the array weights. The weights 
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TABLE 3.1. Amplitude Weights for Half of the Array Synthesized to Produce the 
Desired Array Factor for a 16-Element Array 


Element 

Fourier Series 

Woodward-Lawson 

Least Mean Squares 

1 

0.45016 

0.49291 

0.46711 

2 

0.15005 

0.10149 

0.13343 

3 

-0.090032 

-0.12688 

-0.10769 

4 

-0.064308 

-0.0096566 

-0.047619 

5 

0.050018 

0.080463 

0.068812 

6 

0.040924 

-0.020572 

0.023733 

7 

-0.034627 

-0.0576 

-0.055073 

8 

-0.030011 

0.039841 

-0.011761 


and array factor are very similar to those of the previous examples, so the 
synthesized weights are compared to those of the Fourier series and 
Woodward-Lawson techniques in Table 3.1. 

Unlike Fourier and Woodward-Lawson synthesis methods, the least 
squares technique works for any element lattice and array shape. As with the 
other methods, the synthesized weights are complex and highly oscillatory. 
Also, the array factors are matched either exactly or in a least squares sense 
at M specified points. A much more desirable approach would be to place 
limits on the power pattern and the array weights. This can be done using a 
robust, global optimization technique like a genetic algorithm. Many examples 
of optimizing array factors using a genetic algorithm may be found in the 
literature [3,4]. 


3.2. ANALYTICAL SYNTHESIS OF AMPLITUDE TAPERS 

There are many different methods to synthesize amplitude weights that 
produce desirable sidelobe levels. This section presents several approaches to 
analytically calculate the array weights for linear and planar arrays. In general, 
the analystical synthesis approaches require linear or circular apertures. 
Weights for all other geometries must be numerically found. 


3.2.1. Binomial Taper 

If all the unit circle zeros of an array factor are at y/ = 180°, then the array 
factor has no sidelobes and is written as 


AF = X(z-e M, ) = (z + l)* 1 


(3.10) 
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TABLE 3.2. List of Binomial Amplitude Weights for Arrays with 1 through 9 
Elements 


Number of Elements 

Amplitude Weights 

Taper Efficiency 

1 

1 

1.000 

2 

1 1 

1.000 

3 

121 

0.889 

4 

133 1 

0.800 

5 

1 4641 

0.731 

6 

1 5 10 10 5 1 

0.667 

7 

1 6 15 20 15 6 1 

0.633 

8 

1 7 21 35 35 21 7 1 

0.597 

9 

1 8 28 56 70 56 28 8 1 

0.566 



Figure 3.7. Array factors normalized to the number of elements in the array for several 
sizes of binomial arrays. 


The corresponding amplitude weights are the binomial coefficients, hence this 
array is known as a binomial array [5]. Table 3.2 lists the binomial coefficients 
for up to nine element arrays, and Figure 3.7 shows some examples of binomial 
array factors normalized to a uniform array factor of the same size. The taper 
efficiency for binomial arrays is very low. The price paid for lowering sidelobe 
levels is a decrease in taper efficiency (Table 3.2) and directivity and a cor¬ 
responding wide main beam. Errors are always present in an array, so even 
though the amplitude taper results in no sidelobes, the array factor has error 
sidelobes. Consequently, other more efficient sidelobe tapers with sidelobe 
levels comparable to the error sidelobes are more desirable. 
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3.2.2. Dolph-Chebyshev Taper 

Rather than totally eliminating the sidelobes by using the binomial coefficients 
as the array weights, sidelobe levels can be set to a specified level by mapping 
the array factor to a Chebyshev polynomial [6]. The Chebyshev polynomials 
are represented by 


T m {x) = 


[cos (m cos 1 jc), 
[cosh (mcosh' 1 x), 


-l<x<l 

M>i 


(3.11) 


When x is between one and minus one, these polynomials oscillate as a cosine 

function with a maximum amplitude of one (for m = 0, 1.4 graphed in 

Figure 3.8). Outside of that range, they quickly increase or decrease as 
described by the cosh function in (3.11). 

Assume the maximum sidelobe level is 1.0, so that it equals the height of 
the ripples of the Chebyshev polynomial between -1 < x < 1. The number of 
sidelobes corresponds to the number of extrema in the polynomial. An N 
element array corresponds to a Chebyshev polynomial of order N - 1. If the 
sidelobes are to be sll (in dB) below the peak of the main beam, then the value 
of the Chebyshev polynomial at the peak of the main beam must equal 

r„_ 1 (x mfc ) = 10 s,,/2 ° (3.12) 

Setting (3.11) equal to (3.12) results in the peak of the main beam at 

x mi , = cosh|j^j-j (3.13) 



Figure 3.8. Graph of the first four Chebyshev polynomials for 0 < 
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where 


A = — coslr’flO 5 ^ 20 ) 
n 


(3.14) 


Now, the main beam maps to the Chebyshev polynomial. Next, the array 
factor zeros (nulls) map to the zeros of the Chebyshev polynomial. The zeros 
of the Chebyshev polynomial are located at 


x n 



(3.15) 


Mapping the zeros of the array factor to the zeros of the Chebyshev polyno¬ 
mial is done through the following relation: 


x„ = Jt m6 cos^-^-j (3.16) 

The following equation provides the zeros of the array factor that correspond 
to a sidelobe level in dB of sll: 


Wn 



(n-0.5)^ V 



(3.17) 


When the number of elements and sidelobe level are specified, the null loca¬ 
tions on the unit circle are easily determined. Once the y/„ are known, the 
polynomial in factored form easily follows. Multiplying all the factored terms 
results in a polynomial of degree N - 1. The polynomial coefficients are the 
amplitude weights for the array elements. 

It turns out that for a specified sidelobe level, the Dolph-Chebyshev 
taper has the minimum null-to-null beam width. A reverse process is possible 
in which the lowest sidelobe level can be found for a specified null-to-null 
beamwidth [6]. The beam-broadening factor for a Chebyshev array is given 
by [7] 


B b = 1 + 0.636{2x KT"/ 20 cosh ^cosh^lO 8 "' 20 )] 2 -?r 2 }' (3.18) 

Figure 3.9 is a plot of taper efficiency as a function of sidelobe level for 
Chebyshev arrays having 10,20, and 40 elements. Smaller arrays have a peak 
efficiency at a higher sidelobe level than do larger arrays. The peak efficiency 
of the smaller arrays is higher than the peak efficiency of the larger arrays. As 
the sidelobe level decreases, the taper efficiency of the larger arrays surpasses 
that of the smaller arrays. 
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Figure 3.9. Taper efficiency versus sidelobe level for Chebyshev arrays. 



Figure 3.10. Normalized amplitude weights for a 10-element Chebyshev array versus 
sidelobe level. 


Figure 3.10 are the normalized weights for a 10-element Chebyshev array 
as a function of sidelobe level. The end element does not have the smallest 
amplitude for sidelobe levels above -22 dB. At -22 dB and below, the weights 
monotonically decrease from the center to the edge. Similar behavior occurs 
for larger arrays too. The center amplitude weight for a 40-element array does 
not become larger than the edge element weight until the sidelobe level is 
-25 dB or below as shown in Figure 3.11. 
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Figure 3.11. Normalized center and end amplitude weights for a 40-element Chebyshev 
array versus sidelobe level. 


Example. Design a 6-element array (d = 0.5A) with -20-dB sidelobes. 

First, find the y/„: 

v - =2 ^{S^f] =±73 ' 2 °' ±120 ' 5 “ 180 " < 319 > 

Next, write the polynomial in factored form: 

AF = (z- e' 73 ' 2 ) (z - e-' 73 ' 2 ) {z - e' 1205 ) {z - e~> ms ) (z - e ' 180 ) (3.20) 

Multiplying these factors together yields 

AF = z 5 + 1.44z 4 + 1.85z 3 + 1.85z 2 + 1.44z +1 (3.21) 

The coefficients of AF are the amplitude weights for the 6-element array 
pattern in Figure 3.12 with r} T = 0.944. 

Tseng and Cheng developed a Chebyshev synthesis technique for rectan¬ 
gular arrays with an equal number of elements in the x and y directions [8]. 
They applied the Baklanov transformation [9] to represent the array factor 
(a function of two angle variables: u and v) as a polynomial of one variable, 


t = f 0 coswcosi 


(3.22) 
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Figure 3.12. Array factor for a 6-element 20-dB Dolph-Chebyshev array. 


With some manipulation, the weights for the fourth quadrant of a rectangular 
array are given by 


2(N + s-l) y 2s-l s-n JI2 J 

\ n if m<n 


(3.23) 


for m, n = 1, 2, ... , N. The element spacing in the x and y directions can be 
different, but the number of elements in those directions must be the same. 

Example. Calculate the Chebyshev weights for a 30-dB square array with 
256 elements. Plot the array factor. The element spacing is square with 
d x = d y = 0.5 A. 

The weights are calculated and shown in Figure 3.13. The array factor 
appears in Figure 3.14. The weights are real but do not monotonically decrease 
from the center to the edges. 


3.2.3. Taylor Taper 

The Chebyshev weighting is practical for a small linear array; but as N becomes 
large, the amplitude weights at the edge of the aperture increase. Increasing 
the edge taper presents problems with edge effects and mutual coupling. 
Other amplitude tapers are better suited for large, low-sidelobe arrays. One 
such taper was developed by Taylor [10]. The Taylor taper is a continuous 
taper for line sources that can be sampled for application to antenna arrays. 
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Figure 3.13. Weights for the 30-dB square Tseng-Cheng-Chebyshev array with 256 
elements arranged in a square grid having d x = d y = 0.5/1. 





Figure 3.14. Array factor for the Tseng-Cheng-Chebyshev array. 


The Taylor taper is similar to the Chebyshev taper in that the maximum sid- 
elobe level can be specified. The difference is that the Taylor taper only has 
the first n - 1 sidelobes on either side of the main beam at a specified height. 
All remaining sidelobes decrease at the same rate as the corresponding side- 
lobes in a uniform array. 
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The Taylor taper moves the first n - 1 nulls on either side of the main beam 
away from the main beam. This equates to moving the corresponding zeros 
on the unit circle closer to the negative real axis. Since the other zeros remain 
untouched, the outer sidelobes and nulls stay in the same locations as those 
for a uniform array. The null locations for the Taylor array factor are calcu¬ 
lated from 


u„ 


±A 

~Nd 


L I A 2 + (n - 0.5) 2 ' 
•| V^ 2 + ("-0.5) 2 ’ 


(3.24) 


with A given by (3.14). These null locations translate to zeros on the unit 
circle by 


yf„ = kdu„ (3.25) 

Next, the factored form of AF is found. Multiplying the terms together gives 
a polynomial whose coefficients are the Taylor weights. 

Example. Find the amplitude weights and array factor for a 20-element 
Taylor taper with n - 5 and sidelobes 20 dB below the peak of the main 
beam. 


A = 0.95 

u n = ±.117, ±.193, ±.291, ±.394, ±.5, ±.6, ±.7, ±.8, ±.9,1 
Converting u n into y/„ produces 

±0.367, ±0.607, ±0.914, ±1.239, ±1.571, ±1.885, ±2.199, ±2.513, ±2.827,3.142 

and forming the polynomial equation yields 

AF = 0.667z 19 + 0.621z 18 + 0.589z 17 +0.624z 16 + 0.718z 15 +0.818z 14 
+ 0.888z 13 + 0.933z 12 + 0.972z n + z w + z 9 + 0.972z 8 + 0.933z 7 
+ 0.888z 6 + 0.818z 5 + 0.718z 4 + 0.624z 3 + 0.589z 2 + 0.621z + 0.667 

Figure 3.15 and Figure 3.16 show graphs of the amplitude weights and array 
factors, respectively. The efficiency is given by r\ T = 0.965. 

Notice that the first four sidelobes in Figure 3.16 slowly drop off rather than 
stay constant as expected. The peak sidelobe level is predicted accurately, 
though. 
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Figure 3.15. Amplitude weights for Taylor 20-dB, n = 5 taper. 



Figure 3.16. Array factor for Taylor 20-dB, n = 5 taper. 


The previous method of obtaining the Taylor amplitude weights is numeri¬ 
cally inefficient for a large number of elements due to the many convolutions 
with the polynomial zeros to obtain the full polynomial. The weights become 
unsymmetrical for arrays larger than 50 elements. A more direct and numeri¬ 
cally stable method is given by the formula 

" (n-\ + m)\{n-\-m)\ [ n 2 [A 2 + (i-0.5) 2 ] J 

(3.26) 
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Sibelobe level (dB) 

Figure 3.17. Plot of the n that yields the most efficient taper for a given sidelobe level. 


This formula is easy to program and finds the weights for very large linear 
arrays but becomes unstable for large values of it. The formula in (3.26) can 
be used to calculate the taper up to a sidelobe level of 40 dB and n - 81 using 
MATLAB. An n above 86 requires higher precision and/or putting (3.26) in 
a format even less prone to numerical errors. It is recommended to compute 
the product in (3.26) using logarithms and then converting back by raising the 
result to the base. 

For a specified sidelobe level, there is an n that results in a maximum direc¬ 
tivity. As n increases, more energy goes into the sidelobes until a point is 
reached where the directivity decreases. As n decreases, the beamwidth 
increases, so power is robbed from the peak of the main beam in order to 
increase the width of the main beam. The graph in Figure 3.17 indicates the 
n (sidelobe levels between 15 and 45 dB) that results in the largest rj T . Although 
a large t) T is desirable, it is not the only consideration when implementing an 
amplitude taper. For small n, the amplitude taper monotonically decreases 
from the center to the edge. Above a certain n for a given sidelobe level, 
however, the amplitude taper increases at the edges. Consider the amplitude 
tapers for a 30 dB Taylor taper with n = 7 and n = 23 shown in Figure 3.18. 
The n = 7 amplitude taper is the most efficient taper while still having a mono¬ 
tonically decreasing amplitude from the center of the aperture to the edge. 
The n = 23 taper has the highest efficiency. In most arrays, a monotonically 
decreasing amplitude taper is desirable, because the feed network is easier to 
build and the contribution from the edge elements are minimized. A plot of 
the n that yields the most efficient taper for a given sidelobe level while still 
having a monotonically decreasing amplitude is shown in Figure 3.19. The n 
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Figure 3.18. Taylor 30-dB amplitude tapers for n = 7 and n = 23. 
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Figure 3.19. Plot of the n that yields the highest rj 7 while still having a monotonically 
decreasing amplitude taper. 


needed for the most efficient taper dramatically increases as the sidelobe level 
decreases. In general, computing such a high n is not necessary, since the 
monotonically decreasing tapers are more desirable and not that less efficient 
(see Figure 3.20). 

Taylor developed a similar taper for a desired sidelobe level without having 
to specify « [11]. Weights for the one parameter taper are given by 
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Figure 3.20. Graph of r] T versus sidelobe level for Taylor tapers that have an optimum 
t] t and the highest r] T while still having a monotonically decreasing amplitude taper. 


Wn = Io(xByll-(r n /r max ) 2 ) (3.27) 

where 7 0 is the zeroth-o rder mo dified Bessel function of the first kind, B is the 
Taylor parameter, r n = sjxl + y 2 is the distance of element from origin, and r raax 
is the array radius. The Taylor one parameter is related to the relative sidelobe 
level of the array and can be found by solving 

13.26 + 20 log 10 S1Ph - sll dB = 0 (3.28) 

jcB 

where sll dB is the maximum relative sidelobe level in decibels. Figure 3.21 is a 
plot of the efficiency at a particular sidelobe level for the Taylor one param¬ 
eter taper. This taper is not as efficient as those displayed in Figure 3.20. 

Taylor extended his amplitude taper for a continuous line source to a con¬ 
tinuous circular aperture [12]. The following formula calculates the amplitude 
weights for a discrete Taylor taper for a circular aperture: 


w (*.y) = 



\.£\ 

Ul 

Un.) }jj| 

fi-4) 


l Hn) 


(3.29) 


where r = Jx 2 +y 2 is the distance of element from array center; r raax is the 
radius of circular array; ) = 0, m = 1, ... , n; /i m = is the zeros of J x \ and 
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Figure 3.21. Efficiency versus sidelobe level for the Taylor one parameter amplitude 
taper. 


A 2 + (n-.5f 
are taken at the normalized element locations. 


Example. Calculate the 30-dB, n = 5 Taylor weights for a circular array with 
284 elements. Plot the array factor when the elements are on a square grid 
with d x = d y = 0.5A. 

First, calculate A - 1.32. Next, find the Bessel function zeros and the null 
movements. 


n 

/4 

U n 

i 

3.8317 

4.9574 

2 

7.0156 

7.0176 

3 

10.1735 

9.9291 

4 

13.3237 

13.1377 

5 

16.4706 

16.4706 


Finally the weights are calculated and shown in Figure 3.22. Weight values are 
difficult to read from Figure 3.22, so a plot of the weights as a function of 
normalized distance from the center of the array is shown in Figure 3.23. The 
corresponding far field pattern is shown in Figure 3.24 with a cut in the 0 = 0° 
plane shown in Figure 3.25. 


It is possible to find the n for a given sidelobe level that results in the highest 
taper efficiency while maintaining a monotonically decreasing amplitude taper 
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(Figure 3.26). The previous example selected n = 5 for a 30-dB sidelobe level. 
If n = 4 were selected, then the dashed line in Figure 3.23 results. It has less 
area under the curve, so it is less efficient. If n - 6 were selected, then the 
dotted line in Figure 3.23 results. Note that this taper is more efficient but is 
not monotonically decreasing. Figure 3.27 is a graph of the taper efficiency 
versus sidelobe level when the Taylor taper has the highest r\ T while still 
having a monotonically decreasing amplitude taper. 
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Hansen developed a low-sidelobe distribution for circular apertures that 
has a desired maximum sidelobe level and is specified by a single parameter 
[13]. His approach follows that of Taylor for the Taylor one-parameter taper. 
The amplitude distribution is given by 

w n - Io{itHyJl — (r„/r miiX ) 2 ) (3.30) 

where H is the Hansen parameter found by solving 
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Figure 3.26. Plot of the n that yields the highest Jjr while still having a monotonically 
decreasing circular Taylor amplitude taper. 
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Figure 3.27. Graph of r] T versus sidelobe level for Taylor tapers that have the highest 
r] T while still having a monotonically decreasing amplitude taper. 

17.57 + 20 log 10 2/l(?r//) - sll dB = 0 (3.31) 

kH 

and 7i is the first-order modified Bessel function of the first kind. 

Example. Calculate the 30-dB Hansen one-parameter weights for a circular 
array with 284 elements. Plot the array factor. The square element lattice has 
d x = d y = 0.5A. 
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Figure 3.28. Weights for the 30-dB Hansen one-parameter array with with 284 ele¬ 
ments arranged in a square grid having d x = d y = 0.5A. 



Normalized radius 

Figure 3.29. The 30-dB Hansen one-parameter weights. 


First, find H = 1.1977. Next, the weights are calculated and shown in Figure 
3.28. Weight values are difficult to read from Figure 3.28, so a plot of the 
weights as a function of normalized distance from the center of the array is 
shown in Figure 3.29. The corresponding far field pattern is shown in Figure 
3.30 with a cut in the 0 = 0° plane shown in Figure 3.31. 






ANALYTICAL SYNTHESIS OF AMPLITUDE TAPERS 139 



<t> 

Figure 3.30. Array factor for the weights in Figure 3.28. 



Figure 3.31. Array factor as a function of 8 for <p = 0°. 


Figure 3.32 is a graph of the efficiency versus sidelobe level for the Hansen 
one-parameter amplitude taper. In general, the sidelobe levels drop off dra¬ 
matically which produces a much less efficient Taper than is possible with the 
Taylor weights. 
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Figure 3.32. Efficiency versus sidelobe level for the Hansen one-parameter amplitude 
taper. 


3.2.4. Bickmore-Spellmire Taper 

The Bickmore-Spellmire taper for a linear or circular array encompasses 
some of the amplitude tapers already covered and can be written as [14] 




(3.32) 


where 


A„(z) = T(v-l-1)^—j J v (z) = lambda function 

T (n) = (n - 1)! = gamma function 

{ v -1/2 for a line source 

v -1 for a circular aperture 


with A given by (14). Two special cases of interest occur when v = 1/2 
(Taylor’s one-parameter) and v = 1 (Hansen’s one-parameter). For a given v, 
A can be varied to effect a tradeoff between beamwidth and peak sidelobe 
level. Picking A holds the beamwidth constant, so v governs a tradeoff 
between the peak sidelobe level near the main beam and the height of the 
more remote sidelobes. 
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3.2.5. Bayliss Taper 

Bayliss developed a low sidelobe taper for difference patterns that is analo¬ 
gous to the Taylor taper for sum patterns [15]. The Bayliss taper has n - 1 
equally high sidelobes on either side of the main beam, while the rest decrease 
away from the main beam as with a uniform difference pattern. Null locations 
are given by 


u„ 



n = 0 


1 <n < 4 


5<n <n-l 
n>n 


(3.33) 


where 

B = 0.3038753 + sll {0.05042922 + sll [-2.7989 x 10^ 

+ sll (3.43 x 10 -6 - 2 x lO -8 ^//)]} 

< 7 , = 0.9858302 + sll {0.0333885 + sll [1.4064 x 10^ + sll (-1.9 x 10^ +1 x lO" 8 sll)]} 
q 2 = 2.00337487 + sll {0.01141548+sll [4.159 x 10^ 

+ sll (-3.73 x 10^ +1 x 10~ 8 s//)]} 

<73 = 3.00636321 + sll {0.00683394+sll [2.9281 x 10^ + sll (-1.61 x lO" 6 )]} 

<y 4 = 4.00518423 + sll {0.00501795 + sll [2.1735 x 10^ + sll (-8.8 x 10' 7 )]} 

(3.34) 


The peak of the difference array factor is located at 

0.4797212 + sll {0.01456692+sll [-1.8739 x 10^ + sll (2.18 x 10“* -1 x lO" 8 sll)]} 

(3.35) 

Example. Find the amplitude weights and array factor for a 20-element 
Bayliss taper with n = 5 and -20-dB sidelobes. 

B = 0.95 

u n = ±.117, ±.193, ±.291, ±.394, ±.5, ±.6, ±.7, ±.8, ±.9,1 
Converting u n into y/„ produces 

±0.367, ±0.607, ±0.914, ±1.239, ±1.571, ±1.885, ±2.199, ±2.513, ±2.827,3.142 
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Figure 3.33. Bayliss amplitude weights. 



Figure 3.34. Bayliss 20-element array factor. 


and forming the polynomial equation yields 

AF = 0.667z 19 + 0.621z 18 + 0.589z 17 + 0.624z 16 + 0.718z 15 + 0.818z 14 
+ 0.888z 13 + 0.933z 12 + 0.972Z 11 + z 10 - z 9 - 0.972z 8 - 0.933z 7 
- 0.888z 6 - 0.818z 5 - 0.718z 4 - 0.624z 3 - 0.589z 2 - 0.621z - 0.667 

The resulting amplitude weights and array factor are shown in Figures 3.33 
and 3.34. 

In the same paper, Bayliss developed his taper for a circular difference 
array by moving the zeros of the first-order Bessel function. Half of the aper¬ 
ture receives a 180° phase shift. The weights are given by the formula 





ANALYTICAL SYNTHESIS OF AMPLITUDE TAPERS 143 


w(x,y) = COS<j>'£ 



inf 1 

AC 2 

\Jl 

) JxilC) 

w* 

-4) 

f^n 2 ) 


(3.36) 


where 


= 0 , m = 0 , 1 ,. 

fi' m = zeros of J[ 

, 2 A 2 + n 2 


U 2 = n? 


A 2 + h 2 


, n 


with A given by (3.14).The cos <j> term forces the weights in half of the aperture 
(x < 0) to be negative. The null occurs at <j> = 90° or 270° for all d. 

Example. Calculate the 30-dB n = 5 Bayliss weights for a circular array with 
284 elements. Plot the array factor. The element spacing is square with 
d x = d y = 0.51 

First, calculate A = 1.32. Next, find the zeros of Ji(r) and the null 
movements. 


n n'n U n 

0 1.8412 — 

1 5.3314 7.0894 

2 8.5363 8.9951 

3 11.706 11.747 

4 14.864 14.815 

5 18.016 — 


Finally, the weights are calculated and shown in Figure 3.35. Weight values 
are difficult to read from Figure 3.35, so a plot of the weights as a function of 
normalized distance from the center of the array is shown in Figure 3.36. The 
corresponding far field pattern is shown in Figure 3.37 with a cut in the 0 = 0° 
plane shown in Figure 3.38. 


3.2.6. Unit Circle Synthesis of Arbitrary Linear Array Factors 

Sometimes the standard amplitude tapers are not sufficient to meet design 
specifications. This section presents several examples of using the unit circle 
to create desirable linear array factors [16]. The consequence of most of these 
designs is that the element weights are complex rather than real. If each array 
polynomial root has a complex conjugate pair, then the weights are real. 
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Figure 3.35. Weights for the 30-dB, n = 5 Bayliss array with with 284 elements arranged 
in a square grid having d x = d y = 0.5/1 



Otherwise, they are complex. Elliot presents numerous examples of synthesiz¬ 
ing modified Taylor patterns and null free array factors in his book [17], These 
topics are presented as examples here. Their practical value is limited and 
numerical synthesis methods provide superior results today. 

Example. In this example, very low sidelobes are needed for u < 0 while only 
low sidelobes are needed for u > 0. The desired array factor has the following 
characteristics: 
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Figure 3.37. Array factor for the weights in Figure 3.35. 



0 (degrees) 

Figure 3.38. Array factor as a function of 6 for <p = 0°. 


1. Taylor n = 5 sll = 25 dB for u < 0. 

2. Taylor n = 3 sll = 15 dB for u > 0. 

This is a two-step process. First, the roots are found for the 25-dB taper and 
the 15-dB taper. Next, only the roots from the 15-dB taper that have an imagi¬ 
nary part less than zero are kept, then the roots from the 25-dB taper that 
have an imaginary part greater than or equal to zero are kept. These roots are 
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Figure 3.39. Synthesized amplitude weights (solid line) and phase weights 
(dashed line). 


O ° O 
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Figure 3.40. Unit circle of asymmetrical Taylor weights. 


then placed in factored form and multiplied to get the array polynomial. The 
complex weights of this polynomial are the weights shown in Figure 3.39. The 
corresponding unit circle is in Figure 3.40 and the array factor in Figure 3.41. 

Example. Start with a Taylor h - 4 sll = 25-dB taper and place a null at 
u = 0.25 when d = 0.5A. Do not allow complex weights. 

First, the roots of the Taylor taper are found: 
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Figure 3.42. Unit circle representation of the initial Taylor taper and the null at 
u = 0.25. 


-1.0000, -0.95091 /0.3094, -0.8085 ± /0.5885, -0.5867 ± /0.8098, -0.3072 ± 
/0.9516,0.00261 /1.0000,0.31241 /0.9499,0.59771/0.8017,0.80921 /0.5875, 
0.90661 /0.4220 

For a null at u = 0.25, r nu n = cos(.25 kd) + /sin(.25 kd) - 0.7071 + /0.7071. 
To keep the weights real, then the roots should be complex conjugate pairs. 
Replace the roots 0.8092 1 /0.5875 with the roots 0.7071 1 /0.7071. The new 
roots are shown on the unit circle in Figure 3.42. Weights from the Taylor 





148 


LINEAR AND PLANAR ARRAY FACTOR SYNTHESIS 



Figure 3.43. Amplitude weights for the Taylor taper and the null at m = 0.25. 



Figure 3.44. Array factor for the Taylor taper and the null at u = 0.25. 


taper and the nulled taper are in Figure 3.43. The two array factors are shown 
in Figure 3.44. 

Example. Modify a 20-element uniform array with d = 0.5A so that it has a 
flat top from -0.1 < u < 0.1 and sidelobes 20dB below the main beam. 

This problem could be done best using numerical methods. Here, a good 
guess is used instead. A zero placed on the real axis and outside the unit circle 
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-n/2 

Figure 3.45. Unit circle representation for the flat top main beam and uniform arrays. 


in order to flatten the main beam. Also, the first two zeros on either side of 
the main beam are removed to give the main beam room to expand. Adding 
one zero and removing 4 zeros while maintaining d = 0.5A necessitates that 
there are only 17 elements in the new array. The resulting weights are 

w = [0.026 0.081 0.144 0.174 0.132 -0.003 -0.224 -0.493 -0.750 
-0.934 -1.0 -0.936 -0.766 -0.539 -0.314 -0.139 -0.037] 


The uniform array and the flat top main beam array are compared via the unit 
circle (Figure 3.45), the amplitude weights (Figure 3.46), and the array factors 
(Figure 3.47). 


3.2.7. Partially Tapered Arrays 

A partial array taper uses only a subset of all the element weights to control 
the array factor [18]. Center elements have an amplitude of 1 and a phase of 
0. Edge element weights are synthesized using an appropriate numerical 
method. The partially tapered array factor is 

Ni Nl+Ncm N cen +Ni+N2 

AF = ^w n e‘ kXnU + X eikx " u + I w n^ nU (3.37) 


where A cen is the number of uniformly weighted elements in the center and 
and N 2 are the number of weighted edge elements. The center Fourier 
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Figure 3.46. Amplitude (solid line) and phase (dashed line) weights for the flat top 
main beam array. 


uniform— 



Figure 3.47. Array factors for the flat top main beam and uniform arrays. 


coefficients are all one. If the array has an even number of equally spaced 
elements and is symmetric about the center of the array, then 
Ni = N 2 = (N - vV ten )/2 and the array factor is written as 


AF = 2 t 

2+1 


w„ cos(kx„u) + 


sin[7V cen i^/2] 

sin(vr/2) 


(3.38) 


Equation (3.38) may be rewritten in matrix form 
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COs(/cjC/v ccn /2 +1 Wi ) 

cos(kx A , cen/2+2 M 1 ) •• 

• cos(kx N/2 Uj)~ 

H '/V« n /2 + l " 

COs(kX/v cen /2+lM2) 

cos(kx Nccn/2+2 u 2 ) ■■ 

• cos (kx N/2 u 2 ) 

W NctJ2+2 

cos(kx NaJ2+l u M ) 

cos {kx Ncai/2+2 u M ) •• 

• cos (kx N/2 u M ) 

W N/ 2 


AF(U,)- 

AF(m 2 )- 

af( M m )- 


sm[N cen kduJ2] 
sin (kdui /2) 
sin[N cen kdu 2 /2] 
sin(kdu 2 /2) 

sin[N cen kdu M /2] 
sin(kdu M /2) 


(3.39) 


The weights in (3.39) can be found using least squares described earlier or one 
of the numerical methods described in the next section. 


3.3. NUMERICAL SYNTHESIS OF LOW-SIDELOBE TAPERS 

Analytical approaches to finding optimum array amplitude weights are still 
used today. They work well because the unknown array weights are coeffi¬ 
cients of a complex Fourier series. If the unknowns are the element spacings 
or element phases, then they appear in the complex exponent and are not 
easily found. Checking all combinations of values of the array variables is not 
realistic unless the number of variables is small. Optimizing one variable at a 
time does not work nearly as well as following the gradient vector downhill. 
The steepest descent method, invented in the 1800s, is based on this concept 
and is still widely used today [19]. Newton’s method uses second-derivative 
information in the form of the Hessian matrix to find the minimum. Although 
more powerful than steepest descent, calculating the second derivative of the 
cost function may be too difficult. 

In order to avoid the calculation of derivatives, Nelder and Mead intro¬ 
duced the downhill simplex method in 1965 [20], This technique has become 
widely used by commercial computing software like MATLAB because it is 
very stable. A simplex has n + 1 sides in n-dimensional space. Each iteration 
generates a new vertex for the simplex. A new point replaces the worst vertex 
when it is better. In this way the simplex gets smaller and the solution becomes 
more accurate. 

Successive line minimization methods were developed in the 1960s [21], A 
successive line minimization algorithm starts at a random point and then 
moves in a predetermined direction until the cost function increases. Then, it 
tries a new direction. A conjugate direction does not interfere with the mini¬ 
mization of the prior direction. Powell developed a technique in which changes 
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to the gradient of the cost function remain perpendicular to the previous 
conjugate directions [22]. The BFGS algorithm [23-26] approximates the 
Hessian matrix (square matrix of second-order partial derivatives) in order to 
calculate the next search point. This algorithm is “quasi-Newton” in that it is 
equivalent to Newton’s method for prescribing the next best point to use for 
the iteration, yet it doesn’t use an exact Hessian matrix. Quadratic program¬ 
ming is a technique that assumes that the cost function is quadratic (variables 
are squared) and that the constraints are linear. It is based upon Lagrange 
multipliers and requires derivatives or approximations to derivatives [19]. 

Numerical optimization has been used to find nonuniform element spac- 
ings, complex weights, and phase tapers that resulted in desired antenna pat¬ 
terns. Some examples of nonuniform spacing synthesis include dynamic 
programming [27], Nelder Mead downhill simplex algorithm [28], steepest 
descent [29], and simulated annealing [30], Numerical methods were used to 
iteratively shape the main beam while constraining sidelobe levels for planar 
arrays [31-33], Linear programming [34] and the Fletcher-Powell method [35] 
were applied to optimizing the footprint pattern of a satellite planar array 
antenna. Quadratic programming was used to optimize aperture tapers for 
various planar array configurations [36,37], Numerical optimization was used 
to find phase tapers that maximized the array directivity [38], and a steepest 
descent algorithm was used to find the optimum phase taper to minimize 
sidelobe levels [39], 

The cost function returns the values of an attribute of an array antenna that 
are to be minimized. As an example, consider finding the minimum maximum 
sidelobe level of a 6-element array by adjusting either the amplitude weights, 
element spacing, or phase weights of a linear array that lies along the x axis 
[40], The spacing, amplitude weights, and phase weights are symmetric with 
respect to the center of the array, so only the right half of the array needs to 
be specified. In order to visualize the cost surface, only two variables can be 
used. The center two elements have an amplitude of one and a phase of zero. 
Figure 3.48 is the cost function when the amplitude weights are the optimiza¬ 
tion variables with limits 0.1 < a 22 < 1.0, and 5i 2 = 0 and jq = 0.25A, x 2 = 0.75A, 
and x 3 = 1.25A. Figure 3.49 is the cost function when a 2J - 1.0,0 < S,, 2 < n, and 
Jti = 0.25A, x 2 = 0.75A, and x 3 = 1.25A. Figure 3.50 is the cost function when 
a 2i 3 = 1.0 and <5 i i2 = 0, and the element spacings are bound by = 0.25A, 
x 2 = 0.25A + A 2 , and x 3 = 0.25A + A 2 + A 3 . 

All the cost functions in these figures have ridges, narrow valleys, and dra¬ 
matic variations in slope. The cost surface variations slows the convergence 
of local minimization algorithms. Speed of convergence and quality of the 
minimum depends upon the starting point. For the 6-element case, the local 
minimization algorithms find the true minimum most of the time. On the other 
hand, adding more array variables increases the cost surface complexity by 
introducing many other local minima that fool local optimizers. 

Figure 3.51 is a graph of the maximum sidelobe level in decibels versus the 
thinning configuration for a 32-element array. Elements in the array are either 
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Figure 3.48. Cost surface for amplitude weighting. 



82 (degrees) 


83 (degrees) 


Figure 3.49. Cost surface for phase weighting. 


turned on with an amplitude of 1 or turned off with an amplitude of 0. The 
end elements are always on, and the array is assumed to be symmetric. Values 
along the x axis are the decimal versions of the 15-bit binary thinning configu¬ 
ration. As an example, one of the thinned array configurations is 
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Figure 3.50. Cost surface for element separation. 



Thinned Array Design Number 
Figure 3.51. Cost for thinning. 


10111101001101011010110010111101 


(3.40) 


There are a total of 2 15 possible thinning configurations. Not only is the cost 
surface riddled with local minima, but the variable values are discrete. 

A minimum seeking algorithm cannot find the global minimum in Figure 
3.51 unless it has a lucky first guess at an initial starting point. In order to get 
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out of a local minimum, the optimization algorithm incorporates random 
components so it can jump to different positions on the cost surface. Trying 
many different random starting points for a local optimizer helps but is less 
powerful than global optimization methods that have been developed. 
Simulated annealing is an excellent global optimization approach [41, 42] 
modeled after the annealing. Annealing is the process that heats a substance 
above its melting temperature, then gradually cools it to produce a crystalline 
lattice that has a minimum energy probability distribution. A genetic algo¬ 
rithm is part of a larger field of evolutionary computations. This approach 
models genetics and natural selection in order to optimize a design [43, 44], 
Other natural optimization algorithm offshoots have also proven useful. 

The genetic algorithm begins with a random set of array configurations 
(rows of a matrix called the population) consisting of variables such as element 
amplitude, phase, and spacing. Each array configuration is evaluated by the 
cost function that returns a value like maximum sidelobe level. Array configu¬ 
rations have either binary or continuous values. Array configurations with 
high costs are discarded, while array configurations with low costs form a 
mating pool. Two parents are randomly selected from the mating pool. 
Selection is inversely proportional to the cost. Offspring result from a combi¬ 
nation of the parents. The offspring replace the discarded array configurations. 
Next, random array configurations in the population are randomly modified 
or mutated. Finally, the new array configuration are evaluated for their 
costs and the process repeats. A flow chart of a genetic algorithm appears in 
Figure 3.52. 

Since its introduction, the genetic algorithm has become a dominant numer¬ 
ical optimization algorithm in many disciplines. Details on implementing a 
genetic algorithm can be found in reference 45, and a variety of applications 
to electromagnetics are reported in reference 46. Some of the advantages of 
a genetic algorithm include: 


• Optimizing continuous or discrete variables 

• Avoiding calculation of derivatives 

• Handling a large number of variables 

• Suitability for parallel computing 

• Jumping out of a local minimum 

• Providing a list of optimum variables, not just a single solution 

• Encoding the variables so that the optimization is done with the encoded 
variables 

• Working with numerically generated data, experimental data, or analyti¬ 
cal functions 


Other, similar algorithms modeled after nature’s methods of optimization 
have also been applied to the optimization of arrays. 
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Figure 3.52. Flow chart of a genetic algorithm. 


3.4. APERIODIC ARRAYS 

So far, only arrays with equally spaced elements have been considered. 
Nonperiodic element spacing is another approach to synthesizing low side- 
lobes. Areas of the aperture with a high element density have a higher effec¬ 
tive amplitude than do areas with a low element density. Two approaches 
considered in this section are thinned and nonuniformly spaced arrays. 


3.4.1. Thinned Arrays 

A thinned or density tapered array turns elements off in a uniform array with 
a periodic lattice in order to obtain a spatial taper that results in low sidelobes 
[47], The elements that are turned off are connected to a matched load and 
deliver no signal to form a beam. The elements that are turned off are not 
removed from the aperture, so the element lattice is not disturbed. 

3.4.1.1. Statistical Density Tapering. The normalized desired amplitude 
taper serves as a probability density function for a uniform array that is to be 
thinned [48], In a thinned array, the elements either have an amplitude of one 
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or zero. Elements with an amplitude of one are connected to the feed network, 
while elements with an amplitude of zero are connected to a matched load 
and do not contribute to a signal to the array output. Elements that correspond 
to a high amplitude have a greater probability of being turned on than those 
that correspond to a low-sidelobe amplitude taper. This type of taper has some 
advantages including: 

• A cheap method to implement an amplitude taper. Designing, building, 
and testing low-sidelobe feed networks is expensive. Thinned arrays use 
cheap uniform feed networks. 

• A narrow beamwidth for a small number of active elements. Active ele¬ 
ments are more expensive, especially if each element has a transmitter 
and/or receiver. 

• The mutual coupling is more well-defined than for an array with variable 
spacing between elements. Knowing the mutual coupling effects makes 
the array more predictable and easier to design. 


Thinning works best for large arrays, since the statistics are more reliable for 
a large number of elements. 

Use the following steps to design a statistically thinned array: 


1. Normalize the desired amplitude taper, a desircd . 

2. This normalized amplitude taper looks like a probability density func¬ 
tion. The probability that an element is on is equal to its desired normal¬ 
ized amplitude. 

3. Generate a uniform random number, r, 0 < r < 1. 


4. 


if r < w“ 
if r > w desired 


5. This process repeats for each element in the array. 


The resulting thinned array is not symmetric unless done for only half the 
array, and the other half is a mirror image. 

Die total number of elements in the array is the sum of the elements turned 
on and the elements turned off. 


N = N i + N 0 (3.41) 

where N is the total number of elements, N t is the number of active elements, 
and N 0 is the number of inactive elements. The directivity and sidelobe level 
depend upon the number of active elements. As an example, the directivity 
of a thinned array with half-wavelength spacing is 


Ahin - /V, 


(3.42) 
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A high taper efficiency is desirable, so 7j, is a merit factor when designing 
thinned arrays. Comparing the directivity of the thinned array to that of a 
uniform array with d = 0.5A yields a taper efficiency given by 



An expression for the rms sidelobe level of a thinned array is given by [49] 

= (3.44) 

where sll 2 is the power level of the average sidelobe level. An expression for 
the peak sidelobe level is found by assuming all the sidelobes are within three 
standard deviations of the rms sidelobe level and has the form [49] 

P {all sidelobes < sll 2 ) - (l - e - sl,2 */ s " 2 J" 2 (3.45) 

for linear and planar arrays having half-wavelength spacing. 

Example. A 5000-element linear array has a taper efficiency of 50% and ele¬ 
ments spaced a half-wavelength apart. What are the average and peak side¬ 
lobe levels of this array? 


sll 2 = —-— = 0.0004 
2500 

= 101og 10 (0.0004) = -34 dB 


The peak sidelobe level is found by manipulating (3.45). 

sll 2 = - In (1 - P 2/N ) 


The peak sidelobe level of this array at which 90% of the sidelobes fall below 
is given by 


slip =-— ln(l-0.9 2 ' 5000 ) 

p 2500 v 1 

= 4.0298 xlO- 3 = -24dB 

Increasing the probability to 0.99 yields a sidelobe level of 
--i-ln(l-0.99 2 / 5MO ) = -23dB 
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Element I nation (>.) 


Figure 3.53. The desired Taylor amplitude taper is shown as a solid line. The thinned 
array amplitude weights are shown as small circles. 



Figure 3.54. The desired array factor (dashed line) is superimposed on the thinned 
array factor (solid line). 


Example. Start with a 100-element array with element spacing d = 0.5A, and 
thin to a 20-dB, n = 5 Taylor taper. 

The normalized amplitude taper shown as a solid line in Figure 3.53 serves 
as the probability cutoff for selecting elements turned on or off. The small 
circles at the top or bottom are the amplitude weights of the thinned array. 
The thinned aperture is not symmetric. The desired and thinned array factors 
appear in Figure 3.54. The thinned array factor has relatively constant sidelobe 
levels, while the sidelobes of the Taylor array decrease away from the main 
beam. 
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Figure 3.55. Thinned array based upon a 20-dB n = 2 Taylor circular amplitude 
distribution. 


Statistical thinning can also be applied to planar arrays [50]. The amplitude 
taper serves as a two-dimensional proability distribution function. This con¬ 
cepts works for any shape or element spacing. 

Example. Statistically thin a circular array with 284 elements and d x = d y = 0.5A 
to get a 20-dB n - 2 Taylor amplitude distribution. 

The resulting thinned aperture is shown in Figure 3.55. Figure 3.56 is the 
resulting array factor. It has a directivity of 27.2 dB and a peak sidelobe level 
of 20 dB. 

The z transform of a thinned linear array is a polynomial with coefficients 
of either zero or one [51]. As an example, consider a 20-element linear array 
of isotropic elements. Figure 3.57 is the unit circle representation when the 
elements are equally weighted and spaced (d - 0.5/1). The nulls in the pattern 
are equally spaced in phase, *P = kdu, but not equally spaced in angle, u. The 
roots of the uniform array polynomial are given by 

'P = ±18°, ±36°, ±54°, ±72°, ±90°, ±108°, ±126°, +144°, +162°,180° 

If this same array is thinned to obtain the array factor with the minimum 
maximum sidelobe level, then the second element from each end of the array 
is turned off (a 2 = 0 and a ]9 = 0). This configuration yields a far-field pattern 
that has a maximum sidelobe level of-15.74dB.The unit circle representation 
and array factor are displayed in Figure 3.58 and Figure 3.59. Note that the 
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0 — 0—0 


0 


-n!2 

Figure 3.57. Unit circle representation of a 20-element uniform array factor with 
d = 0.5 A. 

zeros are still equally spaced on the unit circle. This pattern appears to have 
one less zero on the unit circle than the uniform array, because there are 
double roots at ±60°. The zeros of the thinned array have phases given by 

T = ±20°, ±40°, ±60°, ±60°, ±80°, ±100°, ±120°, ±140°, ±160°, 180° 

Since the roots have a magnitude of one, they lie on the unit circle. 
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Figure 3.58. Unit circle representation of a 20-element array factor when a 2 = 0 and 

a, 9 = 0. 



Figure 3.59. Array factor of a 20-element uniform array (dotted line) and an array 
with a 2 = 0 and a 19 = 0 (solid line) for d = 0.5A. 


Not all thinned arrays have their roots on the unit circle though. In fact, 
for the 20-element array, only when one of the element pairs 1 & 20, 2 & 19, 
7 & 14, or 10 & 11 are zero will all the roots lie on the unit circle. In all other 
cases of turning off symmetric pairs of elements, at least one pair of roots will 
be off the unit circle. Figures 3.60 and 3.61 show an example of the unit circle 
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71/2 



-n/2 

Figure 3.60. Unit circle representation of a 20-element uniform array with a s = 0 and 
a is = 0. 



Figure 3.61. Array factor of a 20-element uniform array with d = 0.5A having a 8 = 0 
and an = 0. 


and far-field pattern of a thinned array with zeros off the unit circle. The array 
has 20 elements with elements 8 and 13 turned off. The zeros whose magni¬ 
tudes don’t equal one correspond to the pattern minimum at u = 0.85. 

3.4.1.2. Thinning Using Numerical Optimization. One way to find the 
thinned array that results in the lowest sidelobe level is to check every possible 
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array thinning combination. Finding the maximum sidelobe level for 2 N array 
factors becomes an unreasonable task as N get large. Numerical optimization 
techniques offer more feasible alternatives to finding the best (or more likely, 
a very good) solution without resorting to an exhaustive search. Most 
approaches to numerical optimization require continuous variables and do not 
adapt well to the on/off condition of thinning. The introduction of genetic 
algorithms changed the ability to thin arrays [52], Arrays thinned with genetic 
algorithms have a higher taper efficiency and lower sidelobe levels than do 
previous numerical and statistical approaches. Numerical optimization offers 
several advantages over statistical thinning: 

1. The maximum sidelobe level can be specified (as long as it is physically 
possible). 

2. Higher efficiency. 

3. Works for small and medium-sized arrays. 

The genetic algorithm can also be used to thin planar arrays [53,54]. 

Example. Use a genetic algorithm to thin a 50-element linear array with 
d = 0.5A to obtain the lowest sidelobe level. 

The cost function requires both end elements and both center elements of 
the array to have an amplitude of one in order to minimize the maximum 
sidelobe level. The thinned array has t] t = 0.80 and a maximum sidelobe level 
of -17.6dB. The array factor is shown in Figure 3.62. 



Figure 3.62. This array factor results from using a genetic algorithm to thin a 50- 
element array. 
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Figure 3.63. Thinned uniform concentric ring array having 9 rings. 


Example. Use a genetic algorithm to thin a uniform concentric ring array with 
270 elements layed out in nine rings spaced A/2 apart and having d n - 0.5A to 
obtain the lowest sidelobe level. 

The thinned aperture is shown in Figure 3.63. It only has 66.3% of the 279 
elements in the fully populated array. Turning off 94 of the elements reduced 
the directivity to 27.17 dB and the maximum relative sidelobe level to 22.44 dB. 
Since the thinning is not symmetric, the array factor is not symmetric either 
(Figure 3.64). The number of elements in each ring is shown in Table 3.3. The 
inner five rings have between 0% and 13% of the element removed, while the 
outer four rings have between 30% and 60% of the elements removed. 


3.4.2. Nonuniformly Spaced Arrays 

Thinned arrays have a large but finite number of possible active element loca¬ 
tions. In contrast, nonuniformly spaced or aperiodic arrays have an infinite 
number of possible element locations. All elements in nonuniformly spaced 
arrays are active. Initial attempts at nonuniformly spaced arrays were based 
upon trial and error. Thinned arrays are more desirable than nonuniformly 
spaced arrays, because the feed network for the thinned arrays is much easier 
to design. Also, mutual coupling effects are easier to characterize for periodic 
array spacing than for aperiodic spacing. Also, implementing nonuniform 
spacing on planar arrays is extremely difficult. 

3.4.2.1. Density Tapering. Density tapering for a nonuniformly spaced linear 
array differs from density tapering for thinned arrays in that the element 
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TABLE 3.3. Ring Radius and Number of Elements per Ring for a Nine-Ring 
Uniform Thinned Concentric Ring Array 


n : 1 2 

3 

4 

5 

6 

7 

8 

9 

r„(A): 0.5 1.0 

N„: 6 11 

1.5 

18 

2.0 

22 

2.5 

27 

3.0 

26 

3.5 

24 

4.0 

20. 

4.5 

30 


spacing is related to the desired amplitude taper rather than the probability 
of whether an element in an equally spaced array is on or off. The idea is to 
divide the area under the desired amplitude taper into N equal sub-areas. An 
element is placed at the point that equally splits each sub-area. 

Example. Find the density taper for a 15-element array that mimics a 20-dB, 
n = 3 Taylor taper. Figure 3.65 shows the desired amplitude taper as a dashed 
line. The dotted vertical lines divide the area under the amplitude taper into 
15 equal sub-areas. An element is placed at the point that evenly divides a 
sub-area (small circles). Figure 3.66 is the resulting array factor due to the 
nonuniform spacing. The pattern accurately reproduces the desired Taylor 
pattern out to about u = ±0.5. This technique does not work well for very low 
sidelobes. Even a 20-dB Taylor taper cannot be accurately reproduced. 

3.4.2.2. Fractional z-Transform Synthesis. Earlier in this chapter, the unit 
circle representation of thinned arrays was introduced. For the more general 
case of nonuniformly spaced arrays, the far-field pattern is not represented by 
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Figure 3.65. Taylor 20-dB taper is divided into equal areas, and an element is placed 
at the center of each area. 



Figure 3.66. Taylor 20-dB array factor from density tapering. 


a polynomial, so polynomial root finding techniques cannot be applied [51]. 
An approach to adapting the unit circle representation of a nonuniformly 
spaced array can be found by examining roots of a 4-element array that is 
symmetric about its center. It has an array factor given by 

AF(M) = cos[&SiM]+cos[fo 2 M] (3.46) 

where Si and s 2 are the distances of the center and edge elements from the 
center of the array. Using a trigonometric identity and substituting yr = kdu 
(d = 2s i) allows the array factor to be written as 
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AF (», = 2cos[£(S. + 1 )]cos[^|-l)] (3.47) 

This equation is zero when either 

f(jL + i) = P5±l)5 or £^.,j = P!±l)5 p.48) 


Thus, the location of the roots on the unit circle are a function of the spacings 
and are given by 


i/Ai+=-7———r— and y-= 2 * 2 ” + 1 ?* , n = 0,l,2,... (3.49) 

1 ^ + 11 1^-1 


The zeros of larger arrays are more difficult to find and are not always on the 
unit circle. 

Consider an N element linear array of equally weighted, nonuniformly 
spaced point sources. Its array factor is represented by 

AF (w) = 1 + e jks ' u + e ikS2U + • • • + e ikSN ~ lk (3.50) 

where s n is the distance of element n from the first element. The phase terms 
of this equation are not harmonics in a Fourier series. In order to write (3.50) 
in terms of a z transform, let d min = minimum spacing between any two adja¬ 
cent elements [55]. Next find y/= kd mi „u. Equation (3.50) is then written as 

AF(ip) = 1 +e W' + e V +... + e^ V (3.51) 

Making the substitution z = eT yields 

. ,’ jjk n sn- 1 

AF(z) = l + z‘ <min + • • • + z dmin (3.52) 

Equation (3.52) is a polynomial when sjd min are integers. When z is raised to 
a noninteger power, this representation is known as a fractional z transform 
[55]. Only the roots for which lul < 1 are valid. All others are ignored. 

Example. Find the roots on the unit circle corresponding to an array with the 
element spacings given by 

s„ = 0,1,1.9,2.7,3.4,4.0,4.5,5.0,5.5,6.0,6.5, 

7.0,7.5,8.0,8.5,9.1,9.8,10.6,11.5,12.5A 
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The array factor with z - e ik([l5} “ is written as 

AF (z) = 1 + z 1 + z 3 ' 8 + z 5 ' 4 + z 68 + z 8 + z 9 + z 10 + z 11 + z n + z 13 + z u + (3.53) 

z 15 + z 16 + z 17 + z 18 - 2 + z 19 ' 6 + z 21 ' 2 + z 23 + z 25 

This equation can be converted to a polynomial by letting z = e tmi)u . 

AF (z) = 1 + z 10 + z 19 + z 27 + z 34 + z 40 + z 45 + z 50 + z 55 + z 60 + z 65 + z 70 + (3.54) 

z 75 + z 80 + z 85 + z 91 + z 98 + z 106 + z 115 + z 125 

Factoring this polynomial yields 125 roots. Only the roots for \u\ < 1 exist and 
are given by 

u = ±0.0953, ±0.143, ±0.216, ±0.304, ±0.366, ±0.440, ±0.521, 

±0.819, ±0.901, ±0.988 

Plots of the far-field pattern and unit circle representation are shown in Figures 
3.67 and 3.68, respectively. Note that there are 26 zeros to (3.54) even though 
there are only 20 elements. Since the average separation between element is 
0.66A, there are more nulls. 

If d is very small, then the maximum power of z can be quite large for even 
a small array. One way to increase the size of s is to first round or quantize 
the value of s n . The value of s will quantize the spacing of the array elements 



-a/2 

Figure 3.67. Unit circle representation of the 20-element nonuniformly spaced array. 
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and produce an error in the array factor. This quantization error must produce 
error sidelobe levels less than the desired sidelobe level of the array. 

3.4.2.3. Minimum Redundancy Arrays. Large, sparsely populated arrays are 
used to observe faint extragalactic radio sources, because they have a narrow 
main beam and are economical (use only a few elements). A minimum redun¬ 
dancy array is a sparse array that maximizes the distance between grating 
lobes while maintaining the sidelobes in between the grating lobes at a rela¬ 
tively constant level. Its narrow beamwidth scans distant sections of space 
while keeping the grating lobes out of those sections. The distance between 
the first grating lobe and the main beam can be maximized while minimizing 
the number of elements by including all of the integer multiples of the funda¬ 
mental spatial frequencies only once. The fundamental spatial frequency is 
given by one over the minimum element spacing 

fs = \ (3.55) 

d 

The other spatial frequencies are just multiples (harmonics) of f s . A 5-element 
uniform array has N - 1 = 4 representations of f s , 3 of 2f s , 2 of 3 f s , and 1 of 4 f s . 
The highest spatial frequency, f s , is due to the total aperture length. Higher 
resolution is possible when the number of redundant spacings are reduced. 
The number of distinct elements which can be resolved in a linear array is 
approximately equal to (N - 1 )d, and this is obtained when the angular width 
of the source is equal to the separation between the grating lobes. When the 
size of the source is known (e.g., the sun), the grating lobe spacing should be 
matched to the source size. Figure 3.69 shows a 4-element minimum redun- 
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Figure 3.69. Array factor for a 4-element minimum redundancy array. The array 
spacing is shown in the upper right corner. 


dancy array and its array factor when d = 1.5A and the first grating lobe occurs 
at 48.2°. A completely nonredundant linear array must have less than 5 ele¬ 
ments. Looking at the separation distances between all possible combinations 
of two elements in the array reveals that each integer multiple of d up to the 
length of the array d, 2d, ... , 6 d occurs once and only once. Arrays with more 
than 4 elements will have more than one sample at some spatial frequencies. 
The redundancy factor is given by [56] 


N(N-l) 

r -^uT 


(3.56) 


where N is the number of elements in the array and (A/ max - 1) x d is the length 
of the array. Ideally, R should be as close to one as possible (only arrays with 
less than five elements can have R = 1). The lower limit for R on large arrays 
is 4/3. Global optimization techniques, such as simulated annealing, are needed 
to find large minimum redundancy arrays [57]. 

Example. List the number of possible spatial harmonics associated with a 
4-element uniform array, a 7-element uniform array, and a four element 
minimum redundancy array. Table 3.4 lists the spatial frequencies associated 
with the arrays. Note that dc refers to a single element. 

3.4.2.4. Numerical Optimization of Array Spacing. Finding the element 
spacings of a uniformly weighted array that produced the lowest possible 
sidelobe levels was investigated using a genetic algorithm [58]. The cost func¬ 
tion is given by 
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TABLE 3.4. List of Spatial frequencies in the Arrays 


Spatial Frequency 

OOOO 

ooooooo 

oo o o 

dc 

4 

7 

4 

1/d 

3 

6 

1 

2/d 

2 

5 

1 

3/d 

1 

4 

1 

4/d 

0 

3 

1 

5/d 

0 

2 

1 

6/d 

0 

1 

1 



relative^element s^acincj 


hull lLLLiJ 


_U_ 


0.5 1 

u 

Figure 3.70. Array factor for an optimized element spacing of a 19-element array. 


sll = max 


|i + 2^cos[A:m(j:„_ 1 +do + A„)]J 


for u > m mb (3.57) 


where 2N + 1 is the number of elements, x„ is the location of element n, ajq = 0, 
d 0 = A/2, A„ is the variable spacing between 0 and A/2, and w MB is the first null 
next to the main beam. This cost function requires a minimum spacing of do, 
so if all A„ = 0, then a uniform array with spacing d 0 results. Since the array is 
uniformly weighted, the value of « MB can be approximated by 0.5 Xlx N . 

Example. Find the optimum spacing for a 19-element array with d 0 = 0.5A that 
yields the lowest sidelobe level. 

The genetic algorithm had a population size of 8 and mutation rate of 0.15. 
After 1000 generations, a Nelder-Mead algorithm polished the results. Figure 
3.70 shows the resulting array factor with a maximum sidelobe level of -20.6 dB. 
The 19 round dots in the figure represent the relative element spacings of the 
array elements. 
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3.4.2.5. Nonuniformly Spaced Concentric Ring Array. Nonuniformly 
spacing the rings in a concentric ring array can also produce low sidelobe levels 
[54], First, the rings are assumed to be separated by a minimum distance of 
A/2 (not necessary but practical). An additional separation of A„ is added to 
the radius of ring n- 1 , so that ring n has a radius of 


/■„ = /■„_! + A/2 + A„ (3.58) 

where 0 < A„ < A,. A hybrid genetic algorithm that combines a continuous 
genetic algorithm with a local optimizer is used to find the r n that result in the 
minimum maximum sidelobe level in the array factor. Table 3.5 displays the 
optimized ring spacing and the number of elements in each ring (keeping 
d — A/2). This new array has only 201 elements. The resulting directivity is 
27.38 dB and the maximum relative sidelobe level is 22.94 dB. Figure 3.71 is a 
diagram of the array. The first and last rings have the largest A„. Since the ring 


TABLE 3.5. Ring Radius and Number of Elements per Ring for a Six-Ring 
Nonuniformly Spaced Concentric Ring Array with Optimized r„ 


n: 

1 

2 

3 

4 

5 

6 

UX): 

1.001 

1.587 

2.137 

2.875 

3.659 

4.977 

N n : 

12 

19 

26 

36 

45 

62 



Figure 3.71. Optimized ring spacing for an array with six concentric rings. 
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Figure 3.72. Array factor associated with optimized ring spacing for an array with six 
concentric rings. 


TABLE 3.6. Ring Radius and Number of Elements per Ring for a Nine-Ring 
Uniform Concentric Ring Array with Optimized N n 


n: 1 

2 

3 

4 

5 

6 7 

8 9 

U A): 0.5 

N„: 6 

1.0 

12 

1.5 

18 

2.0 

25 

2.5 

17 

3.0 3.5 

23 22 

4.0 4.5 

27 32 


separation remains close to A/2, the sidelobes have sufficient sampling in <j>, 
and they maintain symmetry in 0. Figure 3.72 shows the corresponding array 
factor. All the sidelobes have nearly the same height. 

Another approach to reducing the sidelobe level is to let r„ = n/U2 and 
optimize the N„ in order to minimize the maximum sidelobe level. A genetic 
algorithm is used to find the optimum N„ listed in Table 3.6. The first four 
rings have the same number of elements as a uniform concentric ring array 
with A/2 spacing. The optimized array has 183 elements arranged as shown in 
Figure 3.73. This array has only 65.6% of the elements of the uniform array. 
The directivity is 28.5 dB and the maximum sidelobe level is 25.58 dB. The 
array factor shown in Figure 3.74 is nearly circularly symmetric for small 9 but 
not for large 9. 

An even more powerful approach is to optimize both the ring spacing and 
the number of elements in each ring. The maximum radius is slightly less than 
the maximum radius found by optimizing the r„ alone. Table 3.7 has the ring 
radii and the number of elements in each ring. This array has 142 elements or 
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Figure 3.73. Optimized number of elements in nine concentric rings with equal ring 
spacing. 



Figure 3.74. Array factor associated with optimized number of elements in nine 
equally spaced concentric rings. 


TABLE 3.7. Ring Radius and Number of Elements per Ring for a Nine-Ring 
Uniform Concentric Ring Array with Optimized r„ and N n 


#i: 

1 

2 

3 

4 

5 

6 

r„(A): 

0.758 

1.355 

2.090 

2.989 

3.783 

4.702 

N„: 

9 

17 

25 

31 

26 

33 
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Figure 3.75. Optimized ring spacing and number of elements in each ring for an array 
with six concentric rings. 



Figure 3.76. Array factor associated with optimized ring spacing and number of ele¬ 
ments in each ring for array with six concentric rings. 


50.9% of the nine-ring uniform concentric array. It has a directivity of 28.89 dB 
and a maximum relative sidelobe level of 27.82 dB. The optimized array 
appears in Figure 3.75 with the corresponding array factor in Figure 3.76. All 
the sidelobes are at nearly the same height. 
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TABLE 3.8. Sidelobe Level Increase as a Result of a 5% Increase 
in Frequency 


Array 

Sidelobe Level Increase (dB) 

Optimized r„ 

0.1 

Optimized N„ 

3.1 

Optimized r n and N n 

11.6 


The peak sidelobe level of the optimized concentric ring arrays will not 
change if the frequency decreases by 10%. The sidelobes do not increase 
because the spatial sampling gets better as the frequency goes down. Increasing 
the frequency by 5%, however, results in significant sidelobe level increases. 
Table 3.8 summarizes the sidelobe level increases with a 5% frequency 
increase. The optimized r n and N„ case had the greatest increase in sidelobe 
level, while the optimized ring spacing case has almost no increase. As a result, 
the array should be optimized at the highest frequency, then the lower fre¬ 
quencies will have low sidelobes. 

The concentric ring arrays were optimized without taking scanning into 
account. When the array beams are scanned, the sidelobe level increases. The 
nonuniform ring spacing example did not have a sidelobe level increase until 
the beam was scanned beyond 9 - 22.5°. All the other examples experienced 
increasingly worse sidelobe levels with increasing scan in 9. As an example, 
steering the main beam in Figure 3.74 to 30° increases the maximum sidelobe 
level by 8.5 dB. Better performance can be obtained by optimizing over all the 
scan angles. 

3.5. LOW-SIDELOBE PHASE TAPER 

A phase taper is another approach to lowering sidelobes in the array factor 
[59]. The synthesis of a phase taper for an array with uniform amplitude 
weights and spacing is formulated as a minimization of the maximum sidelobe 
level [60]. One possible cost function for the numerical optimization of the 
phase, 8 n , in an A-element array is 

sll = max |2£ e‘ Sn cos[(«-.5)/c<7w]J for u > u mb (3.59) 

where w mb is the maximum angle of the main beam. The advantage of a phase 
taper is that low sidelobe levels can be obtained through adjustments to the 
beam-steering phase shifters rather than by any amplitude weighting via the 
feed network. These tapers have a modest ability to lower sidelobes and tend 
to be less efficient than amplitude tapers. 

Example. Find a phase taper that results in the lowest possible sidelobe level 
for a 20-element array with d = 0.5A 
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Figure 3.77. The optimum phase taper for the 20-element array. 



Figure 3.78. The array factor due to the phase taper. 


A hybrid genetic/Nelder-Meade algorithm was used to find the phase 
weights. The resulting weights are shown in Figure 3.77 and the associated 
array factor appears in Figure 3.78. The maximum sidelobe level is 16.1 dB 
below the peak of the main beam with tj r = 0.84. The resulting phase taper 
for the right-hand side of the array is 

2tt(0.145 0.149 0.144 0.153 0.168 0.207 0.231 -0.0312 0.155 0.101) 

For comparison, a 20-element Chebyshev array with a 16.1-dB sidelobe level 
has rj T = 0.91; and a 16.1-dB, n = 2 Taylor array has rj T = 0.98. 
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3.6. SUPPRESSING GRATING LOBES DUE TO 
SUBARRAY WEIGHTING 

3.6.1. Subarray Tapers 

For most applications, placing the weights at the subarray ports alone pro¬ 
duces unacceptable grating lobes in the array factor. Minimum sidelobe level 
in the array factor cannot be less than the highest grating lobe. This is dem¬ 
onstrated in Figure 3.79. The array has 128 elements, 16 subarrays, and an 
element spacing of 0.5/1. A genetic algorithm optimizes the amplitude weights 
at the subarray ports while the element weights are uniform. The sidelobe 
levels next to the main beam are at the same level as the first grating lobe. In 
order to further reduce the peak sidelobe level, the grating lobes must be dealt 
with at the element level. 

A tradeoff exists between attaining the desired low-sidelobe performance 
and simplicity of design. One approach places a low-sidelobe amplitude taper 
at the subarray outputs while the element weights are the same for each subar¬ 
ray [61]. The linear subarray model in Figure 3.80 has amplitude weights at 
the elements as well as at the subarray ports. All subarrays have identical 
amplitude tapers across the elements. The elements are assumed to be equally 
spaced and have symmetric weights about the center of the array. Based 
upon these assumptions, the array factor for a linear array along the x axis is 
given by 


AF = 2^ ft, ^ a m cos {kd sin 0[« - 0.5 + (<7 -1) N e ]} 


(3.60) 



Figure 3.79. Array factor for 128-element linear array with 16 subarrays. The ampli¬ 
tude weights at the subarray ports are optimized to give the lowest maximum sidelobe 
level. 
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Figure 3.80. Subarrayed antenna with subarray weights and identical element weights 
in each subarray. 


where a m represents element amplitude weights, b q represents subarray ampli¬ 
tude weights, 2N S is the number of subarrays, N e is the number of elements in 
a subarray, and 6 is the angle from boresight. The effective weights are then 
represented by a 2N s x N e row vector. 

w = [b Ns a Ne ,-■ ■ b Ni a x ■ ■ ■ b x a Ne , • • •, b x a x bxa u ---, b l a Nt ■■■b Ns a u --- b Ns a Ne ] (3.61) 


Optimizing the subarray and element weights results in a low-sidelobe array 
factor with a simplified array design. This approach produces identical corpo¬ 
rate feeds for all subarrays and T/R modules weight the signals at the subarray 
ports. 

Example. Find the subarray and element amplitude tapers (same for each 
subarray) for a 144-element array with (d = 0.5A) that produces the minimum 
maximum sidelobe level. 

Assume that the array is symmetric about its center. The array has 12 sub¬ 
arrays of 12 elements. Breaking the array into 12 equal-sized subarrays results 
in 16 optimization variables (11 element amplitude weights and 5 subarray 
amplitude weights), since a x = 1 and b x = 1 and the subarray weights are sym¬ 
metric. A genetic algorithm is used to find the weightings in Figure 3.81 to 
Figure 3.83. The resulting array factor is shown in Figure 3.84. Grating lobes 
normally occur in this array at 9.6°, 19.5°, 30.0°, 41.8°, 56.4°, 90.0°. Arrows in 
Figure 3.84 point to these grating lobe locations. The array directivity is 
20.2 dB with a peak sidelobe level of -35.9 dB. 

The array factor for a planar array in the x-y plane that is symmetric about 
the x and y axes is given by [62] 
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1 2 3 4 5 6 

Subarray 


Figure 3.81. Optimized subarray weights when the element weights are identical for 
all subarrays. 



Element 

Figure 3.82. Optimized element weights in the subarrays. 


AF = 4£ J^b pq ^a mn e° s {A:<i r s i n 0 co s0[/i-O.5 + (9-l)N er ]} 

x cos {kd y sin0sin^[m-O.5 + (p-l)A ( . > ,]} (3.62) 

where a mn represents element weights, b pq represents subarray weights, 2 N sx is 
the number of subarrays in x direction, 2 N sy is the number of subarrays in y 
direction, N ex is the number of elements in a subarray in x direction, N ey is the 
number of elements in a subarray in x direction, d x is the element spacing in 
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Figure 3.83. Effective element weights resulting from the product of the element 
weight times its corresponding subarray weight. 



Figure 3.84. Resulting array factor from the optimized weights. Arrows point at the 
grating lobe locations. 


x direction, and d y is the element spacing in y direction. A diagram of this 
array is shown in Figure 3.85. The array is divided into 6x6 subarrays each 
having 5x5 elements. A dark color indicates a high-amplitude weight at the 
element ( a mn ). Note that the shade of the dots for each element is the same 
for every subarray. The tint of the subarray squares is proportional to the 
subarray weight ( b pq ). 

Example. Find the subarray and element amplitude tapers (same for each 
subarray) for a planar array with with 8x8 subarrays each having 8x8 ele- 
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Figure 3.85. Planar array with 6x6 subarrays each having 5x5 elements. All element 
weights are the same for all subarays. Darker dots have higher amplitudes than lighter 
dots. Darker subarrays have higher amplitudes than lighter subarrays. 


ments ( d x = d y = 0.5A) that produces the minimum maximum sidelobe level. 
Assume that the array is symmetric about its center. 

Since the array is symmetric, there are 15 unknown subarray weights and 
63 unknown element weights for a total of 78 unknown variables. A genetic 
algorithm is used to find these variables. The optimized subarray weights 
appear in Figure 3.86 with the optimized element weights in Figure 3.87. 
Figure 3.88 shows the product of the element weights times the subarray 
weights. The resulting array factor is shown in Figure 3.89. This array factor 
has a directivity of 34.7dB with a maximum relative sidelobe level of 23.6 dB. 


3.6.2. Thinned Subarrays 

Figure 3.90 is a diagram of a 256-element square array divided into 16, 4 x 4 
element thinned subarrays [63]. Dark circles indicate that the element has an 
amplitude of one, and white circles indicate that the element is terminated in 
a matched load and receives an amplitude of zero. Note that the subarrays are 
either identical or are mirror images. 

A genetic algorithm is used to simultaneously optimize the subarray ampli¬ 
tude weights and the thinning for the subarrays. The cost is the maximum 
relative sidelobe level and is calculated from the array factor given by 
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Figure 3.86. Optimized suban 
are identical for all subarrays. 
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Figure 3.90. Planar array with identically thinned subarrays. 


cost = w„ cos[Ax„ sin 0 cos <p] cos [/cy„ sin 0 sin (p] (3.63) 

where w„ is the product of element weight and subarray weight for element 
n, and (x n , y n ) is the location of element n. 

Example. An array has 6 x 6 = 36 subarrays with each subarray having 
5 x 5 = 25 elements. The element spacing in both directions of the square 
lattice is one-half wavelength. Find the thinned subarrays and subarray weights 
that minimize the maximum sidelobe level. 

When the element thinning and subarray weights are simultaneously 
optimized, then the optimized element weights are shown in Figure 3.91 and 
the optimized subarray weights are shown in Figure 3.92. When multiplied 
together, the effective element weights for one quadrant of the array are 
shown in Figure 3.93. This taper has an efficiency of 54.5%. The resulting 
array factor appears in Figure 3.94. Its directivity is 26.9 dB and the 
maximum sidelobe level is -22.9 dB. Sidelobes that are 4.5 dB lower than 
the optimized subarray weighting come at a cost in taper efficiency and loss 
in directivity. 

One way to eliminate the grating lobes is to create overlapped subarrays. 
Although difficult to do with corporate array feeds, they can be realized using 
a Butler matrix or lens feeds that will be discussed in a later chapter. Some 
examples of implementing a partially overlapped constrained feed network 
are found in references 64 and 65. Several approaches to amplitude weighting 
the subarray outputs of identical subarrays exist. Other approaches have tried 
randomizing the number of elements within a given subarray [66], rotating 
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Figure 3.92. Optimized element weights in one subarray. 


the subarray orientation [67], and nonuniformly spacing the elements within 
the subarrays [68, 69]. These methods are designed to break the periodicity 
and redistribute the energy in the grating lobes throughout the far-held 
pattern. 
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Figure 3.94. Optimized array factor. 


If an array has subarrays of different sizes and has amplitude weights at the 
subarray ports when all element weights are one (Figure 3.95), then the effec¬ 
tive element weights are given by [70] 

[&A- b, b 2 b 2 ■b 2 ~b Ns b Ns -b Ns \ 

' AUO 1 JV e ( 2) 


N'(N S ) 


(3.64) 
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Figure 3.95. Diagram of an antenna with unequal sized subarrays and amplitude 
weights at the subarray ports. 

N e is a vector that is N s (number of subarrays) long. The total number of ele¬ 
ments in the array is given by 


N T =ZN e (m) 


(3.65) 


A genetic algorithm chromosome or input vector to the cost function consists 
of 2 x (N s - 1) values 


[b 2 ■■■b Ns N e (l)N e (l)---N e (N s -l)] (3.66) 


Since b^ = 1 and N e (N s ) = N T - £ N e (r). The minimum number of elements 

that are allowed in a subarray is represented by N emi „. Each subarray starts by 
having N emi „ elements. The remaining N T - N s x N emm elements are distributed 
among the subarrays. Although not necessary, the array is assumed to have 
an even number of subarrays, and the subarrays are symmetric about the center 
of the array. Selecting /V emin is arbitrary unless certain design constraints exist. 
A design constraint may have to do with the way the elements are fed via a 
corporate feed. For example, all subarrays may have the number of elements 
equal to a power of two. 7V emin has to be at least greater than or equal to two, 
otherwise the subarrays consist of only a single element. In order to take 
advantage of the efficiencies offered by subarrays, it will be assumed that the 
minimum number of elements in a subarray is greater than or equal to four. 

Example. Assume a symmetric array {d = 0.5A) has N T = 128 elements with 
A emin = 4 and N s = 16. Optimize the subarray weights and sizes to get the 
minimum maximum sidelobe level. 
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Element 

Figure 3.96. Effective element weights when the subarray weights and number of ele¬ 
ments in the subarray are optimized for A emi „ = 4 and N s = 16. 



0 (degrees) 


Figure 3.97. Array factor associated with the weights in Figure 3.96. 


A genetic algorithm is used to find the weights and sizes shown in Figure 
3.96. The resulting array factor is shown in Figure 3.97. The maximum sidelobe 
level is 35.9 dB below the peak of the main beam, and the directivity is 
19.89 dB. 





SUPPRESSING GRATING LOBES DUE TO SUBARRAY WEIGHTING 


191 



Element 

Figure 3.98. Effective element weights when the subarray weights and number of ele¬ 
ments in the subarray are optimized for N anm = 6 and N s = 16. 
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Figure 3.99. Array factor associated with the weights in Figure 3.98. 


Example. Assume a symmetric array (d = 0.5A) has N T = 128 elements with 
Nemin = 6 and N s = 16. Optimize the subarray weights and sizes to get the 
minimum maximum sidelobe level. 

A genetic algorithm is used to find the weights and sizes shown in Figure 
3.98. The resulting array factor is shown in Figure 3.99.The maximum sidelobe 
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Figure 3.100. Array factor associated with the weights in Figure 3.98. 


level is 35.1 dB below the peak of the main beam, and the directivity is 
19.93 dB. 

Another way to lower sidelobe levels with uniformly weighted elements 
(a„ = 1) and subarrays (b„ = 1) breaks the array into N s subarrays that are 
symmetric about the center of the array. Subarray n has N n elements with an 
element spacing of d n as shown in Figure 3.100.This approach has been shown 
to be useful for linear and planar arrays [71]. 

Example. Assume that a linear array has 64 elements and is divided into three 
subarrays. Also, d 3 > d 2 > d^> 0.52, and a subarray must have at least one 
element. 

A genetic algorithm found the following array variables: 

d^ = 0.5012, d 2 = 0.9062,, d 3 = 1.8902, and N r = 21, N l = 9,N l = 2 

The resulting array factor in Figure 3.101 has a directivity of 18.05 dB and 
a -22.4-dB maximum sidelobe level. 

Optimizing a phase taper on an array with a low-sidelobe amplitude taper 
at the subarray ports (b„) and uniform amplitude taper at the elements reduces 
the grating lobe levels (a„ = 1) [72]. 

Example. Find the element phase taper that best approximates a Taylor dis¬ 
tribution with SLL = -30 dB and n = 4. The array has 128 elements spaced 272 
apart and has 8 subarrays with 16 elements per subarray. 

The array is optimized using the iterative projection method (IPM) [73] in 
order to closely approximate the Taylor taper. By exploiting the efficiency in 
computing discrete Fourier transformations, the IPM is based on an iterative 
algorithm where the array illumination function is projected onto the corre¬ 
sponding space of far field patterns and then vice versa, until a desired pattern 
is synthesized. The amplitude taper appears in Figure 3.102 and the optimized 
phase taper in Figure 3.103. Figure 3.104 shows the peak sidelobe level is 
reduces by nearly 4dB. The array without the phase taper has a directivity of 
20.3 dB and a 3-dB beamwidth of 1.01°, while with the phase taper it has a 
directivity of 20.1 dB and a 3-dB beamwidth of 1.05°. 
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Figure 3.101. Array factor for the optimized subarray spacings. 



Element 

Figure 3.102. Element amplitude weights. 


3.7. PLANE WAVE PROJECTION 

Measuring far-field antenna patterns requires separating the transmit antenna 
and the antenna under test (AUT) by a large distance in order to minimize 
the amplitude and phase variations across the test aperture. When the AUT 
is many wavelengths across, the far-field distance can become quite large 
(recall IEEE definition of far field from Chapter 1). Thus, in order to measure 
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Figure 3.103. Element phase weights. 
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Figure 3.104. Array factors with and without element phase tapers. 


the antenna pattern of an electrically large aperture indoors, techniques like 
compact ranges, near-field scanning, and antenna focusing are necessary. 
These approaches allow for accurate prediction of the far field pattern even 
though the measurements are taken in the near field. 

A number of techniques have been developed to project a plane wave in 
the near field of an array by synthesizing appropriate complex element weights. 
Hill used a constrained least squares approach developed to find the weights 
that approximate a plane wave in the near field [74]. The results show a flat 
amplitude response for small linear arrays of line sources. Unfortunately, the 
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phase response, which determines the far field criterion, is not shown. This 
approach was experimentally applied to a seven element array of Yagi-Uda 
antennas at 500MHz [75], In another study, a ring array was synthesized to 
create a plane wave inside the ring [76], For further background information 
on creating a plane wave in the near field, the reader is referred to reference 
77. A more recent method was developed to create a plane wave in the near 
field from a linear array of line sources [78] using a genetic algorithm. This 
approach combines the ideas of array focusing and a compact range. The loca¬ 
tion and weights of an array of line sources were found that approximate a 
plane wave at a desired location in space. The optimized amplitude and phase 
ripples across the AUT are much less than those created by a uniform array 
with the same number of elements. The resulting plane wave is robust in 
bandwidth and physical depth. This method also proved successful in experi¬ 
mental testing as reported in references 79 and 80. The idea behind these 
papers is to find the amplitude, phase, and position of the elements that create 
a relatively constant field amplitude and phase over a desired area in the near 
field. A linear array can only control the field in the plane of the array but not 
the field in the orthogonal plane. 

A linear system of equations based on the near field array factor of the 
array is given by 


e ikRn 

R n 


N 


Wl 


T 


gjkRMN 


_W N 


x 


(3.67) 


Figure 3.105 is a diagram of the plane wave projection layout. When M = N, 
then a direct solution to (3.67) is possible. Otherwise, when M>N (more field 
points than elements), a least squares solution is found. Since the exact field 
values at the plane wave is unknown, the amplitude is assumed to be one and 
the phase zero. Once the weights are found, then they are normalized. 

Solving (3.67) yields weights that produce a very flat amplitude and phase 
field distribution over the plane wave region. In fact, using M = 81 sample 
points in the first quadrant (Figure 3.105) results in weights that produce a 
maximum amplitude variation across the plane wave region of 0.003 dB and 
a phase variation of 0.02°. These amazing results are at a cost, however. 
Unfortunately, the very flat amplitude response in the desired plane wave 
region, but the level is at about -70 dB compared to the +5dB for a uniform 
array. The amplitude of this plane wave would be in the noise level of an 
experimental setup, making this approach impractical. 

The plane wave appears at such a low level because half the array weights 
are out of phase with the other half; in other words, it is a difference pattern 
with a null in the main beam. In the far field, the 1 IR mn terms are replaced by 



196 


LINEAR AND PLANAR ARRAY FACTOR SYNTHESIS 


plane wave region 



first 

quadrant 


array 


Figure 3.105. Plane wave projection. 


a constant 1 IR that can be factored out of the summation. In addition, sym¬ 
metry can be imposed on both the amplitude and phase of the array weights 
in the form of combining symmetric phase terms using Euler’s identity for 
cosine. In the near field, however, R mn is not a constant and the amplitude of 
symmetric phase terms are not the same, so symmetry cannot be imposed. 
Consequently, numerical optimization must be used to find an acceptable 
solution. 

The least squares constraint requires that 


XKl 2 <c 


(3.68) 


where C is a constant. Unfortunately, the Green’s function matrix has a large 
condition number (on the order of 10 10 ), so when the Hermitan matrix is 
formed from the Green’s function matrix, the condition number is even higher 
(on the order of 10 17 ).This condition number invalidates any results obtained 
with double precision arithmetic. Thus, another approach is needed for this 
planar array configuration. 

Consider a 6 x 6 element transmitting array with elements arranged in a 
square lattice with spacings d x - 1.0A and d y = 1.0A. These large spacings reduce 
mutual coupling effects, making the point source model a better approxima¬ 
tion to reality. Optimized spacings [81] were on the order of a wavelength or 
larger. The desired 4A x 4A plane wave region is Zo = 10A away from the trans¬ 
mitting array. This distance is much less than the far field at R ff = 64A. Moving 
this plane wave region to Rff = 64A would result in a phase variation of 22.5° 
and amplitude variation of 0.33 dB. The plane wave region at Zo = 10A has a 
maximum phase deviation of 60° and a maximum amplitude variation of 
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8.6 dB. These variations exceed the IEEE standard and are unacceptable for 
most measurements. 

The cost function used for the genetic algorithm optimization of the plane 
wave generator is given by 

y I max ZE m - min ZE m I | max | E m | - min \E m \ ^ 

| n I max|£ m | 

where E m are the complex field samples from the desired plane wave region. 
The first term in the cost function is the maximum phase deviation normalized 
to n. As long as the plane wave area is not too large, this term stays less than 
one. The second term is the normalized maximum field amplitude. These 
terms can be weighted to achieve a desired emphasis on either the field ampli¬ 
tude or phase. In this example, they are weighted equally. 

The continuous parameter genetic algorithm used a population size of 80 
with 1% mutation rate, 50% crossover rate, and single-point crossover. The 
amplitude and phase weights for the elements in one quadrant of the array 
are shown in Table 3.9. The maximum field amplitude variation across the 
desired plane wave region is 0.75 dB as seen in the contour plot of Figure 3.106. 
The maximum field phase variation across the desired plane wave region is 
32.4° as seen in the contour plot of Figure 3.107. These field variations are a 
significant improvement over the same field variations due to a uniform array. 


3.8. INTERLEAVED ARRAYS 

Placing multiple antennas in the same area is important when space is limited 
as on a satellite. Antenna arrays that occupy the same area are called shared 
or common apertures. In these arrays, groups of elements dedicated to differ¬ 
ent frequencies or functions are interleaved, interlaced, or interspersed within 
the same aperture. 

Interleaving elements dedicated to different feed networks have been suc¬ 
cessful in many applications. Random interleaving of elements in adjacent 
subarrays disrupt the grating lobes that result when only one phase shifter per 
subarray is used to steer the beam. Randomly assigning elements to subarrays 
reduces the peak sidelobe level. Interleaved arrays of waveguide radiators 
operating at different frequencies have been built [82], An aperture with three 
arrays of interleaved elements operating in the L, S, and C bands was success¬ 
fully built and measured to demonstrate the feasibility of interleaving three 
arrays on the same aperture [83]. A dual-band phased array using interleaved 
waveguides (C band) and printed dipoles on a high dielectric substrate (S 
band) has been developed. The element spacings for both arrays were equal, 
so no grating lobes formed in either band [84], A phased array antenna with 
interleaved waveguide elements and wideband tapered elements was shown 
to operate over at least three frequency bands [85]. A dual-band/ 
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array#1 — —--• • --- - 

two optimized interleaved arrays 
array#2-- ----— .. 

array# 1 

two interleaved uniform arrays with spacing 2d 
array*2. 

array#1- 

two uniform arrays with spacing d 
array#2 - 

Figure 3.108. Two arrays occupying the same aperture size. The bottom arrays are two 
30-element uniformly spaced arrays placed side by side (d = 0.5A). The center two 
arrays have every other element turned on resulting in two arrays with d = 0.5A. The 
top two arrays were optimized to create the lowest maximum sidelobe. 


dual-polarization array had an interleaved cross-dipole radiator and a cavity- 
backed disk radiator in the same lattice structure [ 86 ]. Most interleaved arrays 
consist of multiple arrays operating at different frequencies. 

There are several ways to have two arrays operating at the same frequency 
share the same aperture. Placing one array on the left side of the area and the 
other array on the right side of the area does not make use of any interleaving 
(bottom of Figure 3.108). The array factor of these arrays with N = 30 is shown 
in Figure 3.109 for d = 0.5A. Another approach interleaves the two arrays with 
every other element feeding one array and the remaining elements feeding 
the second array. The pattern of one of the arrays having d = 1.0A is in Figure 
3.109. The side-by-side arrays have the advantage of lower average sidelobe 
levels while the every other element interleaved arrays have the advantage of 
narrower beamwidth. Each array in the aperture has 17 , = 0.50, but the whole 
aperture has 77 , = 1 . 00 . 

A genetic algorithm can optimize the interleaving of two antisymmetrically 
thinned arrays to minimize the maximum sidelobe level [87], When one array 
has an element on/off, the other array has it off/on, so the amplitude weights 
for the first array are represented as 


w = [wi, iv 2 ,..., w N , 1 - w N ,..., 1 - w 2 ,1 - w x ] (3.70) 


and those for the second array are expressed as 


(3.71) 


The genetic algorithm found the optimum thinning configuration for a 60- 
element array shown at the top of Figure 3.108, and the pattern of one of these 
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Figure 3.109. Array factor for an optimized fully interleaved array is compared to the 
array factors for a side-by-side array (d = 0.5/1) and every other element interleaved 
array (d = 1.0A) when there are 60 total elements with 30 turned on. 


arrays is the solid line in Figure 3.109. Adding w to w' yields a vector of all 
ones which implies r) ap = 100% with each array having r\ ar - 50%. The sym¬ 
metry associated with w and w' ensures that 50% of the elements will be 
turned on in each array. The arrays have nearly the narrow beamwidth of the 
full aperture and has the same peak sidelobe level of a uniform array. The 
resulting arrays are a compromise between the side-by-side uniform array and 
the every-other element interleaved array. 

Example. Find the interleaved configuration that yields the lowest maximum 
sidelobe level for two 10-element arrays with d = 0.5A. 

A genetic algorithm optimized the interleaved arrays to get the following 
weights: 


w = [11111111101000000000] 

The maximum sidelobe level of the optimized array factor in Figure 3.110 is 
-14 dB. 

A thinned sum array has the highest density of elements turned on in the 
center corresponding to the desired low sidelobe amplitude tapers. A low- 
sidelobe thinned difference array has few elements turned on in the center. 
Both arrays have less “on” elements near the edges. Using the elements turned 
“off” in an optimally thinned sum array to create a thinned difference array 
does not result in an acceptable difference pattern [87], 
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Figure 3.110. Array factor associated with two 10-element interleaved arrays. 



Figure 3.111. Sum array factor due to interleaved thinned sum and difference arrays. 


If the thinned difference array has elements turned off then the sum array 
or b„ - 1 - a„. A genetic algorithm found the thinning arrangement that results 
in the minimum maximum sidelobe level for both array factors results in an 
array having the patterns shown in Figure 3.111 and Figure 3.112. The patterns 
are normalized to their respective peaks. The peak sidelobe level of the sum 
pattern is 12.68 dB below its main beam, and the peak sidelobe level of the 
difference pattern is 12.5 dB below its main beam. The sum array has T] ar = 0.48 
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Figure 3.112. Difference array factor due to interleaved thinned sum and difference 
arrays. 


and the difference array has tj ar = 0.52. The entire aperture is 100% efficient, 
so optimum use is made of the available space. 


3.9. NULL SYNTHESIS 

Earlier in this chapter, the z transform was used to move nulls to get low 
sidelobes and place nulls in the array factor at desired angles. That approach 
does not take into account the distortion to the array factor caused by the null 
placement. In this section, the null placement is done with minimal distortion 
to the array factor [88]. 

Element weights can be found that place nulls at M locations in the array 
factor. Assume that the new weights are given by 


w n = a n + A„ (3.72) 

where a n is the amplitude taper and A„ is the complex weight perturbation that 
causes the nulls. Substituting (3.72) into the equation for a linear array factor 
results in a nulled array factor that is the sum of the quiescent array factor 
and a cancellation array factor. 

ta n e ikx " u + 

quiescent pattern cancellation pattern 


(3.73) 
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There are an infinite number of combinations of w„ that result in nulls in the 
M desired directions. Writing (3.73) in matrix form results in 

AW = B (3.74) 


where 

a N e lkx " u ' ' 
a N e ikxml 

\ja x e ikx ' UM a 2 e ikxiUM ■■■ a N e‘ kXNUM _ 

W = [ A, A 2 ••• A n ] t 

B = ~[t*a*e*** i a " eikX " U1 I a n e ikx "™^ 


a x e ikxw a 2 e ikxiu ' • • • 
a 1 e’ kxm a 2 e jkxiu2 ■■■ 


Since (3.74) has more columns than rows, finding the weights requires a least 
squares solution in the form [89] 

W = A\AA')-'B (3.75) 

Example. A 40-element array of isotropic point sources spaced A/2 apart has 
a 30-dB, n = 1 Taylor taper. Plot the array factors and cancellation beam for 
a null at 61°. The adapted array factor is very close to the quiescent pattern 
(Figure 3.113), except near the nulls. Note that the cancellation pattern equals 
the height of the quiescent patterns where the nulls occur. The cancellation 
beam has the same Taylor taper as the quiescent pattern. The low sidelobes 
of the cancellation beam ensures that the pattern away from the null is mini¬ 
mally perturbed. 

Example. Repeat the last example for nulls at 13° and 61°. 

Figure 3.114 shows that both nulls are placed with little perturbation to the 
pattern except for the sidelobes on either side of the nulls. 

Ideally, the quiescent pattern should be perturbed as little as possible when 
placing the nulls. The weights that produce the nulls are [90] 


- £ YmC„e >' 


(3.76) 


where y m is the sidelobe level of the quiescent pattern at u m and c„ is the 
amplitude taper of the cancellation beam. When c„ = a„, the cancellation 
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Figure 3.113. Adapted array factor with quiescent and cancellation pattern for 
a null at 61°. 


0i-i— 



Figure 3.114. Adapted array factor with quiescent and cancellation pattern for nulls 
at 13° and 61°. 


pattern looks the same as the quiescent pattern. When c„ = 1.0, the cancella¬ 
tion pattern is a uniform array factor and is the constrained least mean square 
approximation to the quiescent pattern over one period of the pattern. The 
nulled array factor can now be written as 
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Figure 3.115. Adapted array factor with quiescent and weighted cancellation patterns 
for nulls at 13° and 61°. 


X w n e ikx " u = X ane ,kXnU - X 7m X a n e ikx " {u - Um) (3.77) 

Equation (3.77) works because the cancellation beams are orthogonal: When 
cancellation pattern m has a peak at u m , all the other cancellation patterns 
have nulls. 

Example. Repeat the previous example using both uniform and weighted 
cancellation beams. 

The weighted cancellation beam (Figure 3.115) causes the sidelobes to 
become higher on either side of the null more than the uniform cancellation 
beam, because the uniform cancellation beam has a narrower beamwidth.The 
uniform cancellation beam (Figure 3.116) raises the sidelobe level in other 
places more than the weighted cancellation beam, because it has higher sid¬ 
elobe levels (look at ±90°). 

This procedure extends to phase-only nulling. When the phase shifts are 
small, then ® 1 + j<p n , and the array factor can be written as [91] 

X w n e ikx " u = X a n e jS ”e’ kx " u ~ X fl„( 1 + jS n )e ikx " u = X + j X a n 8 n e ikx " u 

(3.78) 


Using Euler’s identity, (3.78) is written as 
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Figure 3.116. Adapted array factor with quiescent and uniform cancellation patterns 
for nulls at 13° and 61°. 

X <2„<5„[cos (kx„u m ) + j sin ( kx n u m )] e ihc "“ -jY, ««[cos (kx„u m ) + j sin ( kx n u m )] 

(3.79) 

Equating the real and imaginary parts of (3.79) leads to 

X a„S n sin ( kx n u m )e /kx " u = X a n cos ( kx n u m ) (3.80) 

X a n 8 n cos {kx n u m )e ikx " u = a n sin(fcr„M m ) = 0 (3.81) 


Now, (3.80) is in the form that can be solved via (3.75). 

Example. A 40-element array of isotropic point sources spaced A/2 apart has 
a 40-dB, n = l Taylor taper. Plot the array factors and cancellation beams for 
nulls at 13° and 61°. Use phase-only nulling. 

Figure 3.117 is a plot of the quiescent, nulled, and cancellation patterns. 
Phase-only nulling with minimal weight perturbations results in cancellation 
beams with peaks at symmetric locations about the main beam [92], A null is 
placed in the pattern at the desired location, while the pattern increases at the 
symmetric location. Note the higher sidelobes at -13° and -61°. Consequently, 
this approach cannot place nulls in symmetric locations in the array pattern. 
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Figure 3.117. Adapted array factor with quiescent and uniform cancellation patterns 
for nulls at 13° and 61°. 


Larger phase shifts that cause greater pattern distortion are required to place 
symmetric nulls in the array patterns [93]. 

A monopulse phased array has separate sum and difference channels. If 
each channel has a low-sidelobe taper as shown in Figure 3.118, then the 
shared phase shifters (and amplitude weights) can be used to simultaneously 
place nulls in the sum and difference patterns. The matrixes in (3.74) are now 
written as [94] 


’a 1 e ikxm ■■■ 

a N e ik *»“' ' 

aie ikxw M ... 

a N e ,kXNUM 

b l e‘ kx ' u ' 

b N e ikx " u ' 


b N e ikXNUM 

[Aj A 2 ••• 

A„r 

r N 

N 

-j\ 

L/i=l 

■■■ I ]a n e> 


Phase-only nulling requires further simplification as noted in (3.79). 
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Figure 3.118. Diagram of an array with low-sidelobe sum and difference channels. 



Figure 3.119. Sum pattern quiescent, nulled, and cancellation patterns for simultane¬ 
ous nulling in the sum and difference patterns. 


Example. A 40-element array of isotropic point sources spaced A/2 apart has 
a 30-dB, n = 7 Taylor taper and a 30-dB, n = 7 Bayliss taper. Plot the array 
factors and cancellation beams for nulls at 13° and 61°. Use simultaneous 
phase-only nulling in the sum and difference patterns. 

Figures 3.119 and 3.120 are the resulting patterns with deep nulls in the 
desired directions. 
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Figure 3.120. Difference pattern quiescent, nulled, and cancellation patterns for simul¬ 
taneous nulling in the sum and difference patterns. 
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4 


Array Factors and 
Element Patterns 


So far, only isotropic point sources have been considered as elements in the 
arrays. This chapter takes a first step toward a more realistic antenna array 
through the introduction of an element pattern with its associated gain and 
polarization. Formulas for the normalized far-field element patterns and direc¬ 
tivity of many common elements are given in this chapter for use with the 
array factor formulas already presented. More complicated antennas require 
the use of a numerical model to calculate the element pattern. Calculating the 
impedance of an element is important in order to determine the bandwidth. 


4,1, PATTERN MULTIPLICATION 

The elements in an actual array are not isotropic point sources. Instead, they 
have directionality that is proportional to their size. They also have frequency, 
impedance, and polarization properties not associated with point sources. 
Normally, the elements in an array are spaced relatively close together, so an 
element is typically no larger than A/2 x A/2 in area in a square lattice. As such, 
the element pattern is too small to have sidelobes. A typical element pattern 
for an array in the x-y plane can be reasonably approximated by cos 9 or sin <p 
or the change in the projected area of the element [1]. 

Element spacing in an array is determined by the distance between phase 
centers of adjacent elements. A point source actually represents the phase 
center of the antenna element, which is the center of a sphere of constant 
phase radiated by the antenna [2], This phase center moves with frequency 
and angle; so in actuality, it only exists for a portion of a sphere at a given 
frequency. 

The directivity of the array depends upon the directivity of the elements in 
the array. Consider a linear array of point sources that lies along the z axis. 
Assume that each point source is the phase center for an element pattern 
given by 


e(0) = sin0 


(4.1) 
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The far-field antenna pattern for this array is 

AP(0) = w x e ‘ kz ' cos8 sin 9 + w 2 e ‘ kz2cos8 sin 9 + w 3 e ikz,cosB sin 9 + • • ■ + w N e > kzNcosS sin 9 

(4.2) 

Since the element pattern is common to all the terms, it can be factored out 
to get 

AP = sin0j>„e'* z " cos8 (4.3) 


which leads to general the formula for any element pattern and array factor: 

AP = Element pattern x Array factor (4.4) 

The directivity formula for an array with an element pattern, e, is 
4x\e(9, <p)AF(9, <p)\ 2 


D = T 


J j|e(0, <j>)AF(9 , <p)\ 2 sin 9d9d<l> 


(4.5) 


Note that e is a vector, because it has polarization, whereas the array factor 
does not. In some cases, (4.5) does not equal the directivity of the array factor 
times the directivity of the element pattern. 

There are several important differences between the antenna pattern and 
the array factor. First, the antenna pattern has a polarization that is deter¬ 
mined by the array elements. Usually, all the elements are oriented in the 
same direction, so the array polarization is the same as a single element. It is 
possible to orient the elements in a way that causes the array antenna pattern 
to have a different polarization from the element pattern. An example of this 
architecture is a 2 x 2 subarray of rectangular patch antennas where each patch 
receives a 90° rotation as shown in Figure 4.1 [3]. In addition, one set of diago¬ 
nal patches that are horizontally polarized receive a 0° phase shift, while the 
other set of diagonal patches that are vertically polarized receive a 90° phase 
shift. A second difference is that the element pattern forms an envelope that 
contains the much faster oscillating array factor. The element pattern enhances 
the array factor in the direction of the element pattern peak and suppresses 
the array factor in direction of element pattern minima. A final difference is 
that element orientation is important, because the element directivity and 
polarization are a function of angle. If the peak of the element pattern points 
in the same direction as the array factor peak, then the array pattern main 
beam is enhanced. If an element pattern null points in the direction of the 
array factor peak, then the antenna pattern has a null in that direction. 

Usually, the array elements have very broad patterns that cannot be steered. 
Thus, the element patterns remain fixed in space. When the peak of the array 
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Figure 4.1. Circularly polarized 4x4 array made from linearly polarized elements. 
Four patches are combined to form a circularly polarized subarray. 



0 (degrees) 

Figure 4.2. Element pattern superimposed on the array pattern and array factor. 


factor and the peak of the element pattern align, then the main beam of the 
resulting antenna pattern is a maximum, while the sidelobes far from the main 
beam are reduced. Figure 4.2 shows the effects of pattern multiplication on 
the resulting normalized antenna pattern. The element pattern is given by 
sin 6. The array factor corresponds to an 8-element array (d = 0.5A) along the 
z axis. When compared to the array factor directivity (9dB), the directivity of 
the antenna pattern increases to 9.29 dB while its sidelobes decrease more 
quickly away from the main beam. When the array factor is steered, the 
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Figure 4.3. Element pattern superimposed on the array patterns when the array factor 
is steered to 90°, 60°, and 45°. The element pattern has a peak of OdB. The array pat¬ 
terns are normalized to the broadside peak. 


element pattern remains stationary. Thus, the product of the array factor and 
main beam changes as the main beam is steered. The effects of the steering 
can be seen in Figure 4.3. Steering the main beam reduces the peak of the 
antenna pattern due to the decrease in the element pattern. The element 
pattern also causes a squint in the main beam away from broadside as can be 
seen in the beam steered to 45° with a standard steering phase of S„ = -kx„u s . 
Thus, a correction to the steering phase for the array factor is necessary to 
make sure that the peak of the antenna pattern points to the desired angle. 

Hertzian dipoles are the simplest antenna elements outside of point sources. 
They are linearly polarized and have a pattern that is proportional to sin 9 
when oriented in the z direction. Placing several of these dipoles in the vicinity 
of each other causes the dipoles to interact. In other words, the dipoles all 
radiate and receive time-varying fields from each other. This interaction is 
called mutual coupling. Although mutual coupling is very important in antenna 
design, we will ignore it until Chapter 6. A first approximation to the electric 
field of an array of Hertzian dipoles is 


N pWn „ 

E = y w n jL z ZI z ksm9 -0 (4.6) 

4 nR n 

We are interested in the relative electric field as a function of angle. Thus, the 
constants can be ignored and the approximation R n ~ r is valid in the denomi¬ 
nator. Also, the R n in the phase term can be approximated as shown in Chapter 
2. The resulting far-field pattern for an array of Hertzian dipoles is 
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(a) (b) 

Figure 4.4. An 8-element array along the x axis with d = A/2, (a) Isotropic point sources, 
(b) z-directed Hertzian dipoles. 


E = Sitl0 jr W gA(*'ism8cos0+y„sin8sin4>+z„cosa)0 


(4.7) 


The sin 6 term is the relative shape of the far-field pattern of the Hertzian 
dipole, and the summation terms are the array factor. 

An 8-element linear array lying along the x axis with d = A/2 has the array 
factor shown in Figure 4.4a. This array factor has no polarization, because 
point sources have no polarization. Its directivity is 9.0 dB. The peak occurs 
at 0 = 90° for all 0. Replacing the point sources with z-directed Hertzian 
dipoles having a directivity of 1.76 dB results in the array factor in Figure 4.4b. 
This antenna pattern is 0-polarized with no radiation in the z direction, because 
the element pattern has a null in that direction. The directivity of this array is 
11.9dB and can be calculated using numerical integration of the array factor 
times the element pattern or the formula [4]: 


/V + 3X(/V-n) ■ 


sin nkd cos nkd sin nkd 
nkd (nkd) 2 (nkd) 3 


If d = A/2, then this formula reduces to 

„ 1.5 N 1 


,V (~1 T(N-n) 


N + 3£ 


n 2 n 2 


(4.8) 


(4.9) 
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z 

1 



(») (b) 


Figure 4.5. An 8-element array along the z axis with d = M2. (a) Isotropic point sources, 
(b) z-directed Hertzian dipoles. 


The directivity of the Hertzian dipole array is 2.9 dB higher than the directivity 
of the array factor, because the Hertzian dipole enhances the array factor main 
beam at 9 = 90° and produces a null at 6- 0°. This example shows that the 
directivity of the array factor times the directivity of the element pattern does 
not have to equal the directivity of the array. In fact, in this case, the directivity 
of the element times the directivity of the array factor is less than the directiv¬ 
ity of the array. 

If the same z-directed Hertzian dipoles were placed along the z axis instead, 
would the directivity and antenna patterns be different? The answer is yes. 
An 8-element linear array lying along the z axis with d = M2 has the array 
factor shown in Figure 4.5a. Like the point source array along the x axis, this 
array has no polarization. Its directivity is also 9.0 dB. The peak occurs at 
6 = 90° for all </>. The array factor is identical to Figure 4.4a, except turned on 
its side. Replacing the point sources with z-directed Hertzian dipoles changes 
the array factor to look like Figure 4.4b. The antenna pattern is 0-polarized 
with no radiation in the z direction and has a directivity of 9.2 dB calculated 
using numerical integration or the formula [4]: 


D = 


1.5 N 2 


N-6*£(N-n) 


cos nkd 
_ (nkdf 


sin nkd 
(nkdf . 


(4.10) 


If d = M2, then this formula reduces to 
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D = 


N -ei 


1.5 N 2 

' (-1 T(N-n) 


ntv 


(4.11) 


This pattern does not differ much from its array factor, so it has nearly the 
same directivity. 

Even though the Hertzian dipole array in Figure 4.4 has the same number 
and type of elements as the Hertzian dipole array in Figure 4.5, its directivity 
is 2.7 dB higher. Unlike with point sources, the orientation of the element 
relative to the array has a significant effect on the directivity and antenna 
pattern of the array. 

Example. Calculate the antenna pattern for a 1 x 8 array of z-oriented 
Hertzian dipoles along the x axis with element spacing A. Repeat the example 
for z-directed Hertzian dipoles along the z axis. 

Figure 4.6a shows the antenna pattern for the array along the x axis. The 
main beam is narrow in the x-y plane. The grating lobes point along the x 
axis. A null occurs in the main beam along the z axis. The directivity is reduced 
to 10.4 dB from Figure 4.4 due to the formation of two grating lobes at 0 - 90° 
and 0 = 90° and 270°. Figure 4.6b shows the antenna pattern for the array 
along the z axis. The main beam is omnidirectional in the x-y plane. Grating 
lobes do not appear at 6 = 0° and 180°, because the element pattern has 
nulls in the z direction. The directivity is 11.7dB. In this case, the array along 
the z axis has a greater directivity than the array along the x axis, because the 
element pattern nulls cancel the grating lobes at 6 = 0° and 180°. Steering the 



Figure 4.6. An 8-element array of z-directed Hertzian dipoles with d = A. (a) Along 
the x axis, (b) Along the z axis. 
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Figure 4.7. An 8-eiement array of z-directed Hertzian dipoles with d = ?J2 along the 
x axis. The beam is steered to (j>= 90°, 45°, and 30°. 


main beam would cause the grating lobes to appear, because they would move 
out of the element pattern nulls. 

The main beam of the array in Figure 4.4 can be steered to an angle <p s in the 
x-y plane. Figure 4.7 shows the //-plane cut of the beam steered to <p = 90°, 
60°, and 45°. Even though the element pattern is omnidirectional in the x-y 
plane, the peak of the main beam decreases, because the projected area of the 
rectangular area containing the dipoles decreases. As a result, the directivity 
decreases from 11.9dB at <p = 90° toll.OdB at <j> = 60° and to 10.3 dB at 0 = 45°. 
Figure 4.8 shows the E plane cut of the main beam of the Hertzian dipole 
array in Figure 4.5 steered to <j) = 90°, 60°, and 45°. The element pattern direc¬ 
tivity decreases with decreasing 0,but the antenna pattern decreases only from 
9.2dB at </> = 90° to 9.1 dB at 0 = 60° and to 9.0dB at <j> = 45°. 


4.2. WIRE ANTENNAS 

Hertzian dipoles and small loops serve as building blocks for larger wire anten¬ 
nas that have more directivity and are easier to match to the feed network. 


4.2.1. Dipoles 

Unlike Hertzian dipoles, long dipoles have current variations along the wire, 
so the constant current approximation is not valid. Since the dipole is nar¬ 
rowband and a standing wave exists along the wire, the current can be reason- 
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Figure 4.8. An 8-element array of z-directed Hertzian dipoles with d = A/2 along the 
z axis. The beam is steered to 0 = 90°, 45°, and 30°. 


ably represented by a sinusoiod. Substitute I{z) = I z sin[k(L z / 2 ± z’)] into the 
equation for the magnetic vector potential to get 


A f z sin[k(L z /2± Z ')]e~ ikR 
l 4 kR 


dz' 


(4.12) 


Begin solving this integral by breaking it into two parts and approximating the 
denominator by R = r and the numerator by R — r - z'cos 9. 


A = ~r | j sin [k{L z /2 - z')} e-> k *'™ e dz’ + J sin [k(L z /2 + z')] e~’ k ^ B dz'\ 

(4.13) 

Performing the integrations and simplifying results in 

/ e -jk(r-z'cos0) 

A = ~ a , . 2n {jcosesm[k(L z /2 + z))-cos[k(Lj2 + z))} (4.14) 

4nrksm 9 

Next, the normalized electric field can be found from A z 


co S [!fcos9ycos(kL z /2) 


(4.15) 


When L z = A/2, then the directivity is 1.64 or 2.1 dB. 
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Figure 4.9. Hexagonal array with dipole elements in a square lattice. (Courtesy of the 
National Electronics Museum.) 


Figure 4.9 is a hexagonal array of dipoles in a square lattice. This array was 
part of the Molecular Electronics for Radar Applications (MERA) project 
started by the U.S. Air Force (USAF) in 1964 as an exploratory development 
effort to examine the concept of implementing an X band all solid-state 
radar [5]. 

Example. Find the normalized electric field of a half-wavelength dipole. 

Substituting L z = A/2 into (4.15) results in 

^ cosQrcosflHl (4.16) 

sin© 

The input impedance of a dipole is a function of its length and diameter 
and is derived in Chapter 6. For a thin, resonant dipole that is slightly less 
than A/2 long, the input impedance is about 73 Q. 

Crossed dipoles are frequently used to create an element with polarization 
diversity. One dipole controls the electric field parallel to it, and the orthogo¬ 
nal dipoles control the electric fields parallel to them. Varying the amplitude 
and phase of the signal at each dipole modifies the electric field amplitude and 
phase in orthogonal directions resulting in any polarization from linear through 
elliptical to circular [6], The relative amplitude and phase of the two dipoles 
also determines its gain pattern. 
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In order to find the directivity and polarization of the crossed dipoles, the 
electric fields are calculated from the currents on the dipoles. If the dipoles 
are assumed to be short ( L x and Ly « A), then the crossed dipole current is 
the sum of the constant currents on each short dipole. 

I(r') = I x x + I y y (4.17) 

Substituting this current into the equation for the magnetic vector potential 
for a short dipole yields 


A = 


~(I x L x x+I y L y y) 


(4.18) 


where r is the distance from the origin to the field point at (x, y, z), L xy is the 
dipole length in the x and y directions, and I xy is the constant current in x and 
y directions. In the far field, the electric field in rectangular coordinates is 
found from the magnetic vector potential by 

E = -jet) A (4.19) 

The transmitted electric field is given by 

E = -j^—-( Ix L x x + I y L y y) 


Converting this rectangular form of the electric field into spherical coordinates 
produces the relative far-field components [7] 


E g = I X L X cos 6 cos (p + I y L y cos 9 sin (p 
E v = -I x L x sin (p + I y L y cos (p 


The directivity is given by 


D(9, (p) = An 


\E e (6, (p)\ 2 +\E V (9, <p)f 
\l n \l[\Eg{6, <p)\ 2 +| E,(0, <p)| 2 ]sin OdOdcp 


(4.20) 

(4.21) 


(4.22) 


If the polarization of the incident wave is written in spherical coordinates, then 
the polarization loss factor is [7] 


PLF = 




E„, E vr 

4e{+e i, Jei + e* 


(4.23) 


where 0 < PLF < 1 with PLF = 1 a perfect match. The t and r subscripts 
represent transmit and receive, respectively. 
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Example. Calculate the currents needed to produce linear and circular polar¬ 
ization for crossed dipoles. 

The results are shown in the following table: 


Polarization I x 


Linear x 1 

Linear y 0 

Linear 45° 1 

Circular RH 1 

Circular LH 1 


l y 

0 

1 

1 


j 

-j 


The High-Frequency Active Auroral Research Program (HAARP) con¬ 
ducts upper atmospheric research in Alaska [8]. The HF transmitter delivers 
3.6 MW to a rectangular planar array of 180 crossed dipole elements pointing 
at the sky. The transmitted signal is partially absorbed in a small volume a few 
hundred meters thick and a few tens of kilometers in diameter at an altitude 
between 100 and 350km (depending on operating frequency). Observations 
provide new information about the dynamics of plasmas in the ionosphere and 
new insight into solar-terrestrial interactions. Figure 4.10 is a picture of the 
HAARP transmit array laid out in a square grid. A tower holds each pair of 
crossed dipoles above the earth. The crossed dipoles permits control over the 
polarization of the transmitted signal. 

A monopole is one arm of a dipole antenna placed orthogonal to a ground 
plane. The ground plane acts like a mirror and forms an image of the arm, 
thus creating a complete dipole. If the ground plane is infinite, the element 
pattern only exists when 0 < 0 < 90°. A monopole above an infinite, perfectly 
conducting ground has a normalized element pattern given by 

e(0) = sin0, 0 < 0 < 90° (4.24) 

The quarter-wavelength monopole above an infinite ground plane has a direc¬ 
tivity of D = 3.28 at 0 = 90°. The input impedance of a monopole is about half 
that of a dipole [9]. Decreasing the size of the ground plane causes the peak 
of the directivity to decrease in angle from 0= 90° [10]. Monopoles are used 
in AM and FM broadcast antenna arrays. A three element broadcast array is 
shown in Figure 4.11. 

An alternative to modifying the element weighting or spacing to obtain low 
sidelobes is to individually rotate the elements [11]. Rotating the elements 
changes the gain and polarization of the element pattern in a given cut of the 
antenna pattern. The change in gain can be accounted for in the element 
pattern, but the polarization must be taken into account by multiplying 
by the element polarization. For instance, a uniform array of dipoles in 
the x-z plane that are tilted from the z axis have an array far-held pattern 
given by 
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Figure 4.10. Photograph of the HAARP array of crossed dipoles. (Courtesy of 
HAARP.) 



Figure 4.11. Photograph of a 3-element broadcast array in Altoona, PA. 



WIRE ANTENNAS 229 



Figure 4.12. Orientation of the dipoles in a 3-element array. 


FF(6, <p) = J X (Ocos0,„ tn + 4>sme m ^)e m je, <* e] 

(4.25) 

The rotation of the elements is demonstrated with the four center elements 
of a linear dipole array in Figure 4.12. The two center elements are oriented 
to receive d polarization. Elements at symmetric locations about the center of 
the array are mirror images of each other. Currents for the co-polarization all 
flow in the same direction and add in phase. The cross-polarized currents, on 
the other hand, flow in opposite directions in order to place a null in the cross¬ 
polarization pattern at boresight. 

Assume that a linear array of dipoles lies along the x axis and in the x-z 
plane. The primary cut for the array antenna pattern is in the x-y plane. If the 
dipoles are parallel to the z axis, then the element pattern in the x-y plane is 
isotropic (ignoring mutual coupling), and the polarization is 0. If the dipoles 
are parallel to the x axis, then the element pattern in the x-y plane is cosine¬ 
shaped and the polarization is Tilting the dipole from the z-axis transitions 
its element pattern in the x-y plane from isotropic to cosine. The variations 
of the gain patterns due to element tilt alone provides some control over the 
amplitude of the signal received by an element from an off-boresight angle. 
The polarization of the rotated element plays an important role in determining 
the strength of the received signal. The power received by an element is mul¬ 
tiplied by a polarization efficiency to account for the polarization mismatch 
between an incident wave and an antenna’s receive polarization. Figure 4.13 
shows the 0-polarization gain patterns for a dipole rotated 0°, 45°, 60°, and 
75° from the z axis. The overall 0-gain decreases with tilt angle. Also, the 
element pattern becomes less isotropic as 0 increases. The change in gain due 
to element rotation should be enough to create a low-sidelobe taper for a 
given cut of the antenna pattern. 

Figure 4.14a is a diagram of a 10 x 10 dipole planar array in the x-z plane 
with the dipoles parallel to the z axis. The array is 0-polarized with no cross- 
polarized pattern. The element spacing is d x = A/2 and d z = A/2. It has a gain 
of 22 dB with a relative sidelobe level of 13.1 dB. 
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Figure 4.14. A 10 x 10 0-polarized planar array located in the x-z plane, (a) Before 
optimization, (b) After optimization. 


Through the use of a genetic algorithm, the dipole tilt angles were found 
to minimize the maximum sidelobe level. The cost function calculates the co¬ 
polarization and cross-polarization antenna patterns over the range of <j) = 0° 
to 0 = 90° and d = 0° to 9 = 90°. First, the co-polarization maximum sidelobe 
level is found. Second, the maximum of the cross-polarization pattern is found. 
The cost is then the larger of the two values. This results in the co-polarization 
maximum sidelobe level equaling to the cross-polarization maximum gain with 
the main beam oriented at <j> = 9 = 90°. 
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Figure 4.15. Array gain, (a) No optimization, (b) Optimized 0-gain. (c) Optimized 
0-gain. 



Figure 4.16. Diagram of a helical antenna. (Courtesy of ARA Inc. / Seavey 
Engineering.) 

The optimized element rotations in a 10 x 10-element array are shown in 
Figure 4.14b. The gain is 19.9dB with a maximum relative sidelobe level of 
19.4 dB. Figure 4.15a is the 0-polarized gain before optimization and there is 
no cross-polarization. The optimized ^-polarized gain is shown in Figure 4.15b 
with the cross-polarization in Figure 4.15c. Since the currents on the dipoles 
have an x component as well as a z component, the pattern has both 6 and 0 
components. The gain of the optimized array decreased by 2.1 dB, and the 
maximum sidelobe level decreased by 6.3 dB. 


4.2.2. Helical Antenna 

A helical antenna looks like a corkscrew (Figure 4.16). The loops are consid¬ 
ered very small and closely spaced when [12] 

M,e,ix « A (4.26) 

where D hdix is the diameter of loop, d helix is the spacing between loops, and 
/V hdlx is the number of loops. If this condition is met, then the helical antenna 
acts like a monopole with a doughnut-shaped radiation pattern and is said to 
operate in the normal mode [12], where normal means that the maximum gain 
is perpendicular to the axis of the helix. The advantage of a normal mode helix 
is that it behaves like a monopole but is shorter at the same frequency. Its 
radiation resistance is given by 


Z = (25.3/i/A) 2 


(4.27) 
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When the loops and spacing get larger, the helical antenna looks and acts 
like an end-fire array of loop antennas. In an array, the helical antenna radi¬ 
ates in the axial mode (along the axis of the helix) with a peak at 9 = 0°. It 
works best when d Mix ~ A/4 and kD heUx = 2. The normalized electric field radi¬ 
ated by an axial mode helical antenna is [13] 


E(6) = sin 


| Sin(/V helix yr/2) 

I sin(W2) 


(4.28) 


where y/= kd Mix ^cos<t>-l- 
of Aq given by [14] 


. It has a peak directivity at a wavelength 


D = 8 .3 ^ hel .x J^ 0.2217^D helix j^ /2 


(4.29) 


Axial mode helical antennas are elliptically polarized with an axial ratio 
of [12] 


AR = 


2/V he i ix +1 
2/V helix 


(4.30) 


The helical antenna is right-hand polarized when the helix increases in the 
counter clockwise direction when looking from the end toward the feed. The 
helix in Figure 4.16 is left-hand circularly polarized. Figure 4.17 shows a plot 
of the total electric field radiated by a helical antenna with /V helix = 6, 
d heMx = 0.25A, and D he i ix = XJn. The directivity is 9.9dB using (4.29) and 9.8 dB 



N 


Figure 4.17. Total electric field of a helical antenna with /V helix = 6, d hc ,, x = 0.25A, and 

Ohelix = XI K. 
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Figure 4.18. Photograph of a quad helix array. (Courtesy of ARA Inc./Seavey 
Engineering.) 


using numerical integration of (4.28). The input impedance of an axial fed 
helix is [12] 


Z = 140;rZ) helix /A (4.31) 

Helical antennas are frequently used for space communications systems 
where circular polarization is required. Figure 4.18 is a quad helix array 
(ARA/Seavey Model Number 9106-800) that operates from 405 to 450 MHz. 
It has a gain of 18dBic (dB above an isotropic point source with the same 
circular polarization). The array is 157.5 cm 2 and 185.5 cm tall. 

Example. Plot the three-dimensional antenna pattern for for an 8-element 
array of z-directed helical antennas with element spacing A/2 along the x axis. 
The helical antenna has N beiix = 6, d belix = 0.25A, and D he ii X = XI n. 

Figure 4.19 is a plot of the antenna pattern in decibels. The directivity of 
16.3 dB is found by substituting (4.28) into (4.5) and numerically integrating. 
The helical antenna has the advantage of high directivity while still fitting into 
the A/2 element spacing grid. 
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Figure 4.19. Array factor times element pattern (in decibels) for an 8-element array 
with element spacing M2 along the x axis.The element pattern is shown in Figure 4.17. 


4.3. APERTURE ANTENNAS 

An aperture antenna is typically a hole in a waveguide. The hole may be a 
slot in the side or the open end. A horn extends the size of the open end of 
the waveguide in order to increase the gain of an open ended waveguide. The 
input impedance is normally 50 Q. Reflector and microstrip antennas are fre¬ 
quently categorized as aperture antennas as well. The gain of the horn or 
open-ended waveguide can be significantly increased by placing it at the focal 
point of a reflector to create another common type of aperture antenna. 


4.3.1. Apertures 

An LxW rectangular slot lying in the x-y plane (Figure 4.20a) has normalized 
far-field components given by [15] 


Eg = sin 0 


sinX sinY 
Y 


= cos#cos0 


sinX sinY 
Y~ 


(4.32) 


(4.33) 



3 > 
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(a) Rectangular (b) Circular 

Figure 4.20. Slots in the x-y plane centered at the origin, (a) Rectangular, (b) Circular. 



where 


X = -^-sin0cos0 
y = ^sin0sin0 


(4.34) 


The directivity is proportional to the area of the slot in wavelengths squared. 


D 


4nWL 

A 2 


(4.35) 


plot of the total field, E T = jEg+El , radiated by a slot with L = 0.5A and 
= 0.1 A is shown in Figure 4.21. This small slot has a directivity of -2dB. 
Slot elements can be circular as well. A circular slot of radius r c that is lying 
in the x-y plane (Figure 4.20b) with a uniform aperture field has far-field 
components given by 


. J\(kr c sin 9) 

E e = sin0—-- 

kr c sin 6 

(4.36) 

c a , J\(kr c sin 6) 

E t = cos 0 cos 0— 1 -- 

kr c sin 9 

(4.37) 


The directivity is based on the aperture area 
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Figure 4.21. Total electric field of a rectangular slot with a = 0.5A and b = 0.1 A. 


D = 


4 n(jcr c 2 ) 
X 2 


(4.38) 


A plot of the total field radiated by a circular slot with r c = 5A is shown in 
Figure 4.22. Its directivity is 30 dB. 


Example. Find the antenna pattern of a 4-element linear array of reflector 
antennas that have a diameter of 10A. Assume the edges of the reflectors 
touch. 

First approximate the reflector apertures by a uniform circular slot. A 
plot of the three-dimensional directivity pattern appears in Figure 4.22. An 
individual element in the array has a directivity of 30 dB as calculated from 
(4.38). A 4-element array has a directivity of 36dB. In this case, the directivity 
of the element times the directivity of the array factor equals the directivity 
of the array of elements. Figure 4.23 are the E- and //-plane antenna pattern 
cuts for this array. Since the phase centers are separated by 10A, grating lobes 
in the array factor occur at 6 g = ±5.7°, ±11.5°, ±17.5°, ±23.6°, ±30°, ±36.9°, 
±44.4°, ±53.1°, ±64.1°, and ±90°. These angles correspond to every third 
sidelobe rising above its surrounding sidelobes. The element pattern nulls 
occur close to the peak of the grating lobes, thus lowering the peak of the 
grating lobes. 
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Figure 4.22. Total electric field (in decibels) radiated by a lOA-diameter circular 
aperture. 


The Very Large Array (VLA) is a radio telescope in New Mexico built from 
27 dish antennas that are 25m in diameter (Figure 4.24) [16]. Elements are 
placed in a Y-shape as shown in Figure 4.25. The size of the array is regularly 
changed by moving the elements along a railroad track. There are four con¬ 
figurations with maximum width of 36km, 10km, 3.6km, or 1 km. This array 
operates from 73 MHz up to 50 GHz. Table 4.1 lists the frequencies of opera¬ 
tion and the resolutions associated with various configurations of the VLA. 

The impedance of a thin slot antenna can be found from the impedance of 
a complementary dipole using Booker’s relation given by [17] 


Zslo, — 


Zp 2 z 

4Z di p 0le 4 (/?dipole T -^dipole ) 


(^dipole /Ydipole) 


(4.39) 


where Z dipole = /? dipole + jX& lf0 \ e . Thus, when the dipole is capacitive, the slot is 
inductive, and when the dipole is inductive, the slot is capacitive. Lengthening 
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H (degrees) 

Figure 4.23. Principal cuts of the array factor times element pattern (in decibels) for 
a linear array with 4 elements spaced 10A apart along the x axis. The element pattern 
is shown in Figure 4.22. 


Figure 4.24. One reflector element of the VLA. (Courtesy of NRAO / AUI / NSF.) 
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Figure 4.25. Y-shaped VLA configuration. (Courtesy of NRAO / AUI / NSF.) 


TABLE 4.1. Operating Characteristics of the VLA [16] 


Frequency (GHz): 

.075 

.333 

1.5 

5 

8.3 

15 

23 43 

Primary beam (arcmin): 

600 

150 

30 

9 

5.4 

3 

2 1 

Highest resolution 

24.0 

6.0 

1.4 

0.4 

0.24 

0.14 

0.08 0.05 

(arcsec): 









a dipole makes it more capacitive, whereas lengthening a slot makes it more 
inductive. 


4.3.2. Open-Ended Waveguide Antennas 

The metallic rectangular waveguide in Figure 4.26 has a wave propagating in 
the z direction and standing waves in the x and y directions. A propagating 
wave is either TE (transverse electric) with E z = 0 orTM (transverse magnetic) 
with H z = 0. Propagating waves are represented by complex exponential func¬ 
tions, whereas standing waves are represented by trigonometric functions. The 
wave vector has x, y, and z components and they are related by 


k 2 = k 2 x +k 2 + k 2 

The wavenumber in the x direction is given by 


(4.40) 
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z 

Figure 4.26. Rectangular waveguide. 


and the wavenumber in the y direction is given by 



The propagating wave constant is found from (4.40) 



(4.42) 


(4.43) 


In order for a wave to propagate, k z must be real. If it is imaginary, then the 
wave is evanescent. In other words, it has an exponential decay as it travels 
down the waveguide. The apparent wavelength of the propagating wave in 
the z direction is A, or more commonly referred to as the waveguide wave¬ 
length, A g . Waves will propagate whenever (4.43) is greater than zero. 


IvHf ) 1 


(4.44) 


This occurs when the frequency exceeds the cutoff frequency found from 

(4.44). 


fcmn 



(4.45) 


When/>/ cm „, then the wave propagates in the z direction; otherwise the wave 
attenuates in the z direction. 
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The normalized electric fields in the waveguide for a TE wave have a two- 
dimensional Fourier series representation given by 

E x {x,y,z) = cos k x x sin k y ye~ jkzZ 
E y {x, y, z) = - sin k x x cos k y ye~’ klZ 

and for the TM wave we have 

E z (x, y,z) = sin k x x sin k y ye~’ kzZ 

E x (x,y,z) = -j cos k x x sin k y ye~ jkzZ (4-47) 

E y (x, y, z) = -j sin k x jccos k y ye~' k,z 


Example. Consider a length of air-filled copper X-band waveguide, with 
dimensions a = 2.286 cm, b = 1.016 cm. Find the cutoff frequencies of the first 
few propagating modes. 

The cutoff frequencies are found from (4.45). 


Mode m n f cmn { GHz) 


TE 

1 0 

6.562 

TE 

2 0 

13.123 

TE 

0 1 

14.764 

TE,TM 

1 1 

16.156 

TE,TM 

1 2 

30.248 

TE,TM 

2 1 

19.753 

The TE 10 mode is the dominant mode in the rectangular waveguide, since 
it has the lowest cutoff frequency. It has a normalized electric field at the 

opening given by 

£ ’= sin (t)'’*" 

(4.48) 


The expressions in (4.32) and (4.33) only apply when the field in the aperture 
is uniform. For the case when the aperture field is given by (4.48), the normal¬ 
ized far field expressions for the open-ended waveguide are [15] 


„ . , cos X sin Y 

b e = sm<b -=--- 

{n/lf-X 2 Y 

(4.49) 

„ _ . cos X sin Y 

E d = COS 0 COS 0- r--- 

(*/2 f~X 2 Y 

(4.50) 


where X and Y are given by (4.34). The directivity of the open-ended wave¬ 
guide is [15] 
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D= 324/r(fl6) ( 4 . 51 ) 

Figure 4.27 is a plot of the antenna pattern for an 8 x 8 element planar array 
of open-ended waveguides operating in the TEi 0 mode. The directivity is 
20.5 dB which is less than the directivity of the element pattern times the array 
factor (4.1 dB + 18.6dB = 22.7dB). The beamwidth is smaller and there are 
more sidelobes in the x direction compared to the y direction, because the 
waveguides in the x direction are 0.763A wide while in the y direction they are 
0.34A wide. Thus, the element spacing in the x and y directions equals the 
width of the waveguide in those directions. A uniform aperture the same size 
as this array has a directivity of 23.2 dB. 

Example. Plot the antenna pattern in Figure 4.27 with the beam steered to 
(0 S ,0 S ) = (3O°,O°). 

Figure 4.28 shows the pattern. The directivity is reduced to 20.5 dB due to 
the emergence of the grating lobe at ( 0,<j>) = (53°, 180°). 

Open-ended waveguides are almost never used in an array except for a 
small array feeding a reflector antenna. As an example, Figure 4.29 shows a 



Figure 4.27. Array factor times the element pattern (in decibels) of an 8 x 8 element 
planar array of open-ended waveguides. 
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Figure 4.28. Antenna pattern in Figure 4.27 when steered to (0 S , 0 S ) = (30°, 0°). 



Figure 4.29. Waveguide feed for the RARF. (Courtesy of the National Electronics 
Museum.) 


4-element waveguide feed for the RARF (Reflected Array Radio Frequency) 
used in AN/APQ-140 Radar [18]. 

Circular waveguides are also used as elements in arrays. The Electronically 
Agile Radar (EAR) had 1818 circular waveguide elements [19]. A ceramic 
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Figure 4.30. The EAR with a blowup of the element/phase shifter module. (Courtesy 
of the National Electronics Museum.) 


loaded circular waveguide element connected to a phase shifter is inserted 
into each circular waveguide hole in the array backplane (Figure 4.30). 


4.3.3. Slots in Waveguides 

Slots are placed in the waveguide walls in order to couple a small portion of 
the fields in and out of the waveguide. Slot resonance (susceptance equals 
zero) is a function of the slot size and occurs when 2 L + 2W ~ A[22], As with 
a dipole, increasing the slot width increases the bandwidth of the slot. Slot 
admittance is a function of the placement of the slot on the waveguide. Slots 
can be on either the broad or narrow walls and are positioned to have the 
desired admittance which in turn causes the field radiated by the slot to have 
the desired amplitude and phase. The admittance or impedance of a slot 
depends upon its displacement from the centerline (A) and its tilt (£) as shown 
in Figure 4.31. The narrow wall of a rectangular waveguide is too short for a 
rectangular resonant slot, so either a different slot shape that fits on the wall 
must be used (like the barbell shape in Figure 4.31), or the slot extends into 
the broad wall of the waveguide. Examples of the two most commonly used 
slots in array antennas are shown in Figure 4.32. The field at the slots in the 
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Figure 4.31. Slots in a rectangular waveguide. 



(a) (b) 


Figure 4.32. Examples of slots in a rectangular waveguide, (a) Offset longitudinal slots 
in the broad wall (AN/APG-68 radar antenna), (b) Inclined slots in the narrow wall 
(AWACS antenna). (Courtesy of the National Electronics Museum.) 


broad wall of the waveguide in Figure 4.32a are controlled by the element 
offset, A, from the centerline. The field at the slots in the narrow wall of the 
waveguide in Figure 4.32b are controlled by the element tilt, £. Note that the 
tilted slot in the narrow wall wraps around the edge so that there is a small 
notch in the top and bottom broadside walls as seen in Figure 4.33. A long 
slot at the center of the broad wall or a vertical slot in the side wall does not 
radiate. Longitudinal slots in the broad wall of the waveguide have negligible 
cross-polarization. Slots have a cross-polarization component when £ * 0. 
Longitudinal slots are not used in the side wall, because the admittance and 
power radiated cannot be controlled by changing their position in the y direc¬ 
tion. Crossed slots radiate circular polarization if placed properly. 
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Figure 4.33. Tilted slot in the narrow wall of a rectangular waveguide. (Courtesy of 
the National Electronics Museum.) 


A resonant waveguide array is shorted on one end and fed on the other so 
that a standing wave results as shown by the current distribution (dark is 
higher amplitude) on a rectangular waveguide in Figure 4.34. The null (white 
spot) in the center of the broad wall occurs A/4 behind the short. Slots should 
be placed such that they disturb the current distribution in such a way as to 
cause radiation. The current flow on both sides of the slot should be in the 
same direction. The first slot is placed at either A g /4 or A g /2 behind the wave¬ 
guide termination. 

At ( x , y, z ) = (fl/2, b, Xgl 4) a null occurs in the standing wave (first white 
spot on top of the waveguide in Figure 4.34). Placing the center of a resonant 
slot at x = fl/2 with its long side parallel to the z direction does not disturb the 
current flowing on the waveguide (Figure 4.35a). Rotating this slot to £ = 30° 
while keeping the slot center at x = all does not perturb the standing wave 
currents, so the slot does not radiate (Figure 4.35b). Moving the slot in the x 
direction causes a disruption of the current flow and the standing wave result¬ 
ing in radiation. Figure 4.35c shows the slot at A = 0.1A, and Figure 4.35d shows 
the slot at A = 0.2A. Increasing A increases the power radiated by the slot. 
When the slot in the broadside wall that is parallel to the z axis is placed A t ,/4 
behind the short, the power radiated by the slot is a function of A. Consequently, 





Figure 4.35. Currents on a rectangular waveguide when the slot is XJ4 from the short, 
(a) A = 0, f = 0. (b) A = 0, f = 30°. (c) A = 0.1 A, £ = 0. (d) A = 0.2, f = 0. 
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the elements near the center of a low-sidelobe array have a larger A than the 
elements near the edges. 

At (x, z) = (a/2, A/2), a peak occurs in the standing wave. Placing the center 
of a resonant slot at x = a/2 with its long side parallel to the z direction does 
not disturb the current flowing on the waveguide, even though the current is 
at a peak, because the slot is so thin and the current is flowing in the z direc¬ 
tion (Figure 4.36a). Rotating this slot to f = 30° while keeping the slot center 
at x = a/2 disrupts the current flow and causes radiation (Figure 4.36b). Moving 
the slot in the x direction produces little disturbance to the standing wave 
currents, thus no radiation (Figure 4.36c). Figure 4.36d shows the slot at 
£ = 90° and blocking the flow of current in the z direction. When the slot is 
placed at A/2 behind the short, the power radiated by the slot is a function 
of C 

Shunt slots interrupt the transverse currents (J x and J y ) and can be repre¬ 
sented by a two-terminal shunt admittance. Series slots interrupt J z and can 
be represented by a series impedance. If a slot interrupts all three current 
components, then a Pi or T impedance network represents it. The following 
formulas were derived by [21][22][23]: 



Figure 4.36. Currents on a rectangular waveguide when the slot is XJ2 from the short, 
(a) A = 0, £ = 0. (b) A = 0, £= 30°. (c) A = 0.2, £= 0. (d) A = 0, £ = 90°. 
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Longitudinal slot in broad face (shunt): 


gs = 


nX 

2X~ g 



Slot in narrow face (shunt): 


30X 3 Xg 

sin f cos j 

'"jcAsinf'I 

v 2A g J 

' 73na 3 b 

. ‘-1 

( Asin^V 


Traverse slot in broad face (series): 


_ 0.131A 3 ~ 
abX g 


/ (C)sinC + 


X g I + (Q cosC 
2 a 


(4.52) 


(4.53) 


(4.54) 


where g s is the normalized slot admittance, r s is the normalized slot resistance, 
A is the offset from waveguide centerline, 



^ ± = T Lcos ^ ± T' sin ^ 

X g 2 a 


and £ is the slot tilt angle (Figure 4.31). 

The radiation pattern of a thin slot is the same as a dipole except it has the 
orthogonal polarization. A horizontal slot has vertical polarization, while a 
vertical slot has horizontal polarization. 

Figure 4.37 is the 548-element planar array of slots used for the APG-68 
radar system [24]. The elements are longitudinal slots in the broad side of the 
rectangular waveguide. The AN/APG-68 radar is a solid-state medium range 
(up to 150km) pulse-Doppler radar designed for the USAF F-16. 


4.3.4. Horn Antennas 

A horn antenna increases the aperture size, hence the directivity, of an open- 
ended waveguide and provides a better match to free space. Figure 4.38 is a 
diagram of a rectangular horn antenna where the aperture is flared in two 
orthogonal directions. The flare in Figure 4.38 is linear, but it could also be 
exponential. If the flare of the horn is only in the direction of the electric field 
in a TEio waveguide (A = a and B > b), then the horn is known as an E-plane 
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Figure 4.37. Photograph of the APG-68. (Courtesy of the National Electronics 
Museum.) 



Figure 4.38. Diagram of a rectangular horn antenna. 


sectoral horn. If the flare of the horn is only orthogonal to the direction of the 
electric field in a TE 10 waveguide (A > a and B = b), then the horn is known 
as an //-plane sectoral horn. Flaring a horn in both directions (A > a and 
B > b) produces a pyramidal horn. The sectoral horns can be stacked along 
the narrow dimension to form a linear array. Since the horns are flared in the 
plane orthogonal to the array, the beam is also narrow in that plane. 
For analysis purposes, the E-plane is <j> = id2, and the //-plane is <p = 0 in 
Figure 4.38. 
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Normalized expressions for the electric field of an E-plane sectoral horn 
antenna are [15] 


Eg = sin 0 (1+cos 0)— c - os ^). 

■F(tut 2 ) 

(4.55) 




\2) 



£ 0 = cos0(l + cos0) cos (-^) 

fF(t\, t 2 ) 

(4.56) 




n 

. 2 . 


The corresponding directivity is 


d e =^*f( * < 

nb {y/2fr 


(4.57) 


Figure 4.39 is a plot of the electric field of an £-plane sectoral horn with 
a = 0.763A, b = 0.34A, A = 0.763A, B = 3.6A, and pz = 7.6A. It has a narrow beam 
in the E plane due to the flair of the horn. The normalized electric fields and 
directivity of an //-plane sectoral horn antenna are [15] 


£0 = sin 0(1+ cos0)^^ [e iVl F(t' u t' 2 ) + e 1V2 F(t", t 2 )] 
£ 0 = cos 0(1 + cos 0) — [e ivi F(t[, t 2 )+e iV2 F{t", t?'j] 

DH = ^£l\ F {PlZ^ t Pl±£f 

a I V Ayj2p2 A^2pz )\ 


(4.58) 

(4.59) 

(4.60) 


Figure 4.40 is a plot of the electric field of an £-plane sectoral horn with 
a = 0.763A, b = 0.34A, A = 4.6A, B = 0.34A, and p t = 6.9A. It has a narrow beam 
in the H plane due to the flair of the horn. The normalized electric fields and 
directivity of a pyramidal horn antenna are [15] 

E g = sin 0(1 + cos 6)[e M F(t[, t 2 )+ e iv2 F(t", t 2 )] F{t h t 2 ) (4.61) 

£ 0 = cos 0 (1 + cos 6)[e M F(t[, t 2 ) + e ivi F(t", t 2 ")] E(fi, t 2 ) (4.62) 

D ^ D ‘ D « <4 - 63) 

Figure 4.41 is a plot of the electric field of an £-plane sectoral horn with 
a = 0.763A, b = 0.34A, A = 4.6A, B = 3.6A, p, = 6.9A, and p 2 = 7.6A. Since the 
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Figure 4.39. Total electric field radiated by a 0.76A x 3.6A E-plane sectoral horn. 


aperture is large in both directions, the beamwidth is narrow for all <f>. 
Definitions for the variables in the field and directivity equations for the horns 
are listed below: 


F(h,t 2 ) = [C(t 2 )-C(h)]- j[S ( t 2 )-S( tl )] 

W\ = — f fcsin0cos0+— ] 

2k\ A) 

y/ 2 = ^ ^ sin 6 cos 0 - ^ j 

' J= ^[f- ( * sinesin0)p '] 
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Figure 4.40. Total electric field radiated by a 4.6A x 0.34/1 //-plane sectoral horn. 


' ;= -i^[f + (* sin8cos * + i) ft ] 

' ! ' = J^[T-(* sin<,cos *-zH 
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C(x) = £ COS^-f 2 ^jdt 
S(x) = £ sin^f 2 

Pyramidal horns are not commonly used in arrays, because the horn flare 
in both directions means that the elements would be spaced far apart in the 
array and grating lobes would appear. 

Example. Plot the antenna patterns for 8-element linear arrays of £-plane 
sectoral horns, //-plane sectoral horns, and pyramidal horns using the horn 
patterns in Figures 4.39 to 4.41. 

A linear array of £-plane sectoral horns would be along the x axis. Assuming 
that the elements are placed side by side, then the element spacing would be 
d x = 0.763A. Figure 4.42 shows the array pattern in decibels. A linear array of 
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Figure 4.42. Array factor times element pattern (in decibels) for an 8-element array 
of £-plane sectoral horns with element spacing 0.76A along the x axis. The element 
pattern is shown in Figure 4.39. 


//-plane sectoral horns would be along the y axis. Assuming that the elements 
are placed side by side, then the element spacing would be d y = 0.34A. Figure 
4.43 shows the array pattern in decibels. A linear array of pyramidal horns 
along the x axis has an element spacing of d x = 4.6/1. This large spacing pro¬ 
duces grating lobes that are obvious in the //-plane cut of the array pattern in 
Figure 4.44. 

Figure 4.45 is a picture of a low sidelobe 80-element array of //-plane 
sectoral horns. The large air conditioning unit on the back of the array keeps 
the feed network and phase shifters at a constant temperature in order to 
minimize errors and keep sidelobes low. Figure 4.46 is a plot of the far-field 
sum pattern with a maximum relative sidelobe level of 31 dB. Figure 4.47 is 
a plot of the far-field difference pattern with a maximum relative sidelobe 
level of 28.5 dB. Each element had a 6-bit digitally controlled ferrite phase 
shifter. 
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Figure 4.43. Array factor times element pattern (in decibels) for an 8-element array 
of //-plane sectoral horns with element spacing 0.34X along the y axis. The element 
pattern is shown in Figure 4.40. 



Figure 4.44. Principal cuts of the array factor times element pattern (in decibels) for 
a linear array with 8 pyramidal horn elements spaced 4.6A along the x axis. The element 
pattern is shown in Figure 4.41. 
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Figure 4.45. Linear array of 80 //-plane sectoral horns. 
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Figure 4.46. Far-field sum pattern of the 80-element array of //-plane sectoral horns. 


4.4. PATCH ANTENNAS 

A simple patch antenna consists of a flat, thin piece of metal in some geometric 
shape on top of a dielectric substrate with a metal ground plane on the bottom. 
Patches are very popular array elements because they 

1. Do not protrude from the surface. 

2. Can be cheaply made with the same technology as printed circuits. 

3. Integrate well with printed circuit boards. 

4. Are easy to conform to a nonplanar surface. 

5. Are rugged. 
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Figure 4.47. Far-field difference pattern of the 80-element array of H-plane sectoral 
horns. 



Figure 4.48. Rectangular patch made from copper tape and polycarbonate. (Courtesy 
of Amy Haupt.) 


The most common patch shape is a rectangle with a disk being second. Many 
other shapes, including fractal, have been explored as well. An example of a 
simple patch antenna is shown in Figure 4.48 [25], The patch is made from a 
10.3- by 10.5-cm piece of copper tape placed in the center of a 10.28- by 10.45- 
cm piece of thick polycarbonate (e, = 2.7) with a copper tape ground plane. 
Such a patch is very easy to build and has a very narrow impedance bandwidth 
of 54 MHz or 2.8% at 2.075 GHz (Figure 4.49). 
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Figure 4.49. 5 n of the patch in Figure 4.48. (Courtesy of Amy Haupt.) 



Figure 4.50. Some methods of feeding a patch antenna. 


Patches can be fed in a number of ways. The left patch in Figure 4.50 is fed 
by a coaxial cable from beneath the ground plane. A hole is drilled through 
the ground, substrate and patch. Then the inner conductor of the coaxial cable 
is place in the hole and soldered to the top of the patch. The outer conductor 
is soldered to the ground plane. The hole in the ground plane must be big 
enough so that the inner conductor does not touch the ground plane. The 
center patch in Figure 4.50 is fed via a microstrip transmission line. Part of the 
patch is cut out to match the impedance of the patch to that of the transmis¬ 
sion line. The patch on the right in Figure 4.50 is fed from below by an open- 
ended microstrip transmission line. This approach as well as aperture-fed 
patches require multilayered substrate boards. 

Patches tend to be narrowband, so a variety of techniques have been devel¬ 
oped to increase their bandwidth.The bandwidth of a L x W rectangular patch 
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Impedance matching 


impedance 

transform 






co-planar coupling stacked patches 

Multiple resonances 

Figure 4.51. Techniques for increasing the bandwidth of a rectangular patch antenna. 


on top of a substrate h thick and having a permittivity of e r has the following 
relationship [26]: 

BWcc 3 ^- 1 ^ (4.64) 

£ r LXq 

where Ao is the center frequency. The bandwidth of a patch can be increased 
by matching the patch to the feed line, adding extensions, placing pins con¬ 
necting the patch to the ground plane in strategic locations, making the sub¬ 
strate thicker, decreasing the dielectric constant of the substrate, stacking 
patches, and adding parasitic patches (Figure 4.51) [27]. 

Polarization of the patch is controlled through the location of the feed, 
shape of the patch, slots in the patch, or shorting pins. There are two approaches 
to creating elliptically polarized patch antennas [28], First, feed the patch at a 
single point and change the shape of the patch or place slots inside the patch. 
Second, feed the patch at two points so the amplitude and phase difference 
creates the desired polarization. In both cases, two modes are induced in the 
patch. 

The normalized fields radiated by a rectangular microstrip patch are 
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Figure 4.52. Total electric field of a microstrip patch. 
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k 0 W . a . ~ 

—sinffsin 0 


(4.66) 


where k 0 is the wavenumber in free space. These formulas assume the patch 
consists of two radiating slots that are W wide and separated by a distance L. 
The directivity of a rectangular patch is estimated to be [15] 


_ 2(k 0 Wf _ 

cos ( k 0 W) - 2 + k 0 W j^ w sin x / xdx + sin (k 0 W) / ( k 0 IT) 


(4.67) 


Figure 4.52 is a plot of the total electric field {^El + E] ) a 0.4A x 0.4A square 
patch. 


Example. Plot the antenna pattern for an 8- x 4-element planar array of 
patches (0.4A x 0.4A) with d x = d y = 0.5A. 

Figure 4.53 shows the array pattern. 


An estimate of the dimensions of a rectangular patch are given by [28] 
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Figure 4.53. Array factor times the element pattern (in decibels) of an 8- x 
planar array of rectangular patches. 



Ap 0.824 (e ef f + 0.3) (W+0.264/t) 

~ 2y[e^ (e eff -0.258)(W+0.8h) 

£ r + l £ r — 1 

£eff -^r + 2 ji+ioh/w 


The input resistance at resonance is [15] 


Rm(y = yo) 


cos 2 (ny 0 /L) 
2 (G,±G 12 ) 


where 


-2 + cos jk 0 W) + fcoW5,(fcoW) + sin (k 0 W)/{k 0 W) 
120n 2 


4-element 

(4.68) 

(4.69) 

(4.70) 

(4.71) 
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J 0 (k 0 LsinO)sin 3 Odd 


R m (p' = Po) = 
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(G rad + G cd )J l{ka e ) 


(4.72) 

(4.73) 


where 
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Grad = {k l a m -l* l2 ( J £ +J v cos2 d ) sindde 
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n(mfrY 312 

h4a 


tan 8 

+ Pofr 


Oo 2 -i] 


£ 

4/z 


/n 2 = J 0 (k 0 a e sin G) - J 2 (Ka e sin 6) 
J 02 = J 0 (koa e sin 6) + J 2 (k Q a e sin0) 


The microstrip array design in Figure 4.54a has a conical beam with a null 
at 0 = 0° and a peak between 0 = 0° and 6 = 90° at 5.2GHz [29], The conical 
beam results when the structure is not completely circularly symmetric but is 



Figure 4.54. Conical beam antenna made from three patches, (a) Diagram, 
(b) Currents, (c) Electric field in the plane of the antenna. (Courtesy of Remcom.) 
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self-congruent for rotations of 0 = 3607A, where N is the number of elements 
in the circular array. Both the currents on the microstrip patches and the 
electric field in the plane of the array are calculated using the finite difference 
time domain (FDTD) approach. The currents and electric field are shown in 
Figures 4.54b and 4.54c. 


4.5. BROADBAND ANTENNAS 

The bandwidth of a phased array is determined by a number of factors. As 
mentioned in Chapter 2, time delay units are needed to extend the array 
bandwidth when the main beam moves more than a half-beamwidth in any 
direction over the instantaneous bandwidth when steered to the maximum 
scan angle. Grating lobes due to large element spacing also limit the band¬ 
width at the highest frequency. Finally, the elements, feed network, and associ¬ 
ated hardware must function appropriately over the bandwidth of the array. 
This section describes four types of broad band elements. Many other exam¬ 
ples can be found in the literature [30]. 

4.5.1. Spiral Antennas 

Spiral antennas have two or more arms that wrap around each other [31]. The 
arms of an Archimedian spiral in the x-y plane progressively move farther 
from the center with increasing <j>. Arm n of an A arm arm Archimedean spiral 
is described by [32] 


(4.74) 


where r m is the distance from the center to the start of an arm and 


\ ( 8 s + 8 w )ln 
[2 (8 s + 8 w )ln 


(2 arms) 
(4 arms) 


Usually, this antenna is complementary: The strip width equals the space 
between the strips ( 8 S = S w ). The input impedance of a complementary spiral 
is [33] 


7 ^ 7 ^^ = — 

If the area between the arms is free space, then 


(4.75) 


Z,„ = ^ = 188.5 Q 


(4.76) 
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Figure 4.55. Diagram of an Archimedian spiral antenna with its antenna pattern. 


For a spiral antenna, the circumference of the circle that just contains the 
spiral is approximately equal to the maximum wavelength radiated by the 
spiral [34]. As such, the low frequency of operation is determined by the outer 
radius while the high frequency is determined by the inner radius or smallest 
dimension. 


2n r oul ^ 2nr m 


(4.77) 


Figure 4.55 shows the far-field pattern of a 2-arm self-complementary 
Archimedian spiral at 1GHz with N = 4 turns. This element pattern was 
calculated numerically. The Archimedean spiral antenna radiates from a 
region where the circumference of the spiral equals one wavelength. This is 
called the active region of the spiral. Each arm of the spiral is fed 180° out 
of phase; so when the circumference of the spiral is one wavelength, the cur¬ 
rents at complementary or opposite points on each arm of the spiral add 
in phase in the far field. Reflections from the end of the arm increase the 
lower end of the bandwidth predicted by (4.77). Placing loads at the end 
of the arms can reduce these reflections [35], Figure 4.56 shows the extent of 
the current on the arms of the spiral as a function of frequency. At 250 MHz, 
the current (darker means higher amplitude) extends the length of the arms. 
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250 MHz 


500 MHz 






1 GHz 2 GHz 

Figure 4.56. At 250 MHz, the Archimedian spiral antenna currents extend to the end 
of the arms. As the frequency increases, the current limits move closer to the center. 


As the frequency increases, the current extends less out the arms. The 
spiral has a very broad bandwidth as shown by the plot of the computed S n 
in Figure 4.57. 

Spiral antennas radiate out both the front and back of the element. The 
back radiation is undesirable and may be reduced by placing the spiral above 
a ground plane, using a lossy cavity behind the spiral, or using a conical spiral. 
A ground plane is generally a bad idea, because it significantly reduces the 
spiral’s bandwidth. The lossy cavity is the most popular option, even though 
it adds depth to the spiral and induces loss in the element. A conical spiral is 
not conformal to the surface and is more difficult to manufacture [36]. 

Placing this antenna in an array limits the diameter of the spiral to less than 
the element spacing. For a linear array or planar array with a rectangular 
lattice, grating lobes limit the maximum spacing between elements based on 
the steering angle to d = O.SAmm/sin Q s . The lower limit is based upon the diam¬ 
eter of the spiral which has to be less than the element spacing (d = KaJn). 
As a result, the bandwidth of the array has an upper limit of 
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Figure 4.57. Sn of the Archimedian spiral antenna assuming a 250-Q feed. 


BW = ^1: 


n 

2sin0 s 
1.15 n 
2sin0, 


for linear and rectangular lattice planar arrays 
for hexagonal lattice planar arrays 


(4.78) 


Example. Plot the antenna pattern for an 8-element array of spirals shown in 
Figure 4.55. 

Figure 4.58 shows the array pattern. 

Figure 4.59 is a photograph of one of the spiral antennas that was in a 
4-element interferometer array on the Gemini spacecraft. This array was part 
of the rendezvous radar in the recovery section of the spacecraft. It located 
and tracked the target vehicle during rendezvous maneuvers. The array/inter¬ 
ferometer consisted of four spirals: one each for transmit, reference, elevation, 
and azimuth. 

Two identical linear arrays of Archimedean spiral elements operating at 
the same frequency but having orthogonal polarizations can be interleaved 
such that they have low sidelobes [37], Each self-complementary spiral has 
five turns and is 34 mm in diameter. They are center-fed with a 1-V sources. 
The design specifications include ±30° scan with an axial ratio (AR) less than 
3dB, a VSWR less than 2, and a relative sidelobe level (RSLL) under -lOdB 
from 3 GHz to 6 GHz. The 80-element array has 40 RHCP spirals and 40 
LHCP spirals. The spirals have a center-to-center separation of 38 mm, so the 
grating lobes start around 3.94 GHz. 

Figure 4.60 shows a plot of the axial ratio of the array for three steering 
angles. The AR shows little variation as a function of steering angle and is 
under 3 dB above 4 GHz for all steering angles. 
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Figure 4.58. Computed far-field pattern of an 8-element linear array of Archimedian 
spirals along the x axis with d = 0.55A. 



Figure 4.59. Picture of a spiral element for the Gemini rendezvous radar. (Courtesy 
of the National Electronics Museum.) 
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Figure 4.60. Axial ratio of the array at four beam pointing directions. 



Frequency (GHz) 

Figure 4.61. Plot of the VSWR at four beam pointing directions. 


Element 20 has the worst VSWR when connected to a 250-Q feed line. 
Figure 4.61 shows that the VSWR rapidly decreases until 2.5 GHz. There is a 
small resonance at 3.25 GHz when the beam is steered to 20° or 30°. The 
VSWR bandwidth extends from 2.75 GHz to greater than 10 GHz (except 
around 3.25 GHz, but this exception only occurs for element 20). 

Figure 4.62 shows the maximum RSLL for an optimized 80-element array, 
with 40 RHCP spirals and 40 LHCP spirals. This maximum RSLL is shown 
for various steering angles, up to 30°. At broadside, the RSLL stays under 
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Figure 4.62. Plot of the maximum RSLL at four beam pointing directions. 


VSWR<2 ^ 

RSLL>10dB —■ 

Axial Ratio<3 dB 

4 5.25 

Figure 4.63. The array bandwidth defined three different ways. 


-11 dB until 7 GHz (maximum frequency of the simulation). For the other 
steering angles, it remains under -10dB until 5.25 GHz (theory gives 5.26 GHz), 
the frequency at which the grating lobe appears at a 30° steering angle. 
Whatever the steering angle, the RSLL is quite flat. This is obviously due to 
the choice of the cost function. 

If the bandwidth is defined simultaneously for a RSLL less than -10 dB, an 
AR less than 3 dB and a VSWR less than 2, all of this for steering angles from 
-30° to +30°, this array has an approximate bandwidth of 4-5.25 GHz, or 27%. 
Figure 4.63 shows the AR, VSWR, and RSLL bandwidths. This figure clearly 
shows that the AR establishes the lowest frequency in the bandwidth, while 
the RSLL sets the highest frequency. Array bandwidth may be a function of 
more than just impedance bandwidth of the element and the formation of 
grating lobes. 
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Figure 4.64. Some broadband dipole-like antennas, (a) Fat dipole, (b) Bicone, 
(c) Bicone with spherical caps, (d) Ellipsoidal. 


4.5.2. Dipole-Like Antennas 

A dipole antenna has a very narrow bandwidth because the current only reso¬ 
nates along the length of the dipole. Making the dipole fat (Figure 4.64a), 
encourages the currents to pursue other paths like circling the dipole, thus 
adding another dimension to the current flow and thereby broadening the 
bandwidth. Balanis notes that a dipole with a length-to-diameter ratio of 5000 
has a 3% bandwidth, while one with a length-to-diameter ratio of 260 has a 
30% bandwidth [15]. Another method of increasing the bandwidth of a dipole 
is to make each wire into a cone with the apex of the cones at the feed point 
(Figure 4.64a). This type of an antenna is called a biconical antenna. The 
bandwidth of a biconical antenna is further extended by adding spherical caps 
on the ends of the cones as in Figure 4.64c. Sharp edges cause radiation, so 
the spherical caps reduce the amount of radiation from the cone edge. Further 
smoothing creates ellipsoidal or spherical arms on the dipole (Figure 4.64d) 
[38]. 

Two-dimensional versions of these dipole-like antennas are broadband as 
well. For instance, the bow-tie antenna is a two-dimensional version of the 
bicone antenna [39]. Circular caps are often placed at the end of the bow-tie 
antennas as well [39]. These antennas also come in monopole flavors too [40]. 

Example. Plot the antenna pattern for an 8- x 4-element planar array of 
y-oriented bow-tie elements (0.4A x 0.4A) spaced A/2 apart in the x and y 
directions. 

Figure 4.65 shows the element pattern and Figure 4.66 shows the array 
pattern. The array pattern is compressed in the y-z plane, because the element 
pattern is narrow in that direction and there are more elements in the y 
direction. 

The broadband-printed bent dipole shown in Figure 4.67 has the S u plot 
shown in Figure 4.68. This element has an Sn below -10 dB from 7.9 to 
12.9 GHz which is a 48% bandwidth. The three-dimensional element pattern 
in Figure 4.69 has a directivity of 4.8 dB. If this element is placed in a 3 x 5 
array with element spacing A/2 in the x and y directions, then the product of 
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Figure 4.65. Diagram of a bow-tie antenna antenna with its antenna pattern. 



Figure 4.66. Computed far-field pattern of pattern of an 8-element linear array along 
the x axis with d = 0.55A. 


the element pattern times the array factor is shown in Figure 4.70. This array 
pattern has a directivity of 16.6 dB at 10 GHz. 


4.5.3. Tapered Slot Antennas 

A tapered slot antenna (TSA) or Vivaldi antenna [41] is a flared slot line just 
like a horn antenna is a flared waveguide. The TSA is an ideal wideband array 
element because [42] 
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Figure 4.67. Diagram of a broadband-printed bent dipole. (Courtesy of James R. 
Willhite, Sonnet Software, Inc.) 



1. The bandwidth with VSWR <2 can be up to 10:1. 

2. The cos& element pattern exists over all scan planes out to 
Q s = 50°-60°. 

3. No need to use lossy materials to obtain bandwidth. 

4. A balun can be easily incorporated into the design. 

5. Beamwidth remains constant over the operating bandwidth [43]. 

These advantages have led to the widespread use of TSAs in the design of 
new phased arrays. 

Figure 4.71 is a picture of the AN/APG-81 phased array with over 1000 
elements and a blowup of the slotted tab element that has a rectangular 
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Figure 4.70. Array pattern for a 3- x 5-element array. 
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Figure 4.71. Slotted tab element in the AN/APG-81 antenna array. (Courtesy of 
Northrop Grumman and available at the National Electronics Museum.) 


X 



Figure 4.72. Diagram of a tapered slot antenna with its antenna pattern. 


opening. Oftentimes the opening is a linear taper instead of a rectangular tab. 
Figure 4.72 is a diagram of a 10-GHz 50-QTSA with its antenna pattern. The 
slot line is 5 mm long and 1.39mm wide on a 13.27-mm x 15.34-mm dielectric 
substrate (e, = 3) 2 mm thick. The aperture width is 5.67 mm. The reflection 
coefficient as a function of frequency is shown in Figure 4.73. It is below -10 dB 
from 9.2 to 11.4 GHz for a 22% bandwidth.The far-field pattern of an 8-element 
linear array along the x axis with d = 0.55A is shown in Figure 4.74. 
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Figure 4.75. Diagram of a Vivaldi antenna. 


A curved opening provides a smoother transition to free space than the 
linear opening which increases the bandwidth. Optimizing the shape of the 
opening yields better performance [44], A typical Vivaldi design appears in 
Figure 4.75 [45], Optimizing the exponential taper, length, and width of the 
slot along with the feeding mechanism produces excellent broadband ele¬ 
ments. The feed design limits the high frequency of the bandwidth, whereas 
the aperture size limits the low frequency of the bandwidth. Some general 
guidelines for the design of a Vivaldi antenna array include [42]: 

1. d x ,d y = 0.45A. 

2. Increasing the element length, lowers the minimum frequency in the 
bandwidth. 

3. Substrate: 

a. Its thickness should be =0.1 times the element width. 

b. Increasing e r lowers the minimum frequency in the bandwidth. It may 
also lower the maximum frequency as well. 

4. Increasing R a lowers the minimum frequency in the bandwidth but 
increases variations in the impedance over the bandwidth. 

5. Increasing D increases the antenna resistance at lower frequencies. 

Surrounding the TSA with shorting pins or vias that connect the top and 
bottom metal surfaces on either side of the substrate eliminates unwanted 
resonances that limit the bandwidth [46]. 

The Vivaldi antenna in Figure 4.76 is a Schaubert design [47] with 
L = 97mm, W = 27.02mm, A = 18.6mm, D = 8.47mm, and R = 0.03. The 
element spacing is d x = d y = 0.09A at the lowest frequency of 1.0 GHz. The 
substrate is 3.15 mm thick and has a relative dielectric constant of 2.2. The slot 
line and strip line feed are 1.1 mm wide. The strip line feed has an input imped¬ 
ance of 50 Q and narrows to 82 Q. A picture of the element and the array are 
shown in Figure 4.76. This 144 element (9x8x2 pol) array operates from 1 
to 5 GHz. The planar array consists of parallel linear arrays with each linear 
array printed on a single circuit board. An identical array is placed orthogonal 
to the first planar array in order to get the two orthogonal polarizations. The 
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Figure 4.76. Vivaldi planar antenna array with close-up picture of element. (Courtesy 
of Daniel Schaubert, University of Massachusetts.) 


circuit boards have notches cut in them between each element in order to 
place them in an “egg crate assembly” as shown in Figure 4.76. 

Figure 4.77 is a picture of a Vivaldi element for the direction finding array 
in Figure 4.78 [48]. The element has a receive bandwidth of 30 MHz to 3 GHz 
and a transmit bandwidth at 1 kW of 100 MHz to 4 GHz. It is 88.9 cm by 42.2 cm 
and weighs only 4.7 pounds. The gain variation over the bandwidth is shown 
in Figure 4.79, and its beamwidth in the vertical and horizontal planes are 
shown in Figure 4.80. 

4.5.4. Dielectric Rod Antennas 

A dielectric rod antenna is formed from a piece of dielectric that extends 
from the open end of a waveguide. If the dielectric is polystyrene (a common 
type of plastic), then the antenna is called a polyrod. The radiation pattern of 
the polyrod is a function of its cross section, length, dielectric constant, and 
shape. A high dielectric constant results in a thinner and lighter rod, but a 
narrower bandwidth. Dielectric rod antennas commonly use a cylindrical 
waveguide with a shaped dielectric rod protruding from the waveguide as 
shown in Figure 4.81. To maximize directivity, the diameter of the dielectric 
rod should be [12] 
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Figure 4.79. Measured gain of the Vivaldi element in Figure 4.77. (Data for plot 
courtesy of US Navy SPAWAR.) 



Figure 4.80. Measured beamwidths of the Vivaldi element in Figure 4.77. (Data for 
plot courtesy of US Navy SPAWAR.) 


— = 0.2 + -. ^ 

A e f L Vl + 2L/A 


(4.79) 


for L> 2A and 2 < e r < 5. Cylindrical rods can be tapered to get a better match 
and reduce sidelobes. An approximate expression for the far field of a polyrod 
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Figure 4.81. Polyrod antenna. 



Figure 4.82. Antenna pattern cuts for the tapered and uniform polyrod antennas. 
A three-dimensional view of the tapered polyrod antenna is in the upper right-hand 
corner. 


' ' r 

* (4.80) 

where f = 7r|^(cos0-l)-O.5j . 

Example. Calculate the far field radiated by the polyrod antenna shown in 
Figure 4.81 at 10 GHz with D = 0.5A, d = 0.3A, L = 6A, L l = 3A, L 2 = 3A, and 
E r = 3 and for a uniform polyrod (d = 0.5A). 

Figure 4.82 shows the antenna pattern for a uniform polyrod antenna 
(dashed line) calculated using (4.80). No simple formula exists for calculating 
the antenna pattern of the tapered polyrod, so the pattern was numerically 
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Figure 4.83. Plot of the polyrod element pattern, 8-element array factor, element 
pattern times array factor, and the 8-element array with mutual coupling. 



Figure 4.84. Orthogonal cuts of the 4- x 8-element planar arrays of polyrod 
elements. 


calculated using Microwave Studio. The tapered polyrod has lower maximum 
sidelobe levels at the expense of a decrease in directivity. 

Figure 4.83 shows the far field of an 8-element array of the polyrod ele¬ 
ments with d = 0.6A. The dotted line is the array factor times the element 
pattern in Figure 4.82. The solid line is the array pattern of the 8-element array 
taking into account mutual coupling. Nulls and low sidelobes are not approxi- 
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Figure 4.85. Mark 8 planar phased array with polyrod elements. (Courtesy of the 
National Electronics Museum.) 


mated well using the simple formula given by the element pattern times the 
array factor. Figure 4.84 compares the orthogonal antenna pattern cuts of 
4-element and 8-element linear arrays of tapered polyrods (d = 0.6A) when 
mutual coupling is included in the calculations. The arrays lie along the x axis, 
so the patterns at (j> = 90° are nearly identical except that the 8-element array 
is about 3 dB higher, because it has twice the elements of the 4-element array. 

Bell Labs built the X-band surface fire control radar, the Mark 8 using an 
array of 42 polyrods, configured as a planar array having 14 x 3 elements as 
shown in Figure 4.85. This was the first use of the polyrod antenna in an array, 
and the first microwave phased array. Each column of three elements received 
the same phase shift. Rotary phase shifters adjusted the phase of each column 
of elements to steer the beam. The array had 2° azimuth and 6.5° elevation 
be am widths [49]. 
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Nonplanar Arrays 


Array elements usually lie in a plane, because the feed network for nonplanar 
array is more complicated. In addition, placing array elements on a curved 
surface complicates design, construction, and testing. A nonplanar array, like 
the one in Figure 5.1, with elements distributed in three-dimensional space 
has an array factor given by 


Ap = jj2 Wne M x n(“-u S )+yn(v-v s )+ZnCOS0] 


(5.1) 


where 


u - sinflcos0 
u s = sin@ s cos^j 
v = sin 6 sin 0 
v s = sin 9 S sin tp s 

u 2 + v 2 = sin 2 6 (sin 2 0+cos 2 0) < 1 
u 2 +v 2 <1 

8 S = elevation steering angle 
0 S = azimuth steering angle 

A conformal array has the ( x„ , y n , z„) lying on a curved surface. The maximum 
gain of a conformal array equals the sum of the array element gain pattern 
values in the main beam direction when they are phase compensated. This 
chapter presents a number of approaches to distributed and conformal array 
configurations. 

5.1. ARRAYS WITH MULTIPLE PLANAR FACES 

Linear and planar arrays have limited scan regions due to element patterns, 
mutual coupling, and grating lobes. One way to increase the array scanning 

Antenna Arrays: A Computational Approach, by Randy L. Haupt 
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Figure 5.1. Arbitrary distribution of elements in the x-y plane. 
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Figure 5.2. Three-dimensional polygonal surfaces for full azimuth scanning. 


region uses multiple linear/planar arrays that face in different directions. Each 
planar array lies on a side of a three-dimensional polygon surfaces [1]. Figure 
5.2 shows some polygons with faces that can accommodate arrays for complete 
azimuth scanning. A 360° azimuth scan requires that each array face equally 
divides the azimuth for scanning. As a result, one face has an azimuth scan 
defined by 


e 5aa% 


(5.2) 


where N p are the number of sides to the polygon. The size of one face of the 
polygon is determined by the required gain and beam width. 

PAVE (Precision Acquisition Vehicle Entry) PAWS (Phased Array 
Warning System) (AN/FPS-115) is a UHF array built by Raytheon in 1978 to 
detect and track sea-launched ballistic missiles (Figure 5.3) [2], It has two faces 
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Figure 5.3. PAVE PAWS (AN/FPS-115) array. (Courtesy of the National Electronics 
Museum.) 



Figure 5.4. MESA array with installation on a Boeing 737 in the lower right corner. 
(Courtesy of Northrop Grumman and available at the National Electronics Museum.) 


inclined 120° to each other with 1792 T/R (transmit/receive) modules (per 
face) connected to dipole radiating elements that operate from 420 to 450 MHz. 
Each element has a 4-bit phase shifter. The modules are grouped into 56 
subarrays of 32 elements. The receive antenna gain is 34 dB. 

The multirole electronically scanned array (MESA) is a different multiple 
face array concept that provides 360° coverage on a Boeing 737 without rotat¬ 
ing the antenna (Figure 5.4). The MESA antenna (called the Wedgetail) has 
three electronically scanning arrays that share 288 L-band T/R modules [3], 
The port and starboard arrays scan ±60°, while the “Top Hat” endfire array 
provides ±30° front and back scanning as shown in Figure 5.5. The array shape 
is very aerodynamic, with the “Top Hat” providing additional lift for the 
airplane. 
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5.2. ARRAYS ON SINGLY CURVED SURFACES 

Figure 5.6 shows a linear array bent around a circular arc. If the element 
spacing remains constant along the arc, then the spacing between the elements 
is approximately equal to 

d = r c (^ l -p„), n = 1,2,..., iV-1 (5.3) 

where r c is the radius of curvature. If the radius of the circular arc is large, 
then the linear array is only slightly curved; and when r c = °o, the arc becomes 
a straight line. End elements of the conformal arc array are at (r c cos0 1; 
r c sin0i) and (r c cos <f> N , r c sin^» w ) when the midpoint of the arc is at(0, r c ). The 
main beam radiates away from the convex side of the arc or in the +y 
direction. 
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r = 45A 



Figure 5.7. Conformal linear array with r c = 45A, and 22.5A. 



Figure 5.8. Array factors for uniformly weighted conformal linear arrays with r c = °°, 
45A, and 22.5A. 


As r c decreases, the array curvature increases, and the changes to the array 
factor become more dramatic. For instance, r c values of °°, 45A, and 22.5A 
produce the array bends shown in Figure 5.7. If the array has uniform weight¬ 
ing, then the resulting array factors appear in Figure 5.8. The directivity 
decreases from 13.0 to 11.8 to 8.0dB as the curvature decreases from °° to 45A 
to 22.5A. Relative sidelobe levels near the main beam rise from 13.3 to 8.3 to 
0.8 dB, but the sidelobes far from the main beam exhibit little change. Figure 
5.9 shows the array factors associated with Figure 5.7 when the weighting is a 
25 dB Taylor n = 5 amplitude taper. In this case, the directivity decreases from 
12.6 to 11.7 to 9.2 dB. This decrease in directivity is less than that of the cor¬ 
responding uniform array, because the end elements that are most displaced 
from the center have the lowest amplitude. Again, the pattern within ±45° of 
the main beam is distorted, while the sidelobes beyond that range are not. The 
distortion in this case is in the form of the first sidelobe (r c = 45A) and first 
two sidelobes (r c = 22.5A) being absorbed into the main beam. 

Curvature compensation restores the array factor to the desired array 
factor by applying a phase shift, <5„, that offsets the y translation. 
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Figure 5.9. Array factors for 25-dB Taylor n = 5 weighted conformal linear arrays with 
r c = oo, 45A, and 22.5A. 



4(degrees) 

Figure 5.10. Compensated array factor for a 25-dB Taylor n = 5 weighted conformal 
linear arrays with r c = 11.1A. 


8 n = -k(x n cos</>j +y n sin^) (5.4) 

where the main beam is steered to <p s . This equation implies that the phase 
compensation changes at each scan angle and is independent of the amplitude 
taper. Applying (5.4) to the array factor of a 20-element d = 0.5A spaced array 
having r c = 11.1A with a 25-dB Taylor n = 5 results in the array factor shown 
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in Figure 5.10. The compensation restores the main beam and sidelobes to the 
desired levels. The directivity increases from 6.2 to 12.5 dB (which is the same 
as the corresponding linear array with r c = °°), and the maximum sidelobe level 
is 23.3 dB below the peak of the main beam. Since the array has a smaller 
extent in the x direction, the array factor for the curved array array factor has 
the number of sidelobes of a linear array factor that is 2x c long. 

Example. Graph the array factor for a 25-dB Taylor n = 5 weighted conformal 
linear arrays with r c = 11.1 A when the main beam points at 0 S = 120°. 

Figure 5.11 shows the compensated array factor superimposed on the r c = °° 
array factor. The sidelobe peaks at angles greater than about 100° increased 
between 2 and 7dB, while the rest of the sidelobes look like those of the 
desired pattern. 

The phase correction in (5.4) works well to restore the pattern of a linear 
or planar array conforming to the surface of a curved surface like a cylinder. 
Finding the weights that produce a more complicated pattern, such as a flat- 
top main beam, requires numerical methods to adjust either the amplitude 
and phase [4-6] or phase alone [7], 

In almost all conformal antennas, the element pattern peak is normal to 
the surface, so the peaks will not all point in the same direction as with linear 
and planar arrays. Figure 5.12 is a diagram of a conformal array displaying 
both isotropic and directional element patterns. The isotropic element 
patterns all contribute the same amplitude in a given direction, while the 
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Figure 5.12. Comparison of a conformal array with directional elements to one with 
isotropic elements. 


directional element patterns do not. Since the element pattern is a different 
function of 0 for each element, the element pattern remains inside the sum 
sign of the array factor. 


AF = jr e (0 -</>„) w„ e jk ^ Xn S ‘" 0C 


(5.5) 


where e(0 - 0„) is the element pattern of element n having a peak at 0 = 0°. 
Now, the antenna pattern is not the product of a single element pattern times 
an array factor. 

As with a linear array, the directivity and sidelobe level changes when 
including the element patterns. Typically, the element pattern maximum 
points normal to the surface where the element lies. The antenna pattern 
changes when the peaks of all the element patterns point toward 90°. In this 
case, the antenna pattern is the product of the element pattern and the array 
factor. Consider a 20-element array with elements spaced A/2 over an arc of 
radius 11.1 A. If the peak of the element patterns point normal to the arc, then 
the element patterns are represented by 


e(0-0») : 


fcos(0-0„), 

to, 


-90° < 0 < 90° 
otherwise 


(5.6) 


When all the element pattern peaks point toward 90°, then 0„ = 90°. Figure 
5.13 shows little difference between the antenna patterns of the array with the 
elements pointing normal and the elements pointing 90° except for angles far 
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4 (degrees) 

Figure 5.13. Comparing the antenna patterns of two conformal arrays. One has the 
maximum element patterns normal to the surface while the other has the element 
pattern peaks pointing to <j> = 90°. 



Figure 5.14. Main beam of the conformal array steered to p = 65°. 


from the main beam. Figure 5.14 shows the beam steered to 25° off boresight 
for the array with <j> n = 90°. The directivity decreases from 22.7 to 21.9 dB, while 
the relative sidelobe level increases about 2dB. 

A polar plot of all the element patterns for a 10-element array appears in 
Figure 5.15. Dotted lines indicate the directions of the element pattern peaks. 
It is easy to see that the element pattern of element 1 contributes little field 
in the direction of the maximum of element pattern 10. 
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90 



Figure 5.15. Polar plot of all the element patterns for a 10-element conformal array 
when their peaks point normal to the surface. 



Example. A uniformly weighted 20-element linear array with element spacing 
of 0.52, is bent at an angle of 90° as shown in Figure 5.16. Plot the uncompen¬ 
sated array factor, the compensated array factor, the antenna pattern with 
element patterns pointing in the direction of the normal to the surface, and 
the antenna pattern steered to 67.5° and 45°. 

The uncompensated pattern has a directivity of -15.1 dB at <j> = 90° with 
large 13-dB lobes at 45.5° and 135°. Phase compensation restores the directiv¬ 
ity at <p = 90° to 16 dB. The large lobes are reduced to 12.6 dB and move to 
28° and 152° These patterns are shown in Figure 5.17. The compensated 
antenna pattern when all the element pattern peaks point toward <j) = 90° is 
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Figure 5.17. Compensated and uncompensated antenna patterns for the array in 
Figure 5.16. 



Figure 5.18. Antenna pattern when the peaks of the elements point toward <j> = 90° for 
the array in Figure 5.16. 


shown in Figure 5.18. Now, the main beam has a directivity of 19.2 dB. Large 
lobes at 28° and 152° have a directivity of only 6.6dB. Figure 5.19 shows the 
compensated antenna pattern steered to 67.5° and 45°. The main beam direc¬ 
tivity is 15.4dB at 67.5° and 13dB at 45°. 
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Figure 5.19. Steering the compensated antenna pattern in Figure 17 to 67.5° and 45° 
when 0„ = 90°. 


A Wullenweber antenna [8] is a large direction finding circular array with 
a narrow beam that scans 360° in azimuth. Only a small group (/V wu] ) of adja¬ 
cent elements are active at a time with the array factor 

AF™, = X' (5.7) 


where A wui < N. The main beam points normal to the center of that group of 
elements. A commutating feed connects the active elements to the output 
(Figure 5.20). As the commutating feed rotates, the group of active elements 
changes by one element, and the main beam points in a new azimuth direction. 
Phase compensation is only applied to the active elements. To form a coherent 
beam in the desired direction <j) s , the element weights in (5.7) are given by 

w n =e -**cos( *,-*„) (5. 8 ) 

A 60-element Wullenweber array with 0.5A spacing between elements is 
shown in Figure 5.20 when the indicated 15 elements (large dark dots on 
the center circle) are turned on. Its corresponding array factor is shown in 
Figure 5.21. 

The Wullenwever array was invented during World War II by Dr. Hans 
Rindfleisch [9], The name Wullenwever was a World War II German cover 
name for the antenna and not the name of a person. The first one, which was 
built in Skisby, Denmark, used 40 vertical radiator elements, placed on a 
120-m-diameter circle with 40 reflecting elements installed behind the radiator 
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Figure 5.21. A 60-element Wullenweber array with 15 elements turned on (large dark 
dots on center circle) and its array factor. 


elements around a circle having a diameter of 112.5 m. After the war, the 
Soviet Union imported the technology and built many Wullenwevers for HF 
direction finding, which included tracking Sputnik. The United States became 
interested in the technology in the late 1950s and early 1960s. At some point, 
the Americans changed the name from Wullenwever to Wullenweber. Its 
immense size and huge circular reflecting screen inspired such names as 
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Figure 5.22. AN/FLR-9 Wullenweber antenna array near Augsburg, Germany. 


“elephant cage” and “dinosaur cage.” The University of Illinois built a large 
Wullenweber array with 120 monopoles over 2 to 20 MHz. Tall wooden poles 
supported a 1000-ft-diameter circular screen of vertical wires located within 
the ring of monopoles. In 1959 the Navy began construction of the AN/FRD- 
10 HF/DF arrays which were based on the experimental investigations at the 
University of Illinois. The FRD-10 had two concentric rings: The high- 
frequency array was 260 m in diameter with 120 sleeve monopoles, while the 
low-frequency array was 230 m in diameter with 40 folded dipoles. Inside each 
ring there was also a large wire screen, supported by 80 towers. AN/FLR-9 
Wullenweber antenna array near Augsburg, Germany is shown in Figure 5.22. 


5.2.1. Circular Adcock Array 

An Adcock array [10] with many elements arranged in a circle [11] was intro¬ 
duced in Chapter 4. Table 5.1 shows how the signals from adjacent elements 
combine to form four beams. Opposite beams form difference patterns as with 
the standard 4-element Adcock array. Subtract beam 3 from beam 1 to get 

e ;*rcos^ +e ;.7O7*r(cos*+sin0) _ g-yfcrcos* _ g-;.707*f(cos*+sin« 

= 2;'sin(A:rcos0) + 2;'sin[O.7O7A:r(cos0 + sin0)] (5.9) 


Subtract beam 4 from beam 2 to get 
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TABLE 5.1. Element Signals and Beams Formed by the 8-Element Adcock Array 


Element 

Signal 

Sum Adjacent Pairs 

Beam 

1 

glkrcosQ 

gjkrcosQ _|_ £/.7O7*r(cos0+sin0) 

1 

2 

gj. 707*r(cos^+ sin0) 



3 

gikmmip 

gjkKmt + gjmkrl- cos*«in*) 

2 

4 

gj.707kr(-cos4»$in<p) 



5 

g-jkrcosf 

e -jkrcos<p + g-/707A:r(cos^sin^) 

3 

6 

g-/.7O7fcr(cos^+-sin0) 



7 

c ->*™ "♦ 

g-jkrsin/p + ^/.707A:r(cos^-sin^) 

4 

8 

gj. 7O7*r(cos0-sin0) 




gjkrsint +e /.7O7*r(-cos0+sin*) _ g-jkrsm* _ e -).707*r(-cos*+sin*) 

= 2 j sin (kr sin <j>)+2j sin [0.707 kr (- cos 0 + sin 0)] (5.10) 

The phase at element n is given by 

e jk(xn COSIp+yn sin tj>) _ £ jk(rCOSIpn COS0+/-sin <p n sin 0) (5 ] ] j 

An omnidirectional pattern results from the sum of the signals from all the 
elements 


AF sum = 5>' Mc< 


(5.12) 


which for this array is 

gjkrcosip +e ; 707*r(cos*+sin*) + gjkninip + g j 7O7*r(-cos0+sin0) + g -/*rcos0 + g-/-7B7*r(«>s0+sin0) 

+ e -ikrsmt + e /-7O7Mcos0- S in^) _ 2 cos{kr cos0)+2 cos(kr sin 0) 

+ 2e i ia,krsm * cos (0.707 kr cos </>) + 2e~ i l01krsi ”^ cos (0.707 kr cos 0) 

= 2 cos (kr cos <f>) + 2 cos ( kr sin </>) + 4 cos (0.707Ar sin 0) cos (0.707cos 0) 

(5.13) 


Example. Design an 8-element Adcock array that works at 1 GHz (Figure 
5.23). Show the effects of increasing frequency. 

Start with a circular array that has a radius of 7.5 cm. The sum, difference, 
and omni patterns at 1 GHz are shown in Figure 5.24. Increasing the frequency 
to 1.5-GHz results in the patterns shown in Figure 5.25. At this point, the 
diameter of the circle is 0.75A and sidelobes are beginning to form. The effect 
of frequency on the direction capability is demonstrated in Figure 5.26. At the 
design frequency of 1 GHz, the calculated and actual directions are very close. 
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Figure 5.24. Sum (solid), difference (dashed), and omni- (dotted) array factors for the 
8-element Adcock array at 1 GHz. 


There are small deviations at 1.5 GHz. At 2.0 GHz the error is so large that 
the array can only tell if the signal comes from 0°, 90°, 180°, or 270°. 

Figure 5.27 is an example of a linear array of z-directed dipoles wrapped 
around a cylinder that is a perfect electrical conductor (PEC). The element 
field of view extends ±(90° + y), where y= cos ’(r (: /(r c + h)). Consider an array 
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Figure 5.25. Sum (solid), difference (dashed), and omni- (dotted) array factors for the 
8-element Adcock array at 1.5 GHz. 



Figure 5.26. Graph of the calculated versus actual azimuth angle for the 8-element 
Adcock array at three different frequencies. 


located in the x-y plane with half wavelength dipoles placed h = ?J4 away from 
the perfectly conducting cylinder that is 2A in diameter and 2A tall (Figure 
5.28). Elements are spaced A/2 apart in arc length. The field of view for an 
element in this array is 234.5°. An element can see up to four other elements 
to its left or right, while the rest are not in its line of sight. Figure 5.29 are the 
directivity plots for phase compensated arrays with 1, 3, and 5 elements. A 
single element has a directivity of 7.1 dB, while 3 and 5 elements are 10.9dB 
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PEC cylinder 


v* 




elements 

Figure 5.27. Top view of dipole array with cylindrical ground plane. 



Figure 5.28. Three-dimensional diagram of dipole array conformal to a perfectly con¬ 
ducting cylinder. 


and 13.1 dB, respectively. Blockage is not an issue for these small arrays. 
Increasing the number of elements to 11 does block the elements on one end 
of the array from “seeing” the elements on the other end. If the 11-element 
array is not phase compensated, then the directivity is 7.0 dB. Compensation 
improved the directivity to 16.2dB as shown in Figure 5.30. Letting <j) s = 60° 
and applying the phase shift from (5.4) results in the array pattern in Figure 
5.31. The actual peak of the beam is at <j> = 58°, where the directivity is 14.4dB. 
The directivity at 0 = 60° is 14.16dB. 
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Figure 5.29. Directivity of an array of dipoles on a perfectly conducting cylinder with 
N = 1,3, and 5 elements. 



Figure 5.30. Directivity of an 11-element array of dipoles on a perfectly conducting 
cylinder when phase is compensated and uncompensated. 


Figure 5.32 shows an array of spirals wrapped around the center of an 
ellipsoid-shaped airship [12]. This array operates from 800 to 1200 MHz. The 
elements are two-arm, self-complementary Archimedean spirals, 12.5 cm in 
diameter. The microstrip spiral element was etched on a 0.8-mm-thick, e, = 3.38 
substrate. The spiral is unbalanced and has an input impedance of 188 Q, so a 
surface mount transformer is used as a balun and a match to the 50-Q coax. 







In this case, the curvature is not uniform but is a function of the location on 
the ellipsoid surface. Figure 5.33 shows the measured and computed uncom¬ 
pensated array patterns of an 8-element array on the front of the airship with 
a 20° radius of curvature. Figure 5.34 shows the measured and computed 
uncompensated array patterns of an 8-element array when the side of the 
airship has a 5° radius of curvature. The pattern of the side array has a distinct 
main beam, while the front array does not. 





ARRAYS ON SINGLY CURVED SURFACES 307 



0 

I -10 
1 -20 
« -30 
I -40 


-150 -100 -50 0 50 100 150 

0 (degrees) 


Figure 5.33. Calculated and measured antenna patterns for a 20° radius of curvature 
(front). (Courtesy of Regis Guinvarc’h, SONDRA, Supelec.) 
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Figure 5.34. Calculated and measured antenna patterns for a 5° radius of curvature 
(side). (Courtesy of Regis Guinvarc’h, SONDRA, Supelec.) 


AIRLINK® is an airborne antenna system for in-flight telephone, fax, and 
data transmission that uses the INMARSAT (International Maritime Satellite) 
system of geostationary satellites. The antenna array is very thin and curved 
(Figure 5.35) to conform to the outside of an airplane. Figure 5.36 shows the 
array being installed on the outside of an airplane. The array operates at 1530 
to 1559 MHz on receive and 1626.5 to 1660.5 MHz on transmit. It has a gain 
of greater than 12 dB with a VSWR of less than 1.5. Figure 5.37 is a picture 
of the Airlink array with rectangular microstrip elements that are spaced half 
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Figure 5.35. Front and side views of the Airlink antenna. (Courtesy of Ball Aerospace 
& Technologies Corp.) 



Figure 5.36. Airlink antenna being installed on an airplane (Courtesy of Ball Aerospace 
& Technologies Corp.) 


a wavelength (9.27 cm) apart on a triangular grid. The array is capable of scan¬ 
ning ±60° in azimuth and elevation. 

Figure 5.38 is an artist concept of a multilayer conformal array antenna 
showing installation on curved surface. A thin dielectric covering protects the 
crossed bow-tie elements from the environment. The output from the element 
is fed to a phase shifter mounted below the surface. Low-dielectric-constant 
foam supports the elements above the ground plane. Elements are placed in 
subarrays as shown by the small rectangular portions of the array. 
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Figure 5.37. Airlink array elements. (Courtesy of Ball Aerospace & Technologies 
Corp.) 



Figure 5.38. Multilayer conformal array antenna. (Courtesy of the National Electronics 
Museum.) 


5.3. ARRAYS CONFORMAL TO DOUBLY CURVED SURFACES 

Arrays that conform to doubly curved surfaces are relatively rare, because 
they are difficult to build. A doubly curved surface has curvature in two 
orthogonal directions. The spherical array is the most common type of con¬ 
formal array on a doubly curved surface. A spherical array of point sources 
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has an array factor given by (5.1). Assume that the elements are placed in 
rings that are conformal to the sphere with a center element at (0, 0, 0). 
Element m in ring n on a sphere of radius r are located at (x mn , y mn , z mn ), where 


x m „ 


ymn 


27r(m-l) ) 

~Nn ) 


2n(m ~ 1) ^ 
. N n ) 




N n = floor] 


2 nr n \ 

. ^desired ) 


d g = ring spacing in 8 

t/^desired = desired ring spacing in 0 

d,j>n ~ . , — ^0desired 

N„ 


The function floor rounds down to the nearest integer. The phase compensa¬ 
tion must be applied to the elements in the form 

<5 m „ = -k(x mn sin 8 S cos0 s +ymn sin0 s sin0 s +z m „ cos 8 S ) (5.14) 

Example. Plot the uncompensated and compensated far-field patterns of a 
5-ring array placed on a sphere of radius 4A. Assume d g = 0.5A and d ^ sired = 0.5A. 

First, the values of d$, N„, and r„ are found and displayed in Table 5.2. Next, 
the element locations are calculated and shown on the sphere in Figure 
5.39. The array factor is calculated using (5.1) and shown in Figure 5.39 as the 
uncompensated pattern. The phase compensation is just 8 m „ = -kz mn . The 
compensated pattern is shown in Figure 5.39. 


TABLE 5.2. List of Spherical Array Variables 


Ring 

1 

2 

3 

4 

5 

d $ 

0.52A 

0.52A 

0.51A 

0.50A 

0.51A 

N„ 

6 

12 

18 

24 

29 

r„ 

0.5A 

0.99A 

1.47A 

1.92A 

2.34A 
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elements 



uncompensated compensated 

Figure 5.39. Uncompensated and compensated array factors for the 5-ring array paced 
on a sphere. 

The previous example used isotropic point sources, with no mutual cou¬ 
pling, no ground plane, no element patterns, and no blockage. A more realistic 
example includes all these factors. Assume a spherical array of dipoles that 
are 0.48A long and 0.25A above a perfectly conducting partial sphere that has 
a radius of 4A. Figure 5.40 shows a 3-ring array above a 30° sphere section 
with its uncompensated and compensated far-held patterns. The partial sphere 
angle is defined as the angle between the radius to the center of the partial 
sphere and the radius to the edge of the partial sphere. The uncompensated 
gain of 17.7dB increases to 20dB with phase compensation. Increasing the 
size of the partial sphere to 45° produces little change to the compensated 
pattern that now has a gain of 20.3 dB, but decreases the uncompensated 
pattern gain to 14.7 dB (Figure 5.41). Increasing the number of rings on the 
45° sphere to 5 results in the array with uncompensated and compensated 
patterns shown in Figure 5.42. The gain of the uncompensated pattern is 
12.8 dB, and the gain of the compensated pattern is 23.4 dB. As more rings are 
added, the main beam of the uncompensated pattern gets worse because the 
z distance of each additional ring gets larger. Steering the beam from 0° to 
60° in 15° increments is shown in Figure 5.43 for <j> = 0. The gain decreases 
from 23.4dB at 0° to 20.9dB at 60°. 

As with a circular array, usually only a subsection of a spherical array is 
active at a time. The feed network dynamically connects to the appropriate 
elements to form an aperture on a portion of the sphere that faces the direc¬ 
tion of the desired main beam location. The active elements on the sphere are 
contained within a cone having an apex at the origin, a cone half-angle of ax , 
and the main beam pointing perpendicular to its base. Figure 5.44 shows the 
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uncompensated compensated 



Figure 5.40. Three-ring array of dipoles placed XIA above a perfectly conducting 
portion of a 30° sphere with uncompensated and compensated far-field patterns. 


uncompensated compensated 



Figure 5.41. Three-ring array of dipoles placed XJA above a perfectly conducting 
portion of a 45° sphere with uncompensated and compensated far-field patterns. 
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uncompensated compensated 



Figure 5.42. Five-ring array of dipoles placed A/4 above a perfectly conducting portion 
of a 45° sphere with uncompensated and compensated far-field patterns. 



Figure 5.43. Array pattern in Figure 5.42 steered to </> = 0° and 6 = 0° to 60° in 15° 
increments. 


circular boundary of active elements on the sphere. The arrow from the origin 
through the center of the base points in the direction of the main beam. Thus, 
the array has a circular boundary. This implementation has many advantages 
over a multifaced array [131: 
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1. Lower polarization losses. 

2. Lower mismatch losses. 

3. No beam shift versus frequency (implies wider bandwidth). 

4. No gain loss with beam steering. 

Planar arrays usually cannot scan beyond about 60°, giving spherical arrays a 
significant advantage. The radiating elements in the active sector are assumed 
to have symmetry in the plane perpendicular to the axis of the antenna beam, 
and consequently a spherical array can be used to cover the hemisphere with 
practically identical beams. Thus, in contrast to other array configurations 
which suffer from beam degradation as the beam is steered over wide angular 
regions, spherical arrays provide uniform patterns and gain over the entire 
field of view. Fabrication and assembly of the curved radiators and feed 
network is challenging. 

The gain of the spherical array is based on its projected aperture shown in 
Figure 5.45. 


4 nA' 

where the projected area of active sector is 


(5.15) 


A' = nR 2 sin 2 a„ 


(5.16) 
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Figure 5.45. Projected aperture of spherical array. 


Substituting (5.16) into (5.15) results in [14] 

G = (kR) 2 sin 2 a max (5.17) 

The polarization efficiency of a spherical array is a function of the size of 
the active area on the sphere [14]. 

_2[2 2 ' 3 -(2-sin 2 a max ) 3/2 ] 2 


while the planar array polarization efficiency is a function of the scan angle 

[14]. 


P = 


1 + cos 2 9 S 
2 


(5.19) 


Example. Compare the polarization efficiencies of a planar array scanned to 
60° and a spherical array with (Xm^ = 60°. 

The planar array has p = 0.625 and the spherical array has p = 0.809. 

The spherical array bandwidth criterion requires the phase difference 
between the center element and an edge element is less than Jt/2 as the fre¬ 
quency changes from f 0 to / [14]. 
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| k 0 R (1 — cos a max ) - kR (1 - cos a max )\ = — 

2 (5.20) 

2 ttR | „ c\ / \ 

-l/o-/|(l-cosa max ) = - 

c 2 

If A/= 2 l/ 0 -/I, then (5.20) is written as 


/o fc 0 R(l-cosa max ) k ' 

This criterion gives about 1-dB loss at the edge of the band. 

Example. Compare the bandwidth of a planar array scanned to 60° and a 
spherical array with a max = 60°, R = 5 m, and/= 2 GHz. 

Substituting into (5.21) produces A/// 0 = 3% or A f= 60MHz. If the circular 
planar array has a radius of R since™, = 4.33 m, then its beamwidth is 1° with 
a bandwidth of 1%. 

In order to overcome the disadvantages of a spherical array, the sphere 
approximates a polyhedron (a solid figure with four or more faces). Cheaper 
planar array technology is then used for panels on the flat faces while the array 
still approximates a spherical shape. A geodesic sphere is a skeleton of a 
sphere built using only straight supports that form polygons (most commonly 
triangles). Figure 5.46 shows two examples of geodesic spheres. If only part 
of a geodesic sphere exists, then it is known as a geodesic dome. The one on 
the left consists of pentagons and hexagons, while the one on the right is made 
from triangles. A geodesic dome is mechanically very stable and supports itself 
without needing internal columns or interior load-bearing walls. 
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Figure 5.47. Geodesic dome array made from triangular planar arrays with 36 elements 
in a triangular lattice. 



Figure 5.48. Active sector of the array depends upon the beam pointing direction. 

An example of a geodesic dome array built from triangles is shown in 
Figure 5.47. Each triangular section is a panel containing 36 elements on a 
triangular grid. This array scans horizon to horizon by activating the appropri¬ 
ate subarrays to form an active aperture that points in the desired direction 
[15]. Each array element or subarray must have an RF on/off switch. When 
the subarray is active, then the switch is on and the element phase shifter is 
adjusted to form a coherent beam in the desired direction. Figure 5.48 dem¬ 
onstrates the concept of an active region that is a function of the beam pointing 
direction. The size of the active section depends upon a „, ax . For instance, the 
number of triangles in the active region may be 6 for a small ax or the region 
enclosed by the dashed line in Figure 5.48 for a large a™ ax when the beam 
pointing direction is (6 sU 0,.,). Moving the beam to (0 v2 , <t>a) moves the active 
region to the other side of the sphere (Figure 5.48). Beam scanning is accom¬ 
plished by activating different sectors of the dome. A representative triangular 








Figure 5.49. Subarray panel in a near-field test range. (Courtesy of Boris Tomasic, 
USAF AFRL [15].) 


section was built and tested. The subarray has 78 circular patch elements in a 
triangular grid (Figure 5.49). The antenna pattern was measured in the near 
field and compared well with the predicted pattern (Figure 5.50). 

In order to make the manufacture and testing of the geodesic dome array 
as cheap as possible, all the polygons composing the surface should be of 
identical size. It turns out that there are only five types of regular polyhedron. 
Their characteristics are shown in Table 5.3. The more faces there are on a 
polyhedron, the more closely it approximates a sphere. As such, the icosahe¬ 
dron (composed of 20 equilateral triangles) seems the most likely candidate. 

The 10-m-diameter Geodesic Dome Phased Array Antenna (GDPAA) 
Advanced Technology Demonstration (ATD) antenna shown in Figure 5.51 
was built by Ball Aerospace & Technologies Corp. This array was developed 
to demonstrate multi-beam phased array capability for next generation Air 
Force Satellite Control Network stations [17]. Hexagonal and pentagonal 
panels in the geodesic dome contain many hexagonal subarrays. The hexagon 
subarrays have 37 elements (Figure 5.52) in a triangular grid. Only 36 of the 
elements are active, because the center element is devoted to calibration. The 
GDPAA tracks multiple satellites using multiple beams as shown in Figure 
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Figure 5.50. Measured and computed subarray patterns. (Courtesy of Boris Tomasic, 
USAF AFRL [15].) 


5.53. A very sophisticated beam management algorithm was developed to 
allow active section to overlap and cross while multiple beams simultaneously 
track multiple targets [15]. 


5.4. DISTRIBUTED ARRAY BEAMFORMING 

A distributed array collects signals from antennas at various locations and 
coherently combines them to form a beam. The signal combination occurs in 
real time or much later as is often done with radio telescopes. Data collected 
by each element is precisely time stamped at the element which has a precisely 
known location. The strict timing and location accuracy requires constant 
calibration, otherwise the phase errors would be too large to form a desirable 
coherent main beam. Distributed arrays are typically very sparse, so grating 
lobes are a problem that must be addressed through signal processing, element 
placement, and limited scanning. 

Consider the fictional Very Long Baseline Interferometry (VLBI) array 
shown on the map of the United States in Figure 5.54. Such an antenna might 
be used in radio astronomy to form a huge aperture. The large distances 
between the reflector antenna elements make it impossible to use transmission 
lines to coherently combine signals to form a beam at the data collection site. 
Small element location errors produce major antenna pattern distortions 
described in Chapter 2. In order to determine the element signal phases, the 
data assembled by each element are tagged with the time from atomic clocks 
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Figure 5.51. GDPAA ATD antenna. (Courtesy of Ball Aerospace & Technologies 
Corp.) 



Figure 5.52. Hexagonal subarray for the GDPAA. (Courtesy of Ball Aerospace & 
Technologies Corp.) 
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Figure 5.53. Operational concept of the GDPAA. (Courtesy of USAF AFRL.) 



Figure 5.54. Fictional VLBI array in the United States. 


along with a GPS time stamp. The data are collected at a central location 
(shown by a star on the map). The timing of the data at each element is 
adjusted according to the atomic clock time stamp, and the estimated times 
of arrival of the signal at the elements. Each antenna is a different distance 



TIME-VARYING ARRAYS 323 



from the radio source, so an artificial time delay is added to the appropriate 
elements. If the position of the antennas is not known to sufficient accuracy 
or atmospheric effects are significant, fine adjustments to the delays in the 
signal processing must be made until a coherent beam is formed. 

The VLA presented in Chapter 4 is one example of a VLBI array. Another 
example is the new VLBI array called the Atacama Large Millimeter/submil¬ 
limeter Array, or ALMA [18]. It is an international collaboration between 
Europe, North America, and East Asia, with the Republic of Chile, to build 
and operate a radio telescope composed of 66 12-m and 7-m parabolic dishes 
in Chile’s Andes Mountains (Figure 5.55), at 5000m above sea level. The 
telescope operates at frequencies from 31.25 GHz to 950 GHz. Array configu¬ 
rations from 250 m to 15 km will be possible. The ALMA antennas will be 
movable between flat concrete slabs built on the site. Figure 5.56 is a picture 
of one of the vehicles moving an antenna. Coherent beams can be formed in 
real time through the use of optical fiber feeds to a local data collection center. 


5.5. TIME-VARYING ARRAYS 

The properties of an array may quickly change with time through purposely 
time modulating array parameters or through the array element positions 
changing with time. In effect, the three-dimensional spatial problem becomes 
a four-dimensional space-time problem [19], 


5.5.1. Synthetic Apertures 

A synthetic aperture is a large aperture built over time by moving a smaller 
antenna and taking snapshots along the path. Radio telescopes frequently use 
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Figure 5.56. Vehicle used to move an ALMA prototype element [(copyright © ALMA 
(ESO/NAOJ/NRAO)]. 


the rotation of the earth to fill in an aperture. For instance, the radio telescopes 
at A1 and A2 in Figure 5.57 move to Al' and A2' then to Al" and A2" as the 
earth turns. Continually adding the snapshots together using proper phasing 
forms an image with much higher resolution than is only Al and A2 were used 
alone. 

A synthetic aperture radar SAR is usually mounted on an airplane or satel¬ 
lite that passes over relatively immobile targets. The length of the antenna 
collection determines the resolution in the azimuth (along-track) direction of 
the image. If the antennas collect data over time, T, when the platform is 
moving at velocity, v, then the antenna is vT long, and the virtual beamwidth 
(resolution) of the antenna is approximately X/vT. Figure 5.58 shows a cartoon 
of the space shuttle with a SAR. The footprint on the ground is one element 
pattern in the synthetic array. Pulses are transmitted as the radar moves rela¬ 
tive to the ground. The returned echoes are Doppler-shifted (negatively as 
the radar approaches a target; positively as it moves away). Comparing the 
Doppler-shifted frequencies to a reference frequency allows many returned 
signals to be “focused” on a single point, effectively increasing the length of 
the virtual antenna [20], 

Radar signals received by the SAR depend on the polarization and look 
angle of the antenna as well as the variations in shape and materials in the 
landscape [21]. SAR arrays frequently have dual polarized elements, so the 
array can transmit vertical and receive vertical or horizontal, or transmit 
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Figure 5.58. SAR imaging on the Space Shuttle. 
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Figure 5.59. SIR-B antenna before unfolding during deployment in space. (Courtesy 
of Ball Aerospace & Technologies Corp.) 


horizontal and receive vertical or horizontal. Using these four polarization 
combinations produces different “views” of the terrain, because scattering is 
a function of polarization and look angle. 

SAR can detect changes (that might result from motion) in sequential 
images. When the pixels of two images of the same scene, but taken at differ¬ 
ent times, are aligned and then cross-correlated pixel by pixel, then the pixels 
that change between images are uncorrelated and easy to detect. Alterations 
in the landscape, such as subterranean tunneling, vehicle motion, glacier flow, 
earthquakes, and volcanic activity, produce uncorrelated pixels in the before 
and after images. The motion of a ground-based moving target such as a car 
is also detectable. 

The Shuttle Imaging Radar B (SIR-B) experiment was launched on October 
5,1984, onboard the shuttle Challenger [22], SIR-B collected 15 million square 
kilometers of ocean and land surface data during a 16-hour period. The radar 
was mechanically tilted to obtain multiple radar images of a given target at 
different angles during successive shuttle orbits. The antenna array was put 
together in subarray panels that fold together for storage in the space shuttle 
as shown in Figure 5.59. Figure 5.60 shows the array unfolding to its full aper¬ 
ture size outside the space shuttle. 

Figure 5.61 is a SAR image centered on Salt Lake City, Utah [22], This 
image was acquired by the Spaceborne Imaging Radar-C/X-Band Synthetic 
Aperture Radar (SIR-C/X-SAR) aboard the space shuttle Endeavour on 
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Figure 5.60. SIR-B antenna array unfolding for deployment on the space shuttle. 
(Courtesy of Ball Aerospace & Technologies Corp.) 


April 10, 1994. The dark area is the Great Salt Lake. It is dark, because the 
surface is relatively smooth and the reflected signal obeys Snell’s law, so it 
bounces away from the radar. Vegetation, buildings, and mountains are 
rough surfaces and scatter in all directions. Consequently, the SAR receives 
signals from these areas and produce bright spots on the image for specular 
reflections. 

The Spaceborne Imaging Radar-C/X-band Synthetic Aperture Radar (SIR- 
C/X-SAR) fit inside the Space Shuttle’s cargo bay as shown in Figure 5.62. Its 
mission was to make measurements of vegetation type, extent, and deforesta¬ 
tion; soil moisture content; ocean dynamics, wave and surface wind speeds 
and directions; volcanism and tectonic activity; and soil erosion and desertifi¬ 
cation [22]. The SIR-C/X-SAR had antennas operating at 1.3GHz, 5.2GHz, 
and 10 GHz (Figure 5.63). The L-band and C-band phased arrays have both 
horizontal and vertical polarizations. The X-SAR array is a 12-m x 0.4-m 
X-band vertically polarized slotted waveguide array, which uses a mechanical 
tilt to change the beam-pointing direction between 15° and 60°. The beam 
electronically scans in the range direction ±23° from the nominal 40° off nadir 
position. Both SIR-C and X-SAR operate as either stand-alone radars or 
together. Roll and yaw maneuvers of the shuttle allow data to be acquired on 
either side of the shuttle nadir (ground) track. The width of the imaged swath 
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Figure 5.61. SAR image of Salt Lake City, UT. (Courtesy of NASA JPL.) 

on the ground varies from 15 to 90 km, depending on the orientation of the 
antenna beams and the operational mode. 

5.5.2. Time-Modulated Arrays 

In the time domain, the array factor for a linear array can be written as 

AF = X w n e i[m+k{n - []du] (5.22) 

Time-modulated arrays open and close switches in a prescribed sequence that 
causes the average array pattern to simulate a low sidelobe array amplitude 
taper. When the switch is on, the element connects to the feed network. If the 
switch is off, the element contributes no signal to the output. The switch on 
time, T„, determines the average element weights. Each switch rapidly turns 
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Figure 5.62. SIR-C concept. (Courtesy of Ball Aerospace & Technologies Corp.) 



Figure 5.63. Photograph of the SIR-C antenna. (Courtesy of Ball Aerospace & 
Technologies Corp.) 


on and off in synchronization to an external periodic signal having a period 
of T. An element whose switch is always on has a weight of 1, while an element 
whose switch is always off has a weight of 0. The amplitude weight on element 
n is the fraction of the period that a switch is on. 
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The switches cannot control the phase of the signal. 

The new time-varying weights result in the following time dependent array 
factor: 


AF= X t 


- w Xh 


(5.24) 


where 


w mn =^j T 0 w n (t)e-'^'dt 



This equation implies that the array factor not only exists at the fundamental 
frequency, cq,. but array factors also exist at all the harmonics of the switching 
frequency. 

Time modulation was demonstrated using an X-band experimental 
corporate-fed array of eight collinear slots that had three diode switches [23], 
The center two elements were always on while each of the three switches 
controlled a pair of elements located symmetrically about the array center. 
Isolators on either end of the switch prevented impedance changes due to 
turning the switch on and off. The switching sequence begins with all the array 
elements turned on. A monotonically decreasing amplitude taper results when 
the outer pair (element numbers 1 and 8) turn off, then the next outer pair 
(element numbers 2 and 7) turn off, and finally the next (element numbers 3 
and 6) turn off until only the center pair (4 and 5) remain on. The switches 
operated at a frequency of 10kHz. The various on times were selected to give 
the correct low-sidelobe pattern after the signal was filtered. 

The time-modulated low-sidelobe pattern gain is less than the gain of an 
equivalent static (no switching) amplitude tapered array due to the power lost 
through the additional array factors at the harmonics of the modulation fre¬ 
quency [24]. Expressions for the power loss are found in reference 24. A dif¬ 
ferent array pattern exists at each harmonic. As an example, an array with a 
time-modulated 40-dB sidelobe taper has 3.53 dB less gain than a 40-dB sid- 
elobe static amplitude tapered array. If the static array has an initial low- 
sidelobe amplitude taper, then the time modulation will be more efficient. For 
instance, if an array with a static 30-dB amplitude taper is lowered to 40 dB 
through time modulation, then it has a gain that is 0.51 dB less than that of a 
40-dB sidelobe static amplitude tapered array. 
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5.5.3. Time-Varying Array Element Positions 

Some communications and sensing applications need high-gain arrays in 
space. Element positions in these arrays vary when the surface of the array 
flexes or individual elements on independent platforms change position. The 
support structure for a large array on the ground is made with steel and con¬ 
crete. In space, however, the lightweight materials used in construction cannot 
provide the same solid support. Even though strong structural supports can 
be made viable for space, vibrations induced by antenna deployment, tem¬ 
perature differences, orbit changes, and so on, cause the array aperture to 
undulate. Small vibrations at high antenna frequencies are disastrous for the 
main-beam gain. Element displacements add unwanted phase to the signals 
received at each element. Without proper compensation, these signals do not 
add coherently to form a main beam, resulting in antenna performance 
degradation. 

Example. A low-sidelobe 50-element linear array with element spacing of 
0.5A has a sinusoidal deflection with an amplitude of A/2 as shown in Figure 
5.64. Plot the array factors. 

If the array is not phase compensated, then the main beam is severely dis¬ 
torted as shown in Figure 5.65. Phase compensation restores the array factor 
to near perfection if the element locations are known. 

Elements of an array that are on different moving platforms are another 
type of time-varying aperture. For instance, antenna elements may be on 
individual unmanned aerial vehicles flying in formation. Beamforming consists 
of a wireless network that collects and coherently adds the signals from all the 
elements. 

The Techsat 21 space-based radar [25] is a proposed cluster of micro¬ 
satellites that cooperate to form one large virtual satellite (Figure 5.66). 
Each satellite has roughly a 4-m 2 phased array, operating at 10 GHz. There 
are 4 to 20 satellites per cluster with cluster diameters of 100-1000m. Orbits 
vary from 700 to 1000 km above earth. Satellites in the cluster communicate 
with each other and share the processing, communications, and mission func¬ 
tions. The benefits of this approach include [26]: 

1. The ability to create extremely large apertures. 

2. Increased system reliability, because the failure of a single satellite does 
not result in complete system failure. 



Figure 5.64. Small A/2 deflection in a linear array of 50 point sources. 



332 


NONPLANAR ARRAYS 



$(degrees) 


Figure 5.65. The array factor due a to M2 deflection compared to an array factor with 
no deflection. 



Figure 5.66. Proposed Techsat 21 configuration in orbit. 


3. Easier upgrades to the satellites, since the satellites can be replaced one 
at a time instead of all at once. 

4. Low costs due to satellite mass production and small launch payloads. 

5. Improved survivability to natural and man-made threats due to the sepa¬ 
ration between satellites. 
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6. The ability to reconfigure and optimize the satellite formation for a given 
mission, enhanced survivability, and increased reliability. 

Each satellite transmits a different frequency or other orthogonal signal, 
but receives all the signals from the other satellites in the formation. Although 
the absolute position of a satellite must be accurately known, the relative 
positions between satellites have the stringent requirement of a fraction of a 
wavelength in order to coherently sum the signals to form a beam. As shown 
in Chapter 2, the random element position errors determine the gain of the 
array. 

GPS provides absolute timing to 100 ns. Differential GPS can provide rela¬ 
tive position knowledge of 10cm and timing to 20ns, and an ultra stable oscil¬ 
lator provides local time precision of 5ps over the maximum signal integration 
time of 5 s. Intersatellite communications regularly update position and timing 
measurements. The actual satellite position with respect to other satellites in 
the array is measured using laser ranging, to provide relative positions with 
an error significantly less than a wavelength at the X-band. Thus, positional 
errors of the satellites are modeled as deviations from the nominal positions, 
having (a) a random but known component on the order of meter and (b) a 
random but unknown component on the order of 3 mm. Phase compensation 
corrects the known errors and the unknown errors raise the sidelobe level and 
lower the gain. 

Example. An array with 64 elements that are randomly distributed in a 
3.52 x 3.52 x 3.52 volume. Plot the incoherent array factor and the array factor 
with a coherent beam steered to (d s tj > s ) = (45°, 0°). 

The randomly distributed volume array is shown in Figure 5.67. The uni¬ 
formly weighted array factor appears in Figure 5.68. It consists of many very 
small lobes of about the same height. If the elements are phased to form a 
coherent beam at (0 0) = (45°, 0°), then the array factor in Figure 5.69 results 
with a desired main beam. 

The High-Frequency Surface Wave Radar (HFSWR) is deployed along a 
coast to detect boats far from shore [27]. Finding an area along the water to 
build a long array is often difficult, so it has been proposed to place the array 
elements on buoys that are tied to the sea bottom. Ocean waves cause move¬ 
ment of the elements that are a function of the length of the cable and the sea 
state or height of the waves. A computer model of the ocean calculated the 
element locations as a function of x, y, and z [28]. As long as the location of 
the element is known, then appropriate phase corrections can be applied to 
compensate the pattern. 

As an example, consider the case of a 10-element linear array with a desire 
spacing of 2/2 on top of an ocean with 0.9- to 1.5-m waves (sea state 3). The 
array configuration changes with time as shown by the time varying azimuth 
antenna pattern in Figure 5.70. The sidelobes increase from -13 dB to as much 
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Figure 5.70. Uncorrected antenna pattern as a function of time. (Courtesy of Regis 
Guinvarc’h, SONDRA, Supelec.) 


as -6.6 dB at t = 10 s. These waves do not cause a change in the beam-pointing 
direction. Phase corrections result in the pattern shown in Figure 5.71. The 
array pattern is restored except in the far-out sidelobe region. This concept 
will be demonstrated by building a small array of monopoles located on as 
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Figure 5.71. Corrected antenna pattern as a function of time. (Courtesy of Regis 
Guinvarc’h, SONDRA, Supelec.) 



Figure 5.72. Picture of the monopole located on a zodiac. The elements were on the 
ocean and tethered to the land by ropes. (Courtesy of R6gis Guinvarc’h, SONDRA, 
Supelec.) 


shown in Figure 5.72. One zodiac with the HF radar equipment and monopole 
antennas are tethered to shore during testing. Additional zodiacs with mono¬ 
poles will be added in the future. 

Platform vibrations also result in time-varying elements in an array. The 
element positions can be estimated by mounting some near field reference 
sources on rigid frames that do not vibrate. The beamformer uses the esti- 
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mated position information to correct the distorted pattern of the antenna 
array. A 5.8-GHz 8-element array with artificially displaced element positions 
was built to emulate the vibration effect [29]. The proposed calibration 
approach estimated the position with deviations under 4% of the free space 
wavelength. 
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Mutual Coupling 


An antenna never exists in isolation. Radiation from a transmitting source 
illuminates the receive antenna as well as everything in its environment. The 
time-varying fields strike various objects in the environment that absorb and 
reradiate the fields. As a result, the antenna performs differently in its envi¬ 
ronment than in free space. Mutual coupling is the interactions between an 
antenna and its environment is called mutual coupling. It has three compo¬ 
nents [1]: 

1. Radiation coupling between two nearby antennas. 

2. Interactions between an antenna and nearby objects, particularly con¬ 
ducting objects. 

3. Coupling inside the feed network of an antenna array. 

This chapter examines the radiation coupling between elements in an antenna 
array. This is the final step toward the design of realistic phased array 
antennas. 

Figure 6.1a is a diagram of an isolated antenna that is matched to its trans¬ 
mission line: The antenna impedance ( Z a ) equals the transmission line imped¬ 
ance (Z n ). A wave travels from the transmitter to the antenna (V~) with no 
reflection (V" = 0), so the reflection coefficient is zero, F = 0. In Figure 6.1b 
an identical second antenna is placed near the first one. The second antenna 
radiates a wave that is received by the first antenna. This received wave travels 
from the antenna back to the transmitter (I FI > 0). Thus, the signal received 
from the second antenna looks like a reflected wave in the first antenna. A 
reflected wave is associated with an impedance mismatch, so it appears as 
though the first antenna is not matched to the transmission line. Since the 
reflection coefficient is no longer zero, the antenna impedance differs from 
the transmission line impedance by 


Z L 


(6.1) 
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II I I * 

(a) (b) 


Figure 6.1. Reflected and radiated fields of an array element, (a) An antenna matched 
to its transmission line radiates with no reflections, (b) A second antenna radiates fields 
that are received by the first antenna. 


If the excitation on element 2 changes, then the apparent reflected signal in 
element 1 changes. As a result, the element 1 impedance calculated by (6.1) 
changes. Thus, changing the array excitation, such as beam steering, causes 
the active element impedance of all the elements to change. The transmitter/ 
receiver that is matched to an isolated element is no longer matched to an 
element in the array. Even if the impedance of the transmitter/receiver changes 
to match the element at one excitation, then the transmitter/receiver would 
no longer be matched if the excitation changes. In order to receive the most 
power from an incident wave, the element impedance should minimize the 
total scattering from the array, because less scattering means more of the 
signal was received by the array. 

When antennas are placed close together, as in an array, if one antenna 
transmits, then all of the others receive some of the signal depending upon 
the distance and orientation of the antennas [2], Even when no element is 
transmitting, an incident wave causes scattering from the elements which 
effectively makes each element a transmitter. The current on an element is 
the vector sum of all the currents induced by the fields from the other ele¬ 
ments. These element interactions must be understood before designing the 
array. 

This chapter starts by introducing the concept of mutual impedance and 
the analytical expressions for coupling between two dipoles. There are two 
parts to examining the effects of mutual coupling on large arrays [3], The first 
looks at elements that are surrounded on all sides by many elements. This 
element appears to be in an infinite array. The second examines the edge 
effects on the elements close to the edge of a large array or the elements of a 
small array. It is possible to find the self impedance of the element, and then 
find the mutual impedances due to the presence of the neighboring elements. 
The mutual impedances change as a function of scan angle and, under certain 
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conditions, even result in a total reflection of the signal which produces scan 
blindness at that angle. 


6.1. MUTUAL IMPEDANCE 

Self-impedance is the impedance of the isolated antenna. The voltage at the 
antenna terminal is given by Ohm’s law: 


V, = Z„7, (6.2) 

If there is no current source at element 1, then the voltage at element 1 due 
to the current on element 2 is 


V, = Z 12 / 2 (6.3) 

Z 12 is the mutual impedance between elements 1 and 2. The total voltage at 
element 1 is the sum of (6.2) and (6.3). 


V^Z n h+Z n h (6.4) 

The impedance at element 1 is no longer Z n when element 2 is present. 
Instead, the impedance is known as the driving point or active impedance of 
the element and is given by 




(6.5) 


The value of the mutual impedance depends upon the distance between the 
elements, the polarization of the elements, the orientation of the elements, 
and the element patterns. 

Mutual coupling occurs in receive arrays, when a plane wave induces a 
current on elements 1 and 2. The current induced on element 2 radiates and 
is received by element 1. Adding more elements causes more interactions. If 
there are N elements, then there are N self-impedances and N(N - 1) mutual 
impedances. The mutual impedance between any two elements in the array is 
found by dividing the open-circuit voltage at one element by the current at 
the other element. 


V 

Z m „=Y ( 6 - 6 ) 

After calculating all the self- and mutual impedances, they can be placed in 
the N x N impedance matrix. 
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ZI = V (6.7) 


z„ z n ••• z^ir/,1 rv, 



Zm Z N2 ... Z^JL/J Ln 


The impedance matrix contains all the self- and mutual impedances of an N- 
element array. Array element m couples to element n through the mutual 
impedance Z m „ in row m and column n of the matrix. Reciprocity dictates that 
Z mn - Z„ m .The driving point impedance for an element in an N element array 
follows from (6.5): 


Z dn =—Z nl +Z n2 —H— + Z nN — (6.9) 

/„ I„ nN I n v ’ 

Alternatively, the coupling can be formulated with admittances instead of 
impedances. Multiplying both sides of (6.7) by the admittance matrix (inverse 
of impedance matrix) produces 


YZl = YV = I 


with the admittance matrix defined as 


V,! Yl2 

Y, y 22 


|_Yau Y n 2 - 1 

The driving point admittance is then defined by 

In V„ , Y„ +l 

Y dn =- = -- + Y nn ,- ! ^- + Y nn + Y nn+x -^ + --- 
v„ • V„ ' v n 

Admittance is preferred over impedance for arrays of slots. 


( 6 . 10 ) 


( 6 . 11 ) 


( 6 . 12 ) 


6.2. COUPLING BETWEEN TWO DIPOLES 

This section presents the analytical equations for mutual coupling between 
two dipoles. Although these calculations are only valid for two dipoles, they 
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may be applied to any pair of elements in a linear or planar array with or 
without a ground plane. The elements of the N x N impedance matrix are 
found by assuming it is composed of N(N - 1) two-dipole mutual impedances 
and N two dipole self-impedances. 

The 2x2 impedance matrix for a two-dipole array has elements given by 



The driving point impedance at the first element is given by (6.5), and the one 
at the second element is given by 

(6.14) 

The Z d is the impedance seen by the transmission line or waveguide of the 
feed network. When the antenna element is designed and tested in isolation, 
then Z 2 2 is the impedance. Once the second element is present, then it becomes 
a determining factor in the impedance of the first antenna element. 

The reciprocity theorem is used to find the values of the impedances 
in (6.6) 


\\\E yl J y2 dv’ = \\\E yl J yi dv' (6.15) 


Since the current only flows in the y direction and the dipole is very thin, 

/,i (/) = 2naJ yl ( y') = I m sin [fc (7^/2 -|/|)] (6.16) 

The y-polarized near field of a dipole oriented along the y axis is 


Z 0 I m 

■ e -m e -m 2 fkL ,) 

e ~ ikr ' 

4 n 

~rT + ~r 2 cos l~J 

1 r . 


— (6-17) 


r = Jx 2 + y 2 + z 2 
R l =Jx 2 + (y-L,l2) 2 +z 2 
R 2 =Jx 2 +(y + L y /2) 2 +z 2 


where 
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For a lone dipole, the power at the current maximum is 

P = V m I m = {y')E y , (y')dy’ (6.18) 

The self-impedance is the voltage at the antenna divided by the current 
fed to the antenna when the antenna is isolated. Assume that the dipole is 
very thin and that the current runs only along the y axis. This antenna can 
only radiate and receive electric fields with a y component. The power at 
the dipole feed point is the integral of the current and the electric field along 
the dipole. 


P = HZ U = (/)£f rface (y')dy' (6.19) 


where £* urface i s the electric field at the surface of the dipole. Substituting (6.16) 
and (6.17) into (6.19) produces 


Z 2 1 = R 2l + jX n 

= z: J - : '> in [*(T L - |/l )][ £ ^ +£ ^- 2cos ( k -r) i 7-] dy ' <6 ' 20) 


where 


R^Jai+iy'-L ,/!) 2 
R 2 = x 2 + (y' + L y /2) 2 
Solving the integral in (6.20) leads to [4] 


R n = j/ +In (kL y ) - C, (kL y )+-^ sin {kL y )[5, (2kL y )-25, {kL y )] 

+1 cos(itL, )[y + In (kL y /2) + C, [2kL y ) - 2C,, {kL y )]J 

X x 1 = \ - 2 - 25, : {kLy) + cos {kLy ) [25, (itL,) - 5, (2 kL y )] 

[4tt 

- sin [kL y ) j^2C, \kL y ) - C, {2kL y ) - C, j J 


( 6 . 21 ) 


where y - 0.5772 is Euler’s constant. For a half-wavelength dipole, 
Z„ = 73 + /42.5. 
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X AB~ X AD 

Figure 6.2. Dipoles placed side by side. 


The mutual impedance between two dipoles is found in a similar manner, 
except the electric field comes from the second dipole, so the values of r, R } 
and R 2 are different. Assuming that the two dipoles are of the same length, 
L y , then the formulas for the mutual impedances are given by: 

1. Parallel dipoles A and B in Figure 6.2. (A line connecting the centers of 
the dipoles is perpendicular to the dipoles.) 


* 2 , = ~r~[2Ci («i) - C, (u 2 ) - C, (n 3 )] 
4 n 

X n ~- ^[25, (w,)-^)-^)] 


( 6 . 22 ) 


where 


«o = kx AB 

m, =A :[yjx 2 AB + L 2 y +Lj,) 

U 2 =k ^JX 2 AB + l}y ~Ly j 

Siix ) = l^ dr 

Ci (*) = 0.577215665 + \nx- £ 1 ~^ )ST rfT 
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2. Collinear dipoles A and C in Figure 6.2. (Dipoles lie along the same 
line.) 


*21 = {cos(v 0 )[2C ; (2v 0 ) - C, (Vi) - C, (v 2 )+In C, (v 3 )] 

ok 

+ sin (v 0 )[25, (2v 0 )- S, (V])- S, (v 2 )]} 
n (6.23) 

X 2l = ^{cos(v 0 )[-25, (2v 0 )+5, (v,) + 5, (v 2 )] 

-sin(v 0 )[-2C, (2v 0 )+C, (vJ+C, (v 2 ) + InC, (v 3 )]} 


where 


Vo = ky AC 

V! =2 k{y AC + L y ) 

v 2 =2k(y AC -L y ) 

v 3 =(y 2 AC -L 2 y )/y 2 AC 


3. Offset dipoles A and D in Figure 6.2. (The dipoles are parallel, but a 
line connecting the centers of the dipoles is not perpendicular to the 
dipoles.) 


R 2 ] = — {cos (w-o) [2C, (w,) + 2C, (w 2 ) - C, (w 3 )- C, (w 4 ) - C, (w 5 )- C, (w 6 )] 

8k 

+ sin (w 0 )[25, (w,)- 2Si (w 2 )- 5, (w 3 ) + 5, (w 4 ) - 5, (w 5 ) + 5, (w 6 )]} 
cos (w 0 ){[-25 ; (w,) - 25, (w 2 )+5, (w 3 )+5, (w 4 )- 5, {w 5 ) + 5, (w 6 )] 

OK 

+ sin (w 0 )[2C ; (w,)- 2C, (w 2 ) - C, (w 3 )+C, (w 4 )- C, (w 5 )+C, (w 6 )]} 

(6.24) 


Wo= ky AD 

Wi=k(ylx 2 AD +y 2 AD +y AD ) 

W 2 =k [yI X AD + y 2 AD -y^o) 

W 3 =k^ x l n +(^ D -L y f +y AD -Tj,j 

W4=k(y] x2 AD +(t 4D -L,) 2 -^ D +^1 


where 
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Figure 6.3. Plot of the mutual impedance between two parallel A/2 dipoles as a function 
of separation distance in wavelengths. 


w 5 =k(ylx 2 AD + {y An +L y f +y AD +L y j 
»V6 = kl^x 2 An + {y A[) +L y f -y AD -L,) 

Figure 6.3 is a graph of the real and imaginary parts of the mutual imped¬ 
ance (Z 2 1 = R 2 i + jX 21 ) as well as the magnitude of the mutual impedance 
between two parallel y-oriented dipoles along the x axis. The phase is linear 
and equal to -kx AB , so it was not included in the plot. The impedance quickly 
decreases as x AB increases. When x AB = 0, the mutual impedance becomes the 
self-impedance. Figure 6.4 is a graph of the real and imaginary parts of the 
mutual impedance as well as the magnitude of the mutual impedance between 
two collinear y-oriented dipoles along the y axis. The mutual impedance is 
much smaller than for the parallel dipole case as x AB increases, since the dipole 
radiation in the y-direction is small. The impedance plots start at y AC = A/2 
instead of y AC = 0, because the dipoles overlap at smaller spacings. Extensive 
plots of the mutual impedance between two parallel dipoles of different 
lengths and separation distances in the x and y directions using (6.24) appear 
in reference 4. 

Example. Find the self-, mutual, and driving point impedance of two parallel 
half-wavelength dipoles (a = 0.001A) spaced A/2 apart assuming / r = / 2 . 

Use (6.5), (6.21), and (6.22) to get Z„ = 73.1309 + ;'42.5452, Z 12 = 
-12.5324 - y'29.9293, and Z A = 60.5985 + /12.6159. If h * / 2 , then Z dl will be 
different than Z A , as in an amplitude taper. 
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Figure 6.4. Plot of the mutual impedance between two collinear A/2 dipoles as a func¬ 
tion of separation distance in wavelengths. 


A planar dipole of length L and width w is the complement of a slot of 
length L and width w. Booker’s relationship introduced in Chapter 4 can also 
be applied here. Assuming there are two slots in an infinite ground plane, then 
the mutual admittance between the slots is related to the mutual impedance 
between two dipoles that are complementary to the slots by [5] 

y 1 f , =4Z 1 d r le y 0 2 (6.25) 

If the slot only radiates from one side of the ground plane, then the relation¬ 
ship is [5] 


Yg* = 2Z, d r ,e y 0 2 (6.26) 

A slot of width, w, is also considered complementary to a dipole of radius a 
when the width and radius are related by [5] 


w = 4a (6.27) 

Example. Find the self- and mutual admittances of two parallel half¬ 
wavelength slots that are complementary to a dipole with a = 0.001 A and are 
spaced A/2 apart assuming /, = I 2 . 

If w ~ 0.004A then the slot is complementary to the dipole. Substituting the 
dipole impedances in the previous examples into (6.25) results in 


y/r =4(73.13 + ;42.55)/377 2 =(2.06 + /1.20)xl0“ 3 Q 
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Y$°' = 4 (-12.53 -;29.93)/377 2 =-(0.35 + /0.84)xl0- 3 Q- 1 
Note that the slot is assumed to radiate out both sides. 


6.3. METHOD OF MOMENTS 

Finding the mutual coupling between nondipole antennas requires numerical 
methods like the method of moments (MoM).The MoM most closely follows 
the analytical derivations presented thus far. It is a mathematical technique 
for solving electromagnetics equations of the form [6] 

C{J} = V (6.28) 

where £ is a linear integrodifferential operator, .7is the induced current, and 

V is the forcing function. In this equation, V is known, and the idea is to invert 
£ to obtain the unknown function 

«7 = £ -1 {V} (6.29) 

The procedure involves a technique that transforms (6.29) into a system of 
linear algebraic equations of the form 

Z MM l = V (6.30) 

where Z MM is the MoM impedance matrix, I is the current column vector, and 

V is the induced voltage column vector. The steps in the MoM procedure are 
as follows: 

• Expand I in into a series of basis functions with unknown coefficients. 

• Take the inner product of both sides with a set of known testing 
functions. 

• Apply the boundary conditions at N points to get a set of N equations 
and unknowns. 

• Analytically or numerically solve the definite integral(s) to find Z MM . 

• Numerically solve the resultant matrix equation for /. 

Once I is known, then the far-field, near-field, efficiency, polarization, or 
antenna impedance can be easily calculated. The MoM is a powerful technique 
but works best for 

• Electrically small objects 

• A perfect electrical conductor (PEC) 

• Narrowband applications. 
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The MoM is widely used to calculate the impedance and radiated fields of 
many types of antennas. 

A thin dipole antenna of radius a has current flowing along its length 
but not in any other direction. If the wire antenna is situated along the z axis, 
then [7] 


p-jkR I -\2 p -jkR 


(6.31) 


This equation may be rewritten as 


E z 


1 

j(OE 


k 2 


e~‘ kR d 2 

fe-’ kR " 

AnR dz 2 

V AkR y 


\J z {z')dv' 


(6.32) 


Since the wire is a PEC, the current lies only on the surface. If the wire has 
a radius a, then the volume integral in (6.32) reduces to a surface integral 
given by 


If R = yl(z-z') 2 + a 2 (implying that the observation point is on the surface of 
the wire) and the wire is very thin (a « A), the resulting current is 

I z (z') = 2nJ z (z') (6.34) 

and the surface integral of J z {z') becomes a line integral of E(z'). 


1 u ?\ ,e ,kR 0 2 1 

E z =- - j k 2 —-- I z (z')dz' (6.35) 

;©e_l/ 2 L 47rjR dz 2 \4nR)\ 


If a z-directed field is incident upon the wire, then the total tangential field at 
the wire surface must be zero or 


£T al = £' + £f a " ered = 0 (6.36) 

Substituting (6.35) for the scattered field into (6.36) yields an integral equation 
of the first kind. 
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Taking the derivative of inside the integral kernel, K(z, z"), results in 

p-jkR 

K (Z,Z’) = ^[(1 + jkR)(2R 2 - 3a 2 ) + (kaR ) 2 ] (6.38) 


This equation is based on the following approximations: 

• The wire is infinitely thin, so that only z-directed currents, not radial or 
circumfiential currents, exist. 

• The wire is a PEC. 

• The boundary condition is enforced at the wire surface, but the current, 
I z (z'), is a filament at the center of the wire. 

• The distance, R, is never zero. 

The current on the wire, I(z') can be written as a sum of weighted basis 
functions 


/(z> iw*') 


(6.39) 


Next, inserting (6.39) into (6.37) yields [1] 

m N N r/2 

J K(z,z’)^I n B n (z')dz' = J d I n J K{z,z')B n {z')dz' = -j(oeE‘(z) (6.40) 

-L/2 n =1 n=l -L/ 2 

The basis functions, B m are mathematical building blocks weighted by the 
coefficients, /„. Equation (6.39) provides an interpolation of the current over 
the length of the wire. It is possible to solve this integral using Gaussian 
quadrature if the basis functions are chosen properly. Many different basis 
functions are used in practice. Subdomain basis functions exist over segmented 
portions of the wire, while entire domain basis functions exist over the length 
of wire. Three common examples of subdomain basis functions are [8]: 

1. Pulse 


jl, z'-,<z'<z'„ 
[0, otherwise 


2. Piecewise Linear 


z'-z ’„-1 
z’„ -z ’„-1 ’ 


B n 


Zn +1 Z 

z ’„ + 1 -z’„ ’ 


lo. 


Z' n - X <Z'<Z’ n 

z’„<z’< z ’ n+ 1 
otherwise 
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3. Cosine 




Enforcing the boundary conditions at M points enables (6.40) can be written 
in matrix form as 


J Bi (z')K(zi,z')dz' - J B N {z’)K{zuz')dz' 

-LI 2 -L/ 2 

L/2 LI 2 

J W)^,*')^' ... j (*')*(?*, 


'V 


'E‘M~ 

I N _ 


E‘(zm ). 


(6.41) 


The integrals in (6.41) must be solved before finding the coefficients of 
the basis functions. One way of simplifying the process is to take the inner 
product of each integral with a weighting function, so that a matrix row is 
represented by 


n m 

%I„\ } W m (z)K(z,z')B n (z')dz'dz = -j( 0 £jE‘ z W m (z)dz (6.42) 

«= 1 -l/2 

One common approach is to have the basis and testing functions the same. 
This technique is known as Galerkin’s method [6]: 

N L/2 

I/J J K(z, z') B m ( z ) B„ (z')dz'dz = -j(oe\E[B m (z)d z (6.43) 

"=1 -L/2 

If the weighting functions are delta functions, then (6.42) becomes 

N L/2 

£/„J J 8{z-z m )K(z,z’)B n (z’)dz’dz = -j(oe\E[8{z-Zm)dz (6.44) 
which reduces to 

£ I n L \ K( Zm , z')B n (z')dz' = -jcoeEi( Zm ) (6.45) 

"=1 -L/2 


This formulation is known as point matching [6] or collocation. If point match¬ 
ing is used with pulse basis functions, then applying the boundary conditions 
at N collocation points yields the matrix equation 
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L 'XK(zuz')dz' 

~U 2 

J K(z M ,z')dz' 


K(zi,z')dz' 


LI 2 

J K(z m , z')dz' 


r /i_ 


E‘{ Zi y 

_/J 




(6.46) 


L -L/2 L/2-Az J 

As long as A z is small, then the integral is accurately approximated by mid¬ 
point integration. 


'A zK(zuZi) • 

■ Az/C(z 1 ,z a ,)T/ 1 ' 


EUziY 

_AzK(z n ,Zi) 

•• A zK(z n ,z n )_ Jn. 


E{(z u )_ 


(6.47) 


Figure 6.5 shows a diagram of part of the dipole. The wire is broken into seg¬ 
ments of length A z = L/N xg . The points z m are located at the midpoints on the 
surface of the wire, while the integration variable z' is along the filament at 
the center of the wire. 

The next step after calculating the impedance matrix is to represent the 
right-hand side by either a plane wave (receive antenna) or a voltage source 
(transmit antenna). A normalized plane wave incident at each segment is [8] 

E‘ z (z n )=e> kz " cose (6.48) 


a 



y 


/ 




Figure 6.5. Dipole broken into equal segments. 
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The simplest voltage source is the delta-gap model that has the center segment 
set to V 0 . 


E‘M 


O' 

E‘z{Z(N- n/ 2 ) 


0 

Ez(z(n+ m) 

= 

Vo 

E‘z (Z(N+3)/2 ) 


0 



.0. 


Example. Find the input impedance to a dipole with L = 0.1 A and a = 
0.005A. 

Solution: To easily display the results, only 7 segments are used for the wire. 
Point matching with pulse basis functions will be used to generate the imped¬ 
ance matrix. The MoM impedance matrix has values given by 


11.26 

11.25 

11.22 

11.18 

11.12 

11.04 

10.94' 

11.25 

11.26 

11.25 

11.22 

11.18 

11.12 

11.04 

11.22 

11.25 

11.26 

11.25 

11.22 

11.18 

11.12 

11.18 

11.22 

11.25 

11.26 

11.25 

11.22 

11.18 

11.12 

11.18 

11.22 

11.25 

11.26 

11.25 

11.22 

11.04 

11.12 

11.18 

11.22 

11.25 

11.26 

11.25 

10.94 

11.04 

11.12 

11.18 

11.22 

11.25 

11.26 



'-1.0248 

0.4197 

0.0605 

0.0181 

0.0078 

0.0041 

0.0025' 


0.4197 

-1.0248 

0.4197 

0.0605 

0.0181 

0.0078 

0.0041 


0.0605 

0.4197 

-1.0248 

0.4197 

0.0605 

0.0181 

0.0078 

Im{Z MM } = 

0.0181 

0.0605 

0.4197 

-1.0248 

0.4197 

0.0605 

0.0181 


0.0078 

0.0181 

0.0605 

0.4197 

-1.0248 

0.4197 

0.0605 


0.0041 

0.0078 

0.0181 

0.0605 

0.4197 

-1.0248 

0.4197 


0.0025 

xlO 5 

0.0041 

0.0078 

0.0181 

0.0605 

0.4197 

-1.0248 

The delta gap model is used for the source with Vo 
hand side is a 7 x 1 matrix given by 

= 1/A z = 

70V, so the right- 


V = [0 0 0 70 0 0 Of 


Solving for the current on the wire segments results in 



METHOD OF MOMENTS 355 


0.3237’ 


0.4146' 

0.4950 


0.7495 

0.5911 


1.1060 

0.6224 

xlO- 5 and Im{/} = 

1.6920 

0.5911 


1.1060 

0.4950 


0.7495 

0.3237J 


0.4146. 


Z in = 2.17-;591 


The small real part and large imaginary part is indicative of a short dipole. 

Example. Find the directivity and input impedance for a dipole that is 0.49A 
long with a = 0.000001A. 

Solution: Figure 6.6 is a plot of dipole impedance as a function of the 
number of segments. The real part of the impedance shows little change as a 
function of the number of segments, while the imaginary part shows dramatic 
change. Segmentation is not as critical for calculating the directivity (Figure 
6.7). The difference between the antenna pattern for the dipole broken into 
5 segments and the one broken into 101 segments is barely noticeable in the 
plot in Figure 6.8. The moral is that a relatively higher segmentation rate is 
required for accurately calculating the dipole impedance than is required for 
calculating the antenna pattern. 

The MoM also applies to surfaces and dielectrics [7]. For instance, a rect¬ 
angular patch antenna is divided into small triangles, and the current is found 


£ -20* 
-40 


Number of segments 


Figure 6.6. Dipole input impedance as a function of segmentation. 
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Figure 6.7. Dipole directivity as a function of segmentation. 



on each of the triangles. Three-dimensional basis functions are used for the 
triangular grid. Figure 6.9 shows the patch with six different grid levels as listed 
in Table 6.1. The patch has dimensions of 37.8 mm x 50.2 mm with a pin feed 
that is 9.3 mm off center. The substrate has e r = 3.6 with dimensions 
53.8mm x 66.2mm x 1.6mm. Using coarse gridding, maximum triangle size of 
A/3, produces terrible results for both directivity and impedance calculations 
as shown in Figures 6.10 and Figure 6.11. Directivity calculations for a grid as 
coarse as A/7 are accurate, while A/5 are very good. As the grid gets finer for 
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d. A/9 



e.A/11 



c. yji 



Figure 6.9. Rectangular patch antenna divided into small triangles. The number of 
unknowns quickly increases as the size of the triangles gets smaller. 


TABLE 6.1. Number of Metal and Dielectric Triangles in the Patch Model for a 
Specified Maximum Triangle Edge Length 


Max Triangle 
Edge Length 

Number of Metal 
Triangles 

Number of 
Dielectric Triangles 

Relative Time 

A/3 

94 

144 

1 

A/5 

256 

336 

4 

A/7 

498 

612 

15 

A/9 

832 

946 

48 

A/ll 

1238 

1378 

118 

A/15 

2276 

2300 

506 


impedance calculations, the resonant frequency increases until it hits 2 GHz 
at A/ll. Increasing to A/15 improves the depth of S u at 2GHz. As the number 
of triangles increases, the amount of time needed to find the solution increases, 
and the amount of memory needed also increases. The last column in Table 
6.1 is the relative time needed to calculate the antenna pattern of the patch. 
When the maximum triangle size is A/15, then the calculations take 506 times 
longer than when the maximum triangle size is A/3. 
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Frequency (GHz) 

Figure 6.10. Patch directivity as a function of triangle size. 



frequency (GHz) 

Figure 6.11. Patch Sn as a function of triangle size. 


6.4. MUTUAL COUPLING IN FINITE ARRAYS 

Equations (6.22), (6.23), and (6.24) apply to the mutual impedance between 
any two elements in an N element array with and without a ground plane. 
Consider the planar array in Figure 6.12. The diagonal elements of the imped¬ 
ance matrix are all equal to the self-impedance of a dipole and are found using 
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k-*.l 


Figure 6.12. Planar array of dipoles on a rectangular grid. 


(6.21). Depending upon their locations, the mutual impedance between 
element m and element n are found using (6.22), (6.23), or (6.24) with 


x AB =x AD =\x m -x n \ 

yAB=yAD = \y m -y n \ 


(6.50) 


Example. Find the impedance matrix and driving point impedances for 5 
parallel A/2 dipoles spaced A/2 apart. 

The diagonal elements of the impedance are all equal and found using 
(6.21). The mutual impedance between element m and element n are found 
using (6.22). 


Re{Z} = 


Im{Z} = 


73.1 

-12.5 

4.0 

-1.9 

1.1' 

-12.5 

73.1 

-12.5 

4.0 

-1.9 

4.0 

-12.5 

73.1 

-12.5 

4.0 

-1.9 

4.0 

-12.5 

73.1 

-12.5 

1.1 

-1.9 

4.0 

-12.5 

73.1_ 

‘ 42.5 

-29.9 

17.7 

-12.3 

9.4' 

-29.9 

42.5 

-29.9 

17.7 

-12.3 

17.7 

-29.9 

42.5 

-29.9 

17.7 

-12.3 

17.7 

-29.9 

42.5 

-29.9 

9.4 

-12.3 

17.7 

-29.9 

42.5. 


(6.51) 


(6.52) 


The driving point impedances for the elements when uniformly weighted are 
given by (6.9): 
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Z d =[63.8 + ;27.4 50.2 -jll.9 56.1 + ;18.1 50.2 — >11.9 63.8 + ;'27.4] 

(6.53) 


Example. Find the impedance matrix and driving point impedances for 5 
parallel A/2 dipoles spaced A apart. 

The procedure is repeated for the increased element spacing. Note that the 
self-impedance does not change, but the mutual impedances are less than 
those for the same array with A/2 spacing. 


Re{Z} = 


Im{Z} = 


'73.1 

4.0 

1.1 

0.5 

0.3' 

4.0 

73.1 

4.0 

1.1 

0.5 

1.1 

4.0 

73.1 

4.0 

1.1 

0.5 

1.1 

4.0 

73.1 

4.0 

. 0.3 

0.5 

1.1 

4.0 

73.1. 

'42.5 

17.7 

9.4 

6.3 

4.8' 

17.7 

42.5 

17.7 

9.4 

6.3 

9.4 

17.7 

42.5 

17.7 

9.4 

6.3 

9.4 

17.7 

42.5 

17.7 

. 4.8 

6.3 

9.4 

17.7 

42.5. 


(6.54) 


(6.55) 


The driving point impedances for this array are given by 

Z d = [79.0 + ;80.7 82.7 + ;93.6 83.3 + ;96.7 82.7 + ;93.6 79.0 + ;80.7] 

(6.56) 


More often than not, the dipoles are placed above a ground plane [9]. If 
the dipole array is above an infinite perfectly conducting ground plane, then 
the array/ground plane is replaced with the array and an image array at z = -h 
(Figure 6.13). The currents in the image array are in the opposite direction of 
the currents in the actual array due to the boundary condition for the tangen¬ 
tial electric field. Two impedance matrixes are calculated. The first contains 
the mutual impedances between all the elements as though there were no 
ground plane. The second, Z‘, contains the mutual impedances between each 
element and the N images. If the array is z = h above the ground plane, then 
the image impedance matrix, Z‘, is found by solving (6.22), (6.23), or (6.24) 
using 


x A b = x AD = yl\x m -x„\ 2 +h 2 (6.57) 

with y AB and y AD given by (6.50). Once the self- and mutual impedances are 
found, then the driving point impedance is given by 
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dipole images 


Figure 6.13. Planar array of dipoles on a rectangular grid placed above an infinite 
ground plane. The ground plane is replaced with an image of the dipoles h below the 
ground plane with currents opposite those of the array. 

Z* = i^(Z„-ZL) (6.58) 

The image impedance elements have a negative sign, because the image 
current flows in the opposite direction of the element currents. 

Example. Find the impedance matrix and driving point impedances for 5 
parallel A/2 dipoles spaced A/2 apart and placed h = A/4 above an infinite per¬ 
fectly conducting ground plane. 

The ground plane has a dramatic effect on the mutual and self-impedances 
in the impedance matrix. 

'85.7 12.1 -9.3 5.3 -3.3' 

12.1 85.7 12.1 -9.3 5.3 

Re{Z}= -9.3 12.1 85.7 12.1 -9.3 (6.59) 

5.3 -9.3 12.1 85.7 12.1 

-3.3 5.3 -9.3 12.1 85.7. 

' 72.5 -30.7 8.1 -2.9 1.3' 

-30.7 72.5 -30.7 8.1 -2.9 

Im{Z}= 8.1 -30.7 72.5 -30.7 8.1 (6.60) 

-2.9 8.1 -30.7 72.5 -30.7 

1.3 -2.9 8.1 -30.7 72.5. 

Z d = [90.5 + y'48.3 105.9 -/16.3 91.3 + ;27.3 105.9 -/16.3 90.5 + ;48.3] 

(6.61) 
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Figure 6.14. Plot of the driving point impedance as a function of scan angle for a 
5-element array of parallel A/2 dipoles spaced A/2 apart, (a) Real part, (b) Imaginary 
part. 



Figure 6.15. Plot of the driving point impedance as a function of scan angle for a 
5-element array of parallel A/2 dipoles spaced A/2 apart and A/4 above an infinite per¬ 
fectly conducting ground plane, (a) Real part, (b) Imaginary part. 


Steering the beam changes the mutual impedances between elements. For 
instance, steering the beam of an N element uniformly spaced linear array 
changes (6.9) to 


" s |/J 

'ir> nm \i n \ e -^-^ ir, nm \i n \ 


(6.62) 


Figure 6.14 shows plots of the real and imaginary parts of the driving point 
impedance as a function of scan angle for a 5-element uniform array of A/2 
parallel dipoles with x AB = 0.5A. Small scan angles produce small changes in 
the impedance, while large scan angles produce large changes in the imped¬ 
ance. Figure 6.15 shows the driving point impedances when the array is placed 
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Figure 6.16. Element patterns of an isolated dipole compared to the first 4-element 
patterns in a 7-collinear-element array. 


above a ground plane. The ground plane causes a significant change in the 
scan impedance compared to the case with no ground plane. In both the array 
with and without a ground plane, the scan impedances begin to significantly 
change from the impedance at 6 S = 0 when 8 S > 30°. 

The mutual coupling in a small finite array affects the radiation of each 
element differently. For example, a 7-element linear array of uniformly 
weighted 0.47 A collinear dipoles spaced half a wavelength apart have element 
patterns that differ from the isolated element pattern as shown in Figure 6.16. 
All patterns experience a loss in directivity along with an increase in beam- 
width. If all 7-element patterns are averaged, then the element pattern in 
Figure 6.17 results. This average element pattern is symmetric and has a direc¬ 
tivity that is 1.5 dB less than the isolated pattern (Figure 6.17). The decrease 
in directivity corresponds to the increase in beamwidth from 78° to 126°. The 
fairly flat-top average element pattern helps keep the main beam constant 
over a wide scanning angle before the element pattern drops off. Some element 
patterns squint, while others have many oscillations. If all the element patterns 
are replaced by the average element pattern, then the array pattern is reason¬ 
ably reproduced. 

Changing the dipole orientation in the array to parallel produces dramati¬ 
cally different element patterns as shown in Figure 6.18. The isolated element 
pattern is omnidirectional in the plane of the array. The directivity of all the 
elements actually increases in this case while the beamwidth decreases. As a 
result, scanning the beam causes the main beam to decrease more than 
expected. The average element pattern shown in Figure 6.19 is an average of 
all 7 dipoles in the array. It has a beamwidth of 120°. The average element 





364 


MUTUAL COUPLING 



Figure 6.17. Average versus isolated element patterns in a 7-collinear-element array. 



Figure 6.18. Element patterns of an isolated dipole compared to the first 4-element 
patterns in a 7-parallel-element array. 


pattern has a higher gain than the isolated element pattern within ±39° of 
broadside and has a lower gain farther from broadside. 

Mutual coupling not only changes the element patterns, but also changes 
the input impedance to each of the elements. Figure 6.20 shows the real and 
imaginary parts of the dipole input impedance for the first four elements in 
the parallel and collinear arrays when d s = 0°. Element 1 is an edge element 
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Figure 6.19. Average versus isolated element patterns in a 7-parallel-element array. 


1 



Figure 6.20. Real and imaginary input impedance of the first 4-element patterns in a 
7-element array. 

and has the most deviation from average. The element orientation does 
produce different element impedances. 

Figures 6.21 and 6.22 show the real and imaginary impedances of the center 
element of an array with N = 1,3,5,..., 25 elements.The single element array 
has the expected impedance of an isolated dipole. Adding one dipole to either 
side produces over a 10% change in the impedance of the center dipole. The 
input impedance of the parallel dipoles is more susceptible to mutual coupling 
than the collinear dipoles. After a while, adding more elements does not 
change the impedance. Consequently, a dipole surrounded by a large number 
of elements will have the same impedance as a dipole in an infinite array. 
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Figure 6.21. Real part of the center element impedance as a function of the number 
of element on either side of it. 



Figure 6.22. Imaginary part of the center element impedance as a function of the 
number of element on either side of it. 


The center element pattern also changes as the number of elements in the 
array grows. Figure 6.23 shows the element pattern of the center element of 
a parallel array of dipoles spaced 0.5A apart with N = 1, 3, 5, ... ,25. The 
number of ripples in the element pattern increases with N. Changes to the 
center element pattern decrease as N increases, because each additional 
element is farther away than the center element. 
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with d = 0.5A. 



Figure 6.24. Center element pattern in an array of 1, 3, 5, and 7 collinear elements 
d = 0.5 A. 


Element spacing plays a major role in the effect on the element patterns. 
When a collinear array of dipoles are spaced 0.5/1 apart, then the center 
element pattern dramatically changes with the addition of elements as shown 
in Figure 6.24. Increasing the spacing to 0.75/1 causes little change to the center 
element pattern (Figure 6.25). 
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Figure 6.25. Center element pattern in an array of 1, 3, 5, and 7 collinear elements 
d = 0.75A. 


6.5. INFINITE ARRAYS 

Elements in the center of a large array behave as though the array were infinite 
in extent. As shown previously, as more elements surround a center element, 
the impedance and pattern of the center element changes less. Calculating the 
impedance of an element in an infinite array is much easier than calculating 
the same impedance for an element in a finite array. The advantage of doing 
the calculations with an infinite array is that calculations are done on a single 
element with periodic boundary conditions applied. 

An infinite array has the following characteristics: 

1. All elements are placed in a periodic lattice. 

2. All elements are identical. 

3. It has uniform amplitude weights. 

4. Relative phase between two adjacent elements is a constant. 

5. It radiates a plane wave. 

6. It has infinite directivity. 

7. It has no sidelobes. 

The infinite array derives its characteristics from a uniform array when N —»°°. 
In the limit, the array factor becomes a Dirac delta function. 

sin(^ = ! ta(A^2) = 
sm(W2) W 2 
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Figure 6.26. Normalized array factors for 10- and 1000-element uniform arrays. 


Figure 6.26 is a visual demonstration of (6.63) as N increases from 10 to 1000 
when d = 0.5A and the array factors are normalized. The 1000-element array 
factor looks very similar to a delta function. The main beam and grating lobes 
appear at locations given by the equations in Chapter 2. Since an infinite array 
transmits an infinite amount of power at one angle, the directivity is infinite. 

All the elements in an infinite array see the same environment, so they all 
have the same reflection coefficient. Since the reflection coefficient, T, is a 
function of scan angle, then the realized gain for a lossless element is related 
to the gain of the element by [2] 

G realized (0, <t>) = G(d, </>)[!- T 2 (0, *)] (6.64) 

It is important that T stays small within the scan range of the array. Thus, 
finding T or the element impedance is very important in array design. 


6.5.1. Infinite Arrays of Point Sources 

Consider the case of an infinite linear array of point sources spaced d along 
the x axis. If the elements have equal amplitude weights and a beam steering 
phase shift, then the current at element n is given by 

/„ (x) = I 0 e- indk ”8{x - nd)8(y)8(z) (6.65) 

when the beam is steered to 6 S and k a = ksind s . The array factor is given by 

AF = I II J e- lx ' k ”8(x'-nd)8(y')8(z')e i{k * x ’ +k > /+k ' z ' ] dx'dy'd^ (6.66) 
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where 


k 2 = k 2 + k 2 + k 2 
k x = ksin0cos0 
k y = ksm6sin<t> 
k z = kcosG 

Using the sifting property of the delta function, the array factor is written as 

AF= £ e -indk xse j kx nd = £ e jnd(k x -k„) ( 6 . 67 ) 

This equation looks like the array factor for a uniform array, except there are 
an infinite number of elements. 

If a periodic function has slowly decaying terms, then it Fourier transform 
has terms that quickly decay. The Poisson sum relates an infinite periodic 
series to its infinite periodic Fourier transform and is given by 

(6 - 68) 

where / is the Fourier transform of /. Since k = 2n!X and the In is already 
contained in the variable, the following formulation for Fourier transforms is 
used: 


f{k y ) = Le-^f{y)dy 


(6.69) 


The infinite Fourier series in (6.67) can be replaced by an infinite sum of Dirac 
delta functions using the Poisson sum formula. 

AF = £ e'^ k ‘- k ^ = £ 5^ - k xs - j (6.70) 


This expression for the array factor is called the grating lobe or Floquet series 
[2], because the location of the Dirac delta functions (Floquet modes) are the 
same as the location of the grating lobes (see Chapter 2). 


sin(L = sin 6, + — 


(6.71) 
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A similar derivation is possible for planar arrays. If the planar array in the 
x-y plane has rectangular spacing, then 

AF = £ £ J J j e '* kxs e~' ykys $(x'-nd x )8(y'-md y )8(z') 

e i( k * x ' +k yy'+kzz')d x 'dy'dz' (6.72) 

Using the Poisson sum, (6.72) becomes [10] 

AF= £ giruUkjc-kxs) £ e m4ky-ky S ) 

<6 - 73) 


The grating lobe series for point sources in an infinite array with triangular 
spacing is given by 


1M*'- 


2 Km 


+ ~d~ 

~~d7 J 


An interesting observation from these grating lobe series is that the antenna 
radiates a plane wave at very specific angles and nowhere else. In other words, 
there are no sidelobes. The grating lobe series is frequently referred to as a 
Floquet series. Each main lobe that radiates is known as a Floquet mode. 
Thus, the total power radiated is the sum of all the Floquet modes, because 
there are no sidelobes. 


Example. Graph and label the Floquet modes for a 1000-element uniform 
array with d = 1.OX steered 30° from broadside. Figure 6.27 shows the plots. 
Since the 1000-element array factor looks like two delta functions, they can 
be treated as two Floquet modes. 


6.5.2. Infinite Arrays of Dipoles and Slots 

The driving point impedance of a L x x w y flat dipole or slot in an infinite array 
in a d x x d y rectangular lattice (Figure 6.28) can be calculated analytically using 
the following formulas [11]: 

1. Dipoles in free space: 


Z d 


240 L 2 x 

7td x dy 


F 0 2 GiH m -j X ZFn 2 GX 


(6.75) 
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Figure 6.27. Normalized array factors for 10- and 1000-element uniform arrays with 
d = 1.0A and steered 30° from broadside. 


2. Dipoles h above a ground plane: 

480L 2 
nd x d y 





F o 2 G 0 2 Hoos: 

in 2 (A7icos0) + ^ 

F£GlH m sin(2A:/jcos0)- £ £ F 2 G 2 m 'V mn 


(6.76) 


3. Slots in a ax b rectangular waveguide: 


X g ab 

[ MW*) 2 ' 

2 Xd x d y 

_cos(7cL x /2a) 


c-2^2 U ■ \ 4b r. nw y 1 { b V 4 nw 
FqGqHoo + ]{— lncsc-—- + —— cos —- 

J {X g [ 2b 2UJ 


| 2 1 ” cos(37tL x /2a)(l-L 2 x /a 2 ) 

I |_cos(7rL,/2a)(l-9L 2 /a 2 ) 




l wb', 


X g ab 

r i -l 2 /« 2 ' 

2Xd x d y 

_cos(nL x /2a) 


(6.77) 


F„(0,0) 


sin \kyWy 12 + n itw y jd y ] 
kyWy/2+nnWy/dy 


where 
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Figure 6.28. Infinite rectangular lattice of flat dipoles or slots. 


c„(e,0)= 


cos (k x L x /2+mnL x /d x ) 
\-{k x L x /n + 2m nL x /d x f 




i -(W *) 2 

COS0 


* 14 ,, ( 40 )=- 


(k x /k + mX/d x ) 2 -1 


■J(k x /k+mA./d x f + (ky/k + nX/d y ) 2 -1 

k x =k sin0cos0 
4 = /csin0sin0 
y=1.781 

;uJ A 



These formulas are not sensitive to w r 

Example. Plot the normalized driving point resistance for a half wavelength 
dipole in an infinite array with d x = 0.5A and d y = 0.5A in free space and 0.25A 
above a ground plane. 

Figure 6.29 is a plot of the real part of (6.75), and Figure 6.30 is a plot of 
the real part of (6.76). The array is scanned as a function of Q in the E plane 
(0 = 0°), the diagonal plane (0 = 45°), and the H plane (0 = 90°). The plots 
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Figure 6.29. Real part of the driving point impedance of an infinite array of half¬ 
wavelength dipoles. 



Figure 6.30. Real part of the driving point impedance of an infinite array of half¬ 
wavelength dipoles 0.25/1 above a ground plane. 


are nearly identical until about 20° when they begin to diverge. There is a 50% 
spread in the normalized resistance at 35° for the no ground plan case and at 
37° for the ground plane case. 

Another approach to the analysis of infinite arrays is to place an element 
inside a unit cell. As an example. Figure 6.31 shows a unit cell that contains a 
slot in an infinite array [3], The unit cell extends from the array to infinity in 
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Figure 6.31. Unit cell bounding a slot element in an infinite array. 


the z direction. The walls of the unit cell have either electric or magnetic 
boundary conditions, depending upon the direction of the electric or magnetic 
fields in the slots. The walls do not perturb the fields; but once the walls are 
in place, all fields outside the walls can be ignored. In a way, the unit cell 
behaves like a waveguide. As shown in Figure 6.31, the magnetic walls are 
parallel to the electric field in the slot while the electric walls are parallel to 
the magnetic field in the slot. 

The dominant mode in the unit cell waveguide is TEM. Only one mode 
exists if the size of the waveguide (element spacing) is chosen properly for the 
operating frequency. If there are no higher-order modes, then there are no 
grating lobes either. When the array scans in the x-z plane, the amplitude of 
the fields remains the same, but a constant phase difference exists between 
consecutive slots. Opposite walls of the unit cell are identical except for a 
phase difference that is a function of the steering angle. In the unit cell, the 
walls parallel to the long slot dimension remain electric walls while the other 
walls differ by a phase shift. The dominant mode in the unit cell becomes TE 
since a longitudinal component of the field is present in the z direction. 
Scanning in the y-z plane produces a dominant TM mode. Scanning at arbi¬ 
trary angles produces both TE and TM modes. 

Assume the elements in the infinite array lie in a plane with 

(Xmn,ymn) = {md x + ^ , ltd, 1 (6.78) 

l tany ) 

where y = 90° is rectangular spacing. All the Floquet modes associated with 
this element spacing have propagation constants given by 
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. 2rMl 
Kw+—— 
d x 

^ Inn 2mn 

d y d x iany 


k Z mn ~ >[k& kjmn kym 


(6.79) 

(6.80) 
(6.81) 


The dominant Floquet mode or main beam occurs when m and n are zero. 

k x oo = k 0 sin 9 S cos <j) s (6.82) 

k y go = k 0 sin 9 S sin <p s (6.83) 

Floquet modes become propagating modes or grating lobes when k zmn > 0 or 
kl >k 2 xmn +k 2 ymn (6.84) 


Example. If a planar array is scanning in the x-z plane, find the maximum 
element spacing that still excludes the m = 0 and n = 0 Floquet mode. 

The dominant mode occurs when m = 0 and n = 0. The first higher-order 
mode occurs when m = 1 and n = 0 leading to k z = Ifcsin 9 - 2nld x \. To keep 
this mode below cutoff, then k <k z and 


d x < 


X 

l + sin0 


(6.85) 


which is the same as the element spacing where no grating lobes appear. 


6.6. LARGE ARRAYS 

Some tricks can be played to reduce the computation time for calculating the 
characteristics of a large array. As the array gets larger, more elements have 
neighboring elements completely surrounding them, so the mutual coupling 
of these elements is similar. As such, they can be treated to have identical 
characteristics with small variations that tend to average out as the number of 
elements increases. The percent of edge elements in a rectangular planar array 
with a rectangular element grid is given by 


% edge elements = - 


( 6 . 86 ) 


A contour plot of (6.86) appears in Figure 6.32. The number of edge elements 
depends upon the total number of elements in the array and the ratio of N x 
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Figure 6.32. Percentage of edge elements in a rectangular planar array with a rectan¬ 
gular element grid. 
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Figure 6.33. A 3 x 3 array with 8 edge elements and 1 center element. 


to N y . As an example, a 400-element rectangular planar array with a rectan¬ 
gular element grid has 24% edge elements when it is 40 x 10, and it has only 
19% edge elements when it is 20 x 20. A square array always has fewer edge 
elements than a rectangular array. If the array increases in size until it is 
40 x 40, then the percent of edge elements decreases to 9.75%. Other array 
contours, such as a hexagonal shape, have even more edge elements than 
predicted by (6.86). 

A 3 x 3 square array on a square lattice (Figure 6.33) has 9 elements with 
9 different element patterns. If the elements are dipoles, then the patterns can 
be calculated using the MoM as shown in Figure 6.34. Elements 1, 3,7, and 9 
have the same pattern but are rotated by 0°, 90°, 180°, and 270°, respectively. 
Element pattern 4 is flipped 180° relative to element 6. Element pattern 2 is 
flipped 180° relative to element 8. Element 5 is in the center and has a unique 
pattern that is symmetric about x and y. 
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Figure 6.34. Element patterns of a 3 x 3 array of dipoles. 


Calculating the array far-held pattern and mutual coupling when a large 
array has more complicated elements than dipoles requires a lot of computer 
time and memory. The first approach to reducing computer time and memory 
requirements is to use numerical methods suited to the problem at hand, such 
as the fast multiple method (FMM). The second approach is to find a repre¬ 
sentative element pattern that includes mutual coupling effects. Multiplying 
this pattern times the array factor yields an accurate approximation of the 
array far-field pattern. 


6.6.1. Fast Multipole Method 

The FMM was named one of the “Top Ten Algorithms of the Century” [12] 
and has found extensive use in electromagnetics. FMM accelerates the itera¬ 
tive solver in the MoM by replacing the Green’s function using a multipole 
expansion that groups sources lying close together and treats them like a single 
source [13]. Figure 6.35 shows that the sources lying in region Q that indepen¬ 
dently interact with P can be grouped together and replaced by a single source 
that interacts with P. Both MoM and FMM use basis functions to model inter¬ 
actions between triangles and segments, but unlike MoM, FMM groups basis 
functions and computes the interaction between groups of basis functions, 
rather than between individual basis functions. Figure 6.36 is a diagram of the 
hierarchical spatial decomposition that separates the simulation space into 
regions that are far enough apart to interact according to the approximate 
grouping shown in Figure 6.35. As the distance increases, larger regions of 
space can be grouped into single approximations. By treating the interactions 
between far-away basis functions using the FMM, the corresponding matrix 
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P P 



Figure 6.35. Fast multipole method. 



Figure 6.36. Diagram of the spatial decomposition used in FMM. 


elements do not need to be explicitly stored, resulting in a significant memory 
requirement [13]. The FMM can reduce the matrix-vector product in an itera¬ 
tive solver from 0(7V 2 ) to O(TVlogTV) in memory [14]. 

The FMM often creates incredible memory and time savings when applied 
to antennas, such as an array of dipole antennas. Consider a square array of 
N dipoles in a square grid with element spacing d = A/2. As shown in Figure 
6.37, the amount of memory required for FMM increases linearly with the 
number of elements, and Figure 6.38 shows a similar graph for time. Memory 
and time requirements for the MoM increase extremely fast. In fact, for a 
21 x 21 array, the MoM takes 1700 MB and 2977 s, while the FMM only takes 
75.5 MB (22.5 times less) and 79s (37.7 times less). In this case, the FMM 
models a much larger array than does the MM alone. 

The FMM is not always superior to the MoM, though. If the elements in 
an array are spaced far apart, then the calculations using FMM are very slow 
compared to MoM. Calculating the currents and far field of a 5 x 20 array of 
dipoles spaced A/2 apart is done much more efficiently using FMM. In that 
case, the calculation only requires 24s versus 314s using MoM, which is 13 
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Figure 6.37. Maximum memory used to calculate the currents on an array of N dipoles. 



times faster. On the other hand, increasing the element spacing to 10A increases 
the FMM calculation to 5719 s while not changing the MoM calculation time. 
This means the FMM was 18 times slower. Thus, FMM becomes slow when 
the sources are spread far apart in space. 

As another example, the patch antenna meshed in Table 6.1 is modeled 
using FMM and MM. Table 6.2 shows the time and memory requirements for 
this problem using MM and FMM when the maximum triangle length is A/5 
and A/15. In this case, the FMM takes more memory and more time than the 
MoM. Although FMM can offer exceptional speed and memory use improve- 
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TABLE 6.2. Time and Memory Needed to Calculate the S n of a Patch Antenna 
Using Both MoM and Fast Multipole Method 


Max Triangle 
Edge Length 

MoM 

FMM 

Time (seconds) Memory (MB) 

Time (seconds) Memory (MB) 

XI5 

M5 

85 23 

10,124 1380 

375 63 

48,396 2480 



Figure 6.39. Array pattern found by using the average element pattern compared with 
the FMM solution at <j> = 0. 


ments in many problems, there are situations where FMM does not work well, 
and the user should beware. 


6.6.2. Average Element Patterns 

An average element pattern is the average of all the element patterns in the 
array. Replacing all the element patterns with the average element pattern 
and then multiplying by the array factor results in an accurate reproduction 
of the array pattern. The element pattern for each element in the array is 
calculated when all other elements are terminated in a matched load. Their 
average then replaces each element in the array. Since the pattern contains 
mutual coupling effects, the resulting array pattern is more accurate than when 
an isolated element pattern is used. As an example, consider a planar array 
of x-oriented half-wavelength dipoles spaced A/2 apart with 20 elements in the 
y direction and 5 elements in the x direction. A 25-dB Taylor taper is placed 
across the y direction while a uniform taper is in the x direction. Figure 6.39 
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Figure 6.40. Array pattern found by using the average element pattern compared with 
the FMM solution at <p= 90°. 


is a cut of the array pattern at 0 = 0, while Figure 6.40 is a cut of the array 
pattern at 0 = 90°. The FMM solution and the average element pattern solu¬ 
tion agree well for the 0 = 90° cut, but not so well for the 0 = 0° cut. Even 
though the 0 = 90° cut is low sidelobe, it has more elements and a lower per¬ 
centage of edge elements, so the averaging works better. 


6.6.3. Representative Element Patterns 

Another approach is to calculate the element patterns for each element in a 
3x3 array as shown in Figure 6.33. There are 9 different element patterns, 
only 4 if rotations are not included. These element patterns replace similar 
element patterns in larger arrays that have the same element grid as the 3 x 3 
array. Thus, for a N x x N y array, the element patterns of elements 1, 3, 7, and 
9 of the 3 x 3 array are placed at the corners of the N x x N y array. Elements 
2, 4, 6, and 8 replace the elements on the edges of the larger array. Finally, 
element 5 of the 3 x 3 array replaces all interior elements of the N x x N y array. 
Table 6.3 lists the number of element patterns from the 3 x 3 array that are 
used in an N x x N y array. For instance, the element patterns of a 5 x 20 element 
array of dipoles spaced d x = d y - 0.5A in a square grid can be represented by 
the elements in the 3 x 3 as shown in Figure 6.41. Using this approach results 
in the array patterns shown in Figures 6.42 and 6.43. At least for this array, 
the average element pattern worked better than the representative element 
pattern approach. The results deviate at the peak of the main beam as well as 
in the sidelobes. Even though the average element pattern results are better, 
calculating the average element pattern of a large array takes considerable 
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TABLE 6.3. Number of Elements from the 3x3 Used in a N, x Array 

Element: 12 34 5 6 78 9 

Number: 1 2(N X - 2) 1 2 (N, - 2) (N x - 2) 2 (N, - 2) 1 2(N X - 2) 1 

_ (N,-2) _ 


Il2|2|2|2|2|2|2l2|2|3|2|2|2|2l2|2|2|2|3 




»|x|«|a|s|K|8|>t|H|Kls|s|n|8|a 


Figure 6.41. A 5 x 20 array is built from the 9 element patterns. 



Figure 6.42. Array pattern ( <j> = 0°) for a 5 x 20 array found by using the element pat¬ 
terns from the 3x3 array. 


more time than calculating the 9-element patterns of a 3 x 3 array (only 
4-element patterns are needed if symmetry is invoked). 


6.6.4. Center Element Patterns 

Figure 6.44 shows the element patterns for each element in a 3-element array 
of parallel dipoles lying in the x direction, spaced A/2 apart along the y axis. 
Averaging these element patterns produces the lower-gain, symmetric pattern 
labeled “3 avg”. Calculating the array pattern by multiplying this element 
pattern times the array factor is much faster than calculating the array pattern 
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Figure 6.43. Array pattern ( <f> = 90°) for a 5 x 20 array found by using the element 
patterns from the 3 x 3 array. 



Figure 6.44. Element patterns from a 3-element array of parallel dipoles lying in the 
x direction, spaced A/2 apart along the y axis with their average element pattern. 


using a full wave electromagnetic solver for the large array. The question is 
whether such an approach yields accurate results. 

Figure 6.44. The element patterns from a 3-element array of parallel dipoles 
lying in the x direction, spaced A/2 apart along the y axis with their average 
element pattern. 
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Consider a 51-element array of parallel dipoles lying in the x direction, 
spaced A/2 apart along the y axis. The average element pattern for this array 
along with the center element pattern (element 26) are graphed in Figure 6.45 
along with the isolated element pattern and the “3 avg” pattern from Figure 
6.44. The average element pattern and the element pattern of element 26 are 
nearly identical and would be very close to the element pattern in an infinite 
array. Multiplying the element patterns in Figure 6.45 by the array factor for 
a 51-element array results in the antenna patterns shown in Figure 6.46. The 
FMM solution for the full array is also shown for comparison. The biggest 
discrepancy between these patterns occurs at the main beam and the far-out 
sidelobes. The expanded areas in Figure 6.46 show that the center element 
and the average element pattern for the 51-element array provide excellent 
matches to the FMM solution. Since calculating 51-element patterns, averag¬ 
ing them, and then multiplying by the array factor takes longer than the FMM 
solution, the best approach is to use the element pattern of the center element 
of the large array to represent all element patterns in the array. Calculating 
the element pattern for an infinite array or the center element pattern is easier 
and faster than calculating the element pattern of the center element of a large 
array, so it is the preferred approach. 

Example. Compare the center and average element patterns of a 3 x 3 array 
of rectangular patches to the element pattern of the patch in an infinite array 
(Figures 6.47-6.50). 





Gain (dB) 
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0 (degrees) 


Figure 6.46. Array pattern for the 51-element array calculated using FMM and four 
approaches to multiplying an element pattern times the array factor. 



6.7. ARRAY BLINDNESS AND SCANNING 

Arrays must be designed for their entire scanning range, not just for broadside. 
Wheeler showed that for any infinite array, the impedance at a scan angle, 9 S , 
is approximately equal to [15] 
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Figure 6.48. Element patterns of the 3 x 3 array of rectangular patches. 



Figure 6.49. Element pattern cuts (<f> = 0°) for the average, infinite array, and center 
element patterns. 


Ze-e s = {l/ cos <?5. H plane 
R e ,o 1 cos0,, E plane 

In an £-plane scan, the impedance approaches infinity toward endfire, while 
for the //-plane scan, the impedance approaches zero at endfire. This result is 
independent of element spacing. The emergence of grating lobes, which is a 
function of element spacing, also causes extreme impedance mismatch. As a 
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Figure 6.50. Element pattern cuts (0 = 90°) for the average, infinite array, and center 
element patterns. 


result, element spacing must be small at the highest frequency and maximum 
scan angle to preclude the emergence of a grating lobe. 

Lechtreck discovered another scan limiting phenomenon that causes a large 
impedance mismatch closer to broadside than the angle where grating lobes 
emerged [16]. The mismatch caused a large dip in the is-plane element pattern 
due to a surface wave on the face of the array. He postulated that this blind¬ 
ness angle occurs when 


|sin0 blind | = ^j-^j (6.88) 

where d is the element spacing in the scan plane, v s is phase or slow wave 
velocity of a surface wave traveling along the array, c 0 is the velocity of light 
in free space, and Ao is the wavelength in free space. Note that this equation 
reduces to the equation for predicting grating lobes when v s = c 0 , or all the 
radiation travels away from the array. Lechtreck verified (6.88) by measuring 
a significant dip in the center element pattern at ±67° of a rectangular 65- 
element array with hexagonal spacing when d = 0.506A and v s = 0.93c 0 (mea¬ 
sured). Decreasing the surface wave velocity causes the blindness to occur 
closer to broadside. Decreasing the element spacing moves the blindness angle 
away from broadside [17]. 

Scan blindness occurs when an array neither transmits nor receives power 
(100%—or at least a very large amount—is reflected) at certain scan angles. 
It occurs when the steering phase of the elements matches the phase propaga¬ 
tion of a surface wave on the face of the antenna. Thus, an electromagnetic 
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wave excited by the elements travels as a surface wave rather than propagating 
away from the face of the array. In order to induce scan blindness, a structure 
that can support a slow wave must be near or on the array face [18]. Waveguide 
arrays with dielectric covers, microstrip arrays over a thick dielectric substrate, 
and corrugated surfaces are examples where waves become trapped inside the 
dielectric slab and propagate parallel to the elements. Scan blindness becomes 
worse as the array size increases and is not a severe problem for small arrays. 
Complete scan blindness when 100% of the power is reflected from the ele¬ 
ments only occurs in infinite arrays [19]. 

Scanning to the blind angle means that k z becomes imaginary while a 
surface wave mode propagates along the surface of the array. Blindness occurs 
when the imaginary part of the impedance becomes extremely large even 
when the real part may be nonzero [20]. In order for blindness to occur, k z 
must be zero, and the wave propagation constant must equal the surface wave 
propagation constant. 


k sw = yjk xmn +ky mn (6.89) 

Surface waves exist in a dielectric substrate of thickness h when for the TE 
mode when [21] 


k zd cos k zd h + jk z0 sink zd h = 0 (6.90) 

and for the TM mode when 

e r k z0 cos k vl h + jk zd %\nk zd h = 0 (6.91) 

where 0 in the subscript indicates free space and d indicates dielectric. For 
substrates with h < Ao/4/VfV ~1 only the lowest order TM surface wave mode 
exists. If there are only currents in the x direction (e.g., ^-oriented printed 
dipoles), then polarization mismatch prevents aTM surface wave for //-plane 
scanning. The surface wave propagation constant should include the presence 
of the microstrip patches, but for most practical purposes, the patches can be 
ignored and the unloaded surface wave propagation constant used with an 
error in blindness angle of much less than one degree [22]. 

Schaubert found that E-plane scan blindness in single polarized arrays of 
tapered slot antennas with a ground plane can be predicted by approximating 
a corrugated surface parallel to the x-z plane with corrugations t thick and h 
tall (length of TSA) and separated by the element spacing, d x . He found that 
blindness occurs when [23] 


tan k zd h ~—- = 0 


(6.92) 
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where 


= k 0 ^sin 2 e blind + (^^ -1 

(6.93) 

“W 1 - 

(6.94) 


If a - t > M2, then a TM Z mode with the electric field in the y-z plane exists 
between the parallel plates. The dielectric thickness and permittivity of a TSA 
do not greatly affect the blindness for the thin dielectric substrates used to 
make them. The scan blindness is very dependent on the //-plane separation 
and the length of the depth of the corrugation. Blindness moves toward 
endfire as the //-plane spacing, frequency, or antenna depth increases. 

Example. Plot the blind angle over a frequency range of 3.8 to 4.2 GHz for 
an infinite planar array of TSAs that scan in the E plane. Assume h - 3.5 cm, 
d x = d y = 4.43 cm. 

Figure 6.51 shows the plot of the blind angle as a function of frequency. 
Increasing the frequency moves the blind angle away from broadside. 

Usually, the dielectric slab is very thin, so only the lowest-order TM mode 
propagates. The first TM surface wave propagation constant is bounded by 
k () < k sw < 'Je x k () . A surface wave resonance occurs when k sw equals a Floquet 
mode propagation constant or [10] 



Figure 6.51. Scan blindness as a function of frequency for the £-plane TSA array. 
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Figure 6.52. Infinite array of open-ended rectangular waveguides. 


k-zdmn “ yj~ kxdmn ~ kydmn 

(6.95) 

j. ( jk zdmn tan(k zdmn h) Q 

z ° mn 

(6.96) 

k z Omn=>jko-k 2 rmn 

(6.97) 

kzdmn = V - kpmn 

(6.98) 

k 2 pmn = k? mn + ky mn 

(6.99) 

When k 0 hyfe~ is small, then 


k ps =k 0 {l+0.5[k 0 h(l-l/e,)] 2 } 

(6.100) 


Example. An infinite planar array of X-band rectangular waveguides are in a 
rectangular lattice in the x-y plane (Figure 6.52). Assume a = 2.29 cm, b - 1.02, 
and the wall thickness is 1 mm. Use the unit cell approximation to plot the 
E-plane and //-plane element patterns at 10 GHz. 

Figure 6.53 shows the plot of the E-plane and H -plane element patterns of 
the array. 


6.8. MUTUAL COUPLING REDUCTION/COMPENSATION 

Changing the array environment changes the mutual coupling. Adding a 
ground plane to a dipole array improves the //-plane scan but deteriorates the 
E-plane scan. In order to improve the E-plane scan without affecting the H- 
plane scan, a periodic array of conducting baffles is placed between the dipoles. 
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Figure 6.53. £-plane and //-plane element patterns of the infinite array of rectangular 
waveguides. 



Figure 6.54. Infinite array of open-ended rectangular waveguides with fences in the 
y-z plane. 


If the baffles are thin, perpendicular to the ground plane, and running between 
the dipoles or slots, the baffles will not change the //-plane scanning behavior. 
The height of the baffles determines their effect on the T-plane scan [24], 

Example. The infinite planar array of X-band rectangular waveguides in 
Figure 6.52 are modified to have metallic fences in the (a) E plane (Figure 
6.54) and (b) H plane (Figure 6.55). Show how the height of the fences changes 
the element patterns at 10 GHz. 
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Figure 6.55. Infinite array of open-ended rectangular waveguides with fences in the 
x-z plane. 



As can be seen in Figure 6.56, the E-plane fences induce a null in the H- 
plane element pattern. The null gets deeper and moves away from broadside 
as the fence gets taller. Figure 6.57 shows that the E-plane element pattern 
has a higher gain out to about 60° due to the fences. Fences in the x-z plane 
have no effect on the //-plane element pattern (Figure 6.58) but move the dip 
in the E-plane pattern away from broadside as well as increase its depth 
(Figure 6.59). The h - 10 fence induces a very flat element pattern from 0° to 
45°. Another dip in the pattern begins to form at 37° for h = 15 mm. It also 
gets deeper and moves to a higher angle when h = 20 mm. 
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The easiest way to reduce the deleterious effects of mutual coupling is to 
pack the elements closer together, so that grating lobes do not enter real 
visible space [25]. Unfortunately, moving the elements closer together also 
implies the use of narrowband elements. Changing the impedance of the 
ground plane between elements by using corrugations [26] allows larger 
element spacings before blindness occurs. 
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Figure 6.59. £-plane element pattern as a function of h. 


Mutual coupling in a transmit only array can be dramatically reduced by 
using a circulator with one port terminated with a matched load [27]. This 
approach cannot be used as a receive array, because the received signal would 
also be sent to the matched load as well. 

A tunable element has an impedance that is a function of the scan angle of 
the array. This approach is complex and expensive and limits bandwidth. 

The position of the element null is a function of the dielectric substrate 
height and permittivity. Decreasing the height of the dielectric substrate 
moves the scan blindness closer to endfire. Decreasing the dielectric constant 
of the substrate will also move the scan blindness closer to endfire. 

Example. Demonstrate the effects of dielectric cover thickness and per¬ 
mittivity on the infinite planar array of X-band rectangular waveguides in 
Figure 6.52. 

Figure 6.60 shows the infinite array with a dielectric cover (e r = 2) h thick. 
Figures 6.61 and 6.62 are the H- and £-plane element patterns for several 
different values of h. The dip in the £-plane pattern becomes more prominent 
as the thickness increases. Figures 6.63 and 6.64 are the H- and £-plane 
element patterns for several different values of e r when h = 10 mm. The dips 
in both patterns significantly increase with an increase in e r . 

Surface waves in a microstrip patch substrate can be suppressed by the 
proper choice of thicknesses for given material properties [28], The dominant 
TM surface wave associated with a circular patch can be suppressed by prop¬ 
erly selecting the patch size. Unfortunately, the optimum size is not resonant. 
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Figure 6.60. Infinite array of open-ended rectangular waveguides with a dielectric 
cover. 



Figure 6.61. //-plane element patterns for different thicknesses of dielectric cover. 


Two ways to reduce the circular patch size while eliminating the surface wave 
are [29]: 

1. Place a cylindrical core (radius less than the radius of the patch) of 
dielectric material with a dielectric constant less than the substrate 
beneath the circular patch. 

2. Make the patch an angular ring with several equally spaced shorting 
pins. 
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Figure 6.62. £-plane element patterns for different thicknesses of dielectric cover. 



Figure 6.63. //-plane element patterns for different permittivities of dielectric cover. 


More recent approaches to mitigating the effects of mutual coupling use 
electromagnetic bandgap (EBG) materials to eliminate surface waves in 
microstrip arrays. As the substrate dielectric constant increases, the bandwidth 
decreases. The increased thickness encourages the propagation of unwanted 
surface waves. Placing a mushroom style EBG structure between the patches 
has been experimentally shown to reduce coupling between adjacent patches 
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Figure 6.64. £-plane element patterns for different permittivities of dielectric cover. 



Figure 6.65. Rectangular microstrip patches surrounded by EBG structure. 


by up to 8dB [30], This approach was extended to eliminate scan blindness in 
an infinite array of rectangular patches [31]. Several other mutual coupling/ 
scan blindness mitigation techniques using EBG structures have also been 
proposed [32-35], Figure 6.65 is a diagram of an array of rectangular microstrip 
patches in the midst of an EBG structure. 
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Array Beamforming Networks 


An array feed or beamforming network takes the signals at all the elements 
and combines them to form a receive beam or, conversely, takes a transmitted 
signal and distributes it to the elements in the array to form a transmit beam. 
This chapter presents an assortment of analog and digital beamforming net¬ 
works for creating one or more beams. A corporate feed consists of a series 
of power splitters/combiners that distribute the signals. One input/output is 
connected to all the elements. Couplers sample the signals from the elements 
that are combined to form multiple beams. Examples include the Blass matrix 
and the Butler matrix. Another approach distributes the signals from one or 
more antennas to the elements of an array. Bootlace and Rotman lenses are 
good examples. Finally, the most versatile and advanced beamforming nework 
is called the digital beamformer. This approach places an RF analog-to-digital 
converter at each element, so the signal at each element goes directly to the 
computer. 


7.1. TRANSMISSION LINES 

Most feed networks are made from (a) transmission lines, such as coaxial 
cables, stripline, and microstrip, (b) passive devices, such as couplers and 
power splitters, or (c) active components, such as amplifiers and receivers. 
Impedance matching is extremely important to ensure efficient power transfer 
through the feed network. Most devices and transmission lines have a charac¬ 
teristic impedance of 50 Q, so most antennas are designed to have 50-Q input 
impedance as well. The value of 50 Q was arrived at through a compromise 
between power handling and low loss for air-dielectric coaxial cable [1]. The 
insertion loss has a minimum around 77 Q, and the maximum power handling 
occurs at 30 Q for any coaxial cable with air dielectric. A nice round number 
between these two optima is 50 Q, so almost all coaxial cables have a 50-Q 
impedance with a few having 75 Q for dipole antennas. 

The cross section of a coaxial cable is shown in Figure 7.1. The characteristic 
impedance of a coaxial cable is found from [2] 
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Z c =^-J^ln- 
2 7T V £ a 


where b is the outside diameter and a is inside diameter. Oftentimes, a dielec¬ 
tric material like polytetrafluoroethylene (PTFE), also known as Teflon, fills 
the space between the inner and out conductors. Loss in the dielectric material 
filling the cable and the resistive losses in the conductors attenuate the signal 
propagating inside the transmission line. The losses get bigger as the frequency 
increases. Skin effect losses decrease as the diameter of the cable increases. 


Example. A commercial coaxial cable has Z c = 50Q with a = 0.036 in. and 
b = 0.125 in. What is e r of the dielectric inside the cable? 

Inserting these values into (7.1) yields 



l^ ( 377 )l w) = 223 


which is the dielectric constant of Teflon. 


Stripline consists of a thin, narrow conductor inside a dielectric substrate 
between two large ground planes. Figure 7.2 is a cross section of a stripline of 
width W suspended halfway between two ground planes separated by h. The 
characteristic impedance is a function of W, h, and e r [3]. 


30nh 
+ 0.441/i)’ 
30 Jth 

yfc(2W- 0.091/i)’ 


W > 0.35/t 
W< 0.35/j 


(7.2) 
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h W 


Figure 7.2. Cross section of stripline. 


w 



Figure 7.3. Cross section of a microstrip line. 


Since the characteristic impedance is 50Q and the dielectric constant is known, 
then the width of the strip is found from [3] 


fO.6 nh 


0.441/i, 


^ ,_ 

0.85/*-/r 0.6-^-0.4; 

l V ViT 


Je r < 2.4, Z c = 50 Q 

(7.3) 

y[fT r > 2.4, Z c = 50 Q 


Example. Find the width of a 50-Q stripline in a RT duroid substrate (e r = 2.2) 
6 mm thick. Substituting into (7.3) results in 


50V22 


Microstrip is a transmission line made on a printed circuit board (PCB). A 
conducting strip lies on top of a dielectric slab known as a substrate with a 
conducting ground plane beneath the substrate (Figure 7.3). Microstrip is 
cheap, lightweight, and compact. Another major advantage of microstrip over 
stripline is that all active components are mounted on top of the board. 
Microstrip also has its disadvantages. It radiates, causing unintended coupling 
with other components, and it is dispersive, so different frequencies travel at 
different speeds. In addition, it cannot handle high power. FR4 is a popular 
low-cost substrate used below a few gigahertz (no exact cutoff because loss 
increases with frequency). The substrate has a thin copper clad on both sides. 
One side serves as the ground plane while the circuit design is etched or routed 
from the other side. At microwave frequencies, FR4 losses are high and the 
dielectric constant tolerance is large, causing degraded performance. Since 




404 ARRAY BEAMFORMING NETWORKS 


part of the electromagnetic wave carried by a microstrip line exists in the 
substrate and part in the air, the electric field surrounding the microstrip exists 
in two different media. Like the coaxial cable, the microstrip line appears to 
be in an effective dielectric constant that surrounds the microstrip line [3], 


£ r + 1 , e r -l 1 
£e “~ 2 + 2 Jl + Uh/W 

The characteristic impedance of a microstrip line is given by [3] 


(7.4) 


Z c = 




Inf—+ —\ 

Ah) 


i [W/h + 1.393 + 0.667 In (W/h + 1.444)] ’ 


W <h 
W>h 


(7.5) 


The width of the microstrip can be calculated given the characteristic imped¬ 
ance [3]. 


W = 


f 8 he A 
\e 2A - 2' 


—fB-l-ln(2B-l)+ 


W <2h 
W >2h 
(7.6) 

where h is substrate thickness, W is the width of a microstrip line, and 


e r -1 ' 
2e r 


Zc J&gg . £r -I f 

%,+ l( 


0.23+ 


o.in 


Example. Find the width of a 50-Q microstrip line on a quartz substrate 
(£ r = 3.8) 2 mm thick. 

Using (7.6), the width is found to be 4.6mm. 

The transmission lines in the feed networks have many bends in order to 
guide the signals to/from the elements. A 90° bend in a microstrip line pro¬ 
duces a large reflection from the end of the line. Some signal bounces around 
the corner, but a large portion reflects back the way the signal traveled down 
the line. If the bend is an arc of radius at least three times the strip width, then 
reflections are minimal [4], This large bend takes up a lot of real estate com¬ 
pared to the 90° bend. A sharp 90° bend behaves as a shunt capacitance 
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Figure 7.4. Mitered bend in microstrip. 


between the ground plane and the bend. In order to create a better match, 
the bend is mitered to reduce the area of metallization and remove the excess 
capacitance. The signal is no longer normally incident to microstrip edge, so 
it reflects from the end down the other arm. Figure 7.4 shows the difference 
between a straight bend in the microstrip (left) and a mitered bend (right). 
Douville and James experimentally determined the optimum miter for a wide 
range of microstrip geometries [5], Figure 7.4 shows an isosceles triangular 
piece of metal removed from the corner with side length given by 

d = 2W (0.52 + 0.65e~ l35w,h ), W > 0.25 h, e r < 25 (7.7) 

Since most lines are 50 Q, this formula simplifies to 

d = 2W (0.46 + 0.025e r ), e r < 16, Z c <* 50 ft (7.8) 

Example. Find d for a 50-Q microstrip line with a 1.5-mm alumina substrate 
(e r = 9.4). 

First, find W from (7.6): W = 1.87 mm. Next, find d from (7.7): d = 2.39 mm. 
Finally, find d from (7.8): d = 2.59 mm. 


7.2. S PARAMETERS 

Scattering parameters, or S parameters, are the reflection and transmission 
coefficients between the incident and reflected voltage waves of a multiport 
RF device. Consider the N-port device in Figure 7.5. Parts of an RF signal 
incident on one port exit all the ports. The first number in the subscript refers 
to the output port, while the second number refers to the input port. Thus S 23 
is the ratio of the output voltage at port 2 ( V 2 ~) due to the input voltage at 
port 3 ( V 3 + ).The voltage signal exiting port n is written as 

V~ = S nl V: + • • • + S nn V„ + + • • •+ S nN VZ (7.9) 


where 
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port 1 

Figure 7.5. Scattering parameters for an N-port network. 



(7.10) 


A similar equation can be written for each port. All N equations can be com¬ 
bined into a matrix equation given by 


S n 


S Nl 



(7.11) 


where the N x N matrix is known as the 5-parameter matrix. A loss-free 
network means that no power is dissipated or V~ . In this case, 

the 5-parameter matrix is unitary when 5 times its complex conjugate 
transpose equals the identity matrix. A lossy passive network has V„ + > V~. 

The magnitudes of the reflection coefficients are always less than one. If there 
is active amplification, then the transmission coefficients may be greater than 
one. A network is reciprocal when 5 m „ = 5„ m , and the 5-parameter matrix 
equals its transpose. Networks with amplifiers or anisotropic materials, such 
as ferrites, are usually nonreciprocal. 


Example. A circulator satisfies the matched and lossless conditions at the 
expense of reciprocity. Through the use of ferrites, a circulator either passes 
a signal from port 1 to port 2, from port 2 to port 3, and from port 3 to port 
1 or in the reverse. Circulators are commonly used in monostatic radar systems 
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to isolate the transmit and receive networks. Find the S-parameter matrix in 
both directions. The S parameters for a circulator that passes signals in the 
1-2-3-1 direction are given by 

"o o r 

[5]= 1 0 0 (7.12) 

.0 1 0 . 

and in the opposite direction are given by 

'0 1 O' 

[S]= 0 0 1 (7.13) 

.1 0 0 . 

Insertion loss is the loss of power that results from inserting a device in a 
transmission line or waveguide. Low insertion loss is very important when 
putting devices, such as phase shifters, in an array. The insertion loss (in deci¬ 
bels) is calculated as the ratio of the output power to the input power. 

7L = lOlogio^- (7.14) 


7.3. MATCHING CIRCUITS 

A matching circuit reduces the reflection coefficient between two impedances, 
Z\ and Z 3 . One of the most commonly used matching circuits is the quarter- 
wave transformer shown in Figure 7.6. At the center frequency, a section of 
transmission line XJ4 long placed between the two transmission lines will 
eliminate the reflection coefficient if its impedance is 

Z 2 =yfz i Z 3 (7.15) 

The bandwidth of this transformer is calculated from [2] 

BW = 2--cos- 1 f- 2TmZ . 2 1 (7.16) 

* {\z 3 -z i \yli-ri) 

A/4 

z z, z, 


Figure 7.6. Quarter 


transformer. 
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where T m is the maximum reflection coefficient. The bandwidth decreases as 
the difference between Z] and Z 3 increases. 

If the bandwidth of the match is not adequate, then additional quarter-wave 
sections can be added between the two original impedances. The impedances 
are found through a number of approaches like binomial, Chebyshev, and so 
on [2]. Extending the bandwidth in this manner takes additional space, which 
is usually at a premium. 

Example. Find the quarter-wave transformer in microstrip that matches a 
50-Q microstrip line to a 100-Q microstrip line when the substrate is 1.6 mm 
thick and has e r = 2.2. 


Z 2 = V5000 = 70.7Q 
The strip width is found from (7.6) 

W = 2.04 mm 


7.4. CORPORATE AND SERIES FEEDS 

Corporate and series feeds are the most common methods of signal distribu¬ 
tion to elements in an array. A corporate or parallel feed uses couplers and 
power dividers to distribute transmit and/or receive signals in the array. 
Couplers/power dividers funnel off signals from a transmission line or route 
the signal to other transmission lines. Elements connected to a series feed all 
tap the same transmission line or waveguide. 

A T junction splits or combines signals in a corporate feed. It is a three-port 
network that splits the signal from port 1 or combines the signals from ports 
2 and 3 (Figure 7.7). From a transmit point of view, the signal enters port 1 
and then splits with half (3 dB) of the power sent to one arm and the other 


70.70 microstrip ^ 500 microstrip 

100Q microstrip 

Figure 7.7. An 8-element corporate-fed microstrip array. 
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front 


back 


Figure 7.8. Picture of 8 x 8 planar array with brick architecture. (Courtesy of Ball 
Aerospace & Technologies Corp.) 


half to the other arm. A T junction is a lossless, reciprical power divider that 
is matched at the input port but not matched at the two output ports. If port 
1 is matched, then ports 2 and 3 are not. Thus, when the receive signals enter 
ports 2 and 3, portions are reflected from the mismatch. Figure 7.7 is a picture 
of an 8-element corporate-fed microstrip uniform array. The tree-like struc¬ 
ture of the feed appropriately combines/distributes the signals from/to the 
elements. A quarter-wave transformer appears at the splits in order to match 
the lines of different impedances. The 50-£2 input line splits into two 100-£2 
lines. If the microstrip line continued to split like this, then the lines feeding 
the elements would be 400 £2. Not only would the microstrip line be very thin, 
but the element impedance would have to be very high for matching. Thus, 
the 100-£2 line is converted back to 50 £2 using a quarter-wave transformer of 
70.7 £2. This process is done for each arm of the corporate feed as shown in 
Figure 7.7. 

When the corporate feed for a planar array is orthogonal to the array face, 
then it is called a brick architecture. Each column of 8 elements in Figure 7.8 
has a corporate feed. The 8x8 array of circularly polarized patch elements 
lies on a square grid with element spacing of 1cm over a 14- to 15-GHz oper¬ 
ating bandwidth. 

Examples of planar array feed networks (tile architecture) that lie in the 
x-y plane are shown in Figures 7.9-7.11. A square-planar array having the 
number of elements equal to a multiple of four has symmetry such that 
the feed network has a tree-type architecture such as the one shown in Figure 
7.9 [6]. The patches have an impedance of 200£2, so the thin microstrip lines 
also have an impedance of 200 £2 while the thicker lines have an impedance 
of 100 £2. If the number of elements has 2 m 3" elements, then the following steps 
are used to build the feed [6]: 
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Figure 7.9. Tree structure feed for a square-planar array. 



Figure 7.10. Planar feed network for a 3 x 3 array. 


1. Start with a 2 m design like Figure 7.9. 

2. Deleted external rows and columns until the desired 2 m 3" is reached. 

3. Modify feed-line impedances—replace 1:1 splitters with 2:1 splitters. 

4. Modify impedance transformers. 

Figure 7.10 is an example of a 3 x 3 array derived from a 4 x 4 array [6]. Other 
architectures, such as concentric ring arrays, require very complex feed struc¬ 
tures as demonstrated by the feed network in Figure 7.11 [6], The amplitude 
and phase to each element fed from port 1 must be the same, so the lengths 
and impedances of all the lines and matches must be carefully calculated. All 
the power splitters in this case are equal (1:1). 

A resistive divider is reciprocal and matched at the three ports but is lossy. 
In this case, the signal loss is the result of heat dissipation rather than reflec¬ 
tions as in the T junction. An A-way resistive divider consists of N arms each 
with a resistance of 
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Figure 7.11. Four feed networks that comprise a 3-concentric-ring array. 


, (M-l) 
" (N + l) 


(7.17) 


A two-way divider requires R = 2ZJ3, while a three-way divider needs resis¬ 
tors of R = ZJ2. 

Resistive divider efficiency decreases as A increases. The power transferred 
to each arm is 1/A 2 , which is much less than the 1/A of a lossless divider. 
Isolation in the resistive divider is equal to its insertion loss. 

The Wilkinson power divider splits an input signal into two equal phase 
output signals or combines two equal-phase signals into one in the opposite 
direction [3]. It is lossless when all the output ports are matched. A diagram 
of a three port Wilkinson divider is shown in Figure 7.12. Quarter-wave trans¬ 
formers match ports 2 and 3 to port l.The resistor (R w ) matches all ports and 
isolates port 2 from port 3 at the center frequency. Since the resistor adds no 
loss to the power split, an ideal Wilkinson divider is 100% efficient. A signal 
enters port 1 then splits into equal amplitude and phase signals at output ports 
2 and 3. When the signals are recombined at port 3, they have equal amplitude 
and are 180° out of phase, since CCW signal travels half a wavelength further 
than the CW signal. The signals cancel at port 3. Since each end of the isola¬ 
tion resistor between ports 2 and 3 is at the same potential, no current flows 
through it, so it is decoupled from the input. The two output port terminations 
add in parallel at the input. In order to combine to Z c , a quarter-wave trans¬ 
former is placed in each leg. If the quarter-wave lines have an impedance of 
V2Z C , then the input is matched when ports 2 and 3 are terminated in Z c . 
Figure 7.13 is a picture of a three-port Wilkinson power divider. Note that this 
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M 



\J4 

Figure 7.12. Diagram of a three-port Wilkinson power divider. 
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Figure 7.13. Picture of a three-port Wilkinson power divider. 


Wilkinson power divider has four stages. The four different width curves have 
different impedances designed to make it very wide band 0.5 to 4 GHz. This 
type of power divider can be extended to make an 8-to-l power combiner 
(Figure 7.14). Its tree-like structure takes up a lot of room because it is very 
broadband. 

So far, only corporate feeds that are based on a power of two have been 
presented. If the number of elements in the array is not a power of two, then 
power dividers with ratios other than 2:1 are needed. Also, when there is an 
amplitude taper, the power division needs to be unequal [6]. In order to make 
the unequal split, the quarter-wave sections must be of different impedances, 
to encourage more of the signal to travel into or out of the lower-impedance 
arm. In addition, a second set of quarter-wave sections are needed to trans¬ 
form the arm impedances back to 50 Q. This configuration looks similar to a 
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two-stage Wilkinson without the second isolation resistor. The following set 
of equations ensure that all the ports are matched and ports 2 and 3 are iso¬ 
lated [7]: 


Z A =Z c (C-°- 5 + C- 1 - 5 ) 
Z B = Z c (Cf 2S yll + C 
Z c = Z c C~° 2S 
Z D = Z c C°' 2S 
R„=Z c (C os + C^ s ) 



(7.18) 


Example. Design the feed network for a 4-element Chebyshev array with 
20-dB sidelobes. The amplitude weights for the Chebyshev taper are 

w = [0.5761 1.0 1.0 0.5761] 

which equates to power at the elements of 


P = [0.3319 1.0 1.0 0.3319] 
1 
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Impedance transformers 



Feed point 


Figure 7.15. Picture of a series feed for a linear microstrip antenna. 


Z A = 38.39Q 
Z B = 131.88Q 
Z c = 37.96Q 
Z D = 65.86G 

R w = 50^J3m + j = 116430 

The elements of a series fed array all share the same transmission line/ 
waveguide. An example is shown in Figure 7.15 of a single microstrip line that 
feeds a long line of rectangular patches. The microstrip line to an element taps 
the signal from the main microstrip line. A quarter-wave transformer with a 
mitered corner provides the match to the patch. A very common example of 
a series-fed array is the Hawk radar waveguide array shown in Figure 7.16. 
The signal enters the port, splits with half traveling up and the other half 
traveling down. Since the signal reaches the top and bottom waveguides first 
and the center waveguides last, the waveguides that tap the signal from the 
feed waveguide and wrap around to feed the slotted waveguide in the front 
of the array become increasingly shorter from top to bottom. 

The array in Figure 7.17 is an example of a combination feed where the 
corporate feed distributes the signal to several series-fed patches. Some inter¬ 
esting corporate and series feeds can be found in reference 8. 

A 32-element array of pyramidal horns with a corporate waveguide feed 
was designed to operate at 76.6 GHz [9], The array measures 1.3 cm tall by 
17.8cm wide by 12.7cm deep with horns that are 1.3A (0.39cm) in the //plane 
(array plane) and 2.0A (0.79 cm) in the E plane. A 5-stage //-plane waveguide 
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Figure 7.16. Picture of a series-fed Hawk radar waveguide array. (Courtesy of the 
National Electronics Museum.) 



Figure 7.17. Picture of a corporate-series-fed microstrip array 


power divider uses equal power splits in stages 1 and 5 and unequal power 
splits in stages 2, 3, and 4 to produce a 40-dB Taylor distribution. Element 
spacing did not leave enough room for unequal power splitting in stage 5. 
Figure 7.18 shows the fields modeled inside the waveguide feed (right side 
only) with a blow-up of the 93:7 split at stage 3. The array was milled in two 
pieces—top and bottom—using numerical control techniques with very tight 
tolerances (Figure 7.19). Antenna patterns were measured at 76.3, 76.6, and 
78 GHz as shown in Figure 7.20. The pattern at 76.6 GHz has the highest gain. 
A blow-up of this pattern appears in the upper right of the figure. 
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Figure 7.18. Picture of Fabricated Integrated Receive Array with the top half on the 
left and the bottom half on the right. (Courtesy of Amir Zaghloul.) 



Figure 7.19. Array half with Taylor distribution power split of 93:7. (Courtesy of Amir 
Zaghloul.) 


7.5. SLOTTED WAVEGUIDE ARRAYS 

Cutting holes in a rectangular waveguide is a relatively simple way to create 
a series-fed linear array. The elements are typically narrow rectangular slots 
cut in the waveguide as shown in Figure 7.21. Slotted waveguide arrays are 
often used in place of reflector antennas, because they are very thin and are 
easily designed for low sidelobes. The Joint Surveillance Target Attack Radar 
System (Joint STARS) is a long-range, air-to-ground surveillance system 
designed to locate, classify, and track ground targets in all weather conditions. 
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(Courtesy 


Figure 7.20. Measured antenna patterns of the 32-element array 
of Amir Zaghloul.) 



Figure 7.21. Slots cut into side of waveguide for the PAVE Mover antennas of Joint 
STARS. (Courtesy of Northrop Grumman and available at the National Electronics 
Museum.) 
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A f /2 A f /2 

Figure 7.22. Equivalent circuit of a longitudinal slot array. 


The E-8C, a modified Boeing 707, carries this phased-array radar antenna in 
a 26-foot canoe-shaped radome under the forward part of the fuselage [10, 
11]. The antenna scans electronically in azimuth, and it scans mechanically in 
elevation from either side of the aircraft. 


7.5.1. Resonant Waveguide Arrays 

A waveguide terminated with a short has a standing wave with peaks that start 
XJA from the short and occur every X g l2 afterwards (see Chapter 4). The most 
common form of a resonant waveguide array has longitudinal slots in the 
broad face of the waveguide. The current on the waveguide wall reverses 
direction every X g /2 and flows in the opposite direction on either side of a 
centerline. In order to have consecutive elements in phase, they are placed 
X g l2 apart and offset on opposite sides of the centerline by A„. Thus, these 
alternating offsets add an additional 7T radians of phase shift that compensates 
for the n radians of phase shift due to the Xg/2 slot spacing in order to have 
all the slots radiate in phase. The offsets in a TE rectangular waveguide of 
cross section a x 6 are found from [12] 



K 


Apbgn 


2.09 X g a cos 2 


(a) 


(7.19) 


Figure 7.22 shows the equivalent circuit of a longitudinal resonant slot array 
with N conductances spaced X g /2 apart. Since the slots are spaced X g /2 apart, 
the input conductance to the array is the sum of all the normalized slot 
conductances. 

& = (7.20) 

Ideally, all the power input to the waveguide should be radiated through 
the slots. The power radiating from each slot should sum to one when the 
input power is normalized [13]. 
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Figure 7.23. Diagram of the 6-element longitudinal slot array with a 20-dB 
Chebyshev taper. 

£/>„=l (7.21) 

A voltage V applied across slot n radiates the power 

P„ = 0.5V 2 g„ = 0.5 KV 2 a 2 „ (7.22) 

where a„ is the slot amplitude and K is a constant. As a result, a n = g n , so the 
offsets are found from (7.19) for a desired amplitude taper. 

Example. Find the slot offsets for a longitudinal offset slot resonant array of 
6 elements with a Chebyshev taper having 20-dB sidelobes. Assume the array 
operates at 10 GHz. First, find the desired amplitude taper: 

w = [0.5406 0.7768 1 1 0.7768 0.5406] 


Then find K: 


K = l/J>„ = 0.2158 

The conductances for each slot are found using (7.22): 

g = [0.0771 0.1592 0.2638 0.2638 0.1592 0.0771] 
Finally, the offsets are found from (7.20): 


Aj =A 6 = 0.2293 
A 2 = A 5 = 0.3295 
A 3 =A 4 = 0.4242 


Since X g = 3.98 cm for a waveguide with dimensions 2.286 by 1.016 cm, the 
element spacing is XJ2 = 1.99 cm. Figure 7.23 is a diagram of the 6-element 
slot array design. The array has a gain of 13.9 dB, and the first sidelobe is 
24.9 dB below the main beam (Figure 7.24). 
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Figure 7.24. Orthogonal cuts in the far-field pattern of the slot array in Figure 7.23. 



Figure 7.25. As the frequency changes, the slots are not longer at the same position 
on the standing wave inside the waveguide. 


A resonant slot array has a narrow bandwidth. As the frequency changes, 
the peaks of the standing wave move (dashed line in Figure 7.25). Thus, the 
field distribution in a slot changes more dramatically, the farther it is from the 
short. Long resonant slot arrays are narrowband because the impedance band¬ 
width is approximately equal to 50%/N [14]. 
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Figure 7.26. Equivalent circuit of a longitudinal nonresonant slot array. 


In general, the mutual coupling for longitudinal broadwall slots in a single 
waveguide (linear array) can be ignored. Sidewall slots have high mutual 
coupling, so more care must be taken when waveguides are stacked to make 
a planar array [15]. 


7.5.2. Traveling-Wave Waveguide Arrays 

A traveling-wave slot array has an element spacing either greater than or less 
than A g /2. The waveguide ends in a matched load that reduces the reflections 
that causes the standing wave. The element spacing is chosen to create a beam 
at the angle 9 = 9 S when tj> = 0. Figure 7.26 shows the equivalent circuit of 
a longitudinal nonresonant slot array with N conductances spaced d apart. 
The slots are resonant (have real admittance) and the mutual coupling is 
negligible. 

The array factor when <j> = 0 is 

AF = £ (7.23) 

The main beam points at 9 S when 

(k g -ksm9 s )d = 2mn-n, m = 0,±l,±2,...;n = 1 (7-24) 

If 6 S is known, then the element spacing is found from (7.24): 


d (2m —l)AqA g 

2(Ao-A ? sin0 s ) 

If d is known, then 6 S is found from (7.24): 


„ . , A (2m + l)A 

9 S = sin -1 ---— 

A, 2d 


(7.25) 


(7.26) 
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Assuming that only one beam is desired, the minimum spacing occurs when 
9 S = -90° for m = 0 and the maximum occurs when a second main beam 
emerges at 6 S = -90° for m - 1 [12]. 


0.5Aq4 ^ d 0.52oA g 

Xg + Xq Xg — Xq 

If d is known, then the scan angle is given by 


6 S = sin 1 


_! f 2dX - (2m -1) XXg 

x K 


(7.27) 


(7.28) 


The conductance of the resonant slots when q is the fraction of incident power 
dissipated in the matched load is given by 


P n P n 

q-lPm 1 -f/m 


(7.29) 


This works when N > 12 and 6, < 0. 

As with the resonant waveguide array, all the power input to the waveguide 
should radiate through the slots. If the input power is normalized, then all the 
powers radiating from the slots should sum to one as in (7.21). If a voltage V 
is applied across slot n, then the power radiated by that slot is 

P n = 0.5 V 2 g n = 0.5 KV 2 wl (7.30) 

where w„ is the slot amplitude and K is a constant. 

Example. Find the slot offsets for a longitudinal offset slot nonresonant array 
of 12 elements with an n = 3 Taylor taper having 25-dB sidelobes. The main 
beam points at 6 S = -10° at 10 GHz. 

First, find the desired amplitude taper: 

w= [0.3726 0.4693 0.6276 0.7957 0.9286 1.0000 
1.0000 0.9286 0.7957 0.6276 0.4693 0.3726] 

Then find K: 

K = (\-q)lj J w n =0.1154 


The power at each slot is 

P = [0.0160 0.0254 0.0455 0.0731 0.0995 0.1154 
0.1154 0.0995 0.0731 0.0455 0.0254 0.0160] 
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Figure 7.27. Diagram of a longitudinal slot array. 


The conductances for each slot are found using (7.29): 

g = [0.0160 0.0258 0.0474 0.0800 0.1185 0.1559 
0.1847 0.1954 0.1783 0.1350 0.0872 0.0602] 

Finally, the offsets are found from (7.20): 

A = [0.1046 0.1328 0.1799 0.2337 0.2844 0.3262 
0.3550 0.3651 0.3488 0.3035 0.2440 0.2028] 

Assuming X g = 3.98 cm, the element spacing for d s = 30° is 

(2m-l)AoA g 3(3.98) 

2(Ao-A g sin0 s ) 2(3 + 3.98sinl0°) 

Figure 7.27 is a diagram of the 12-element slot array design. 

Air-filled slotted waveguides have small scan angles in order to avoid 
grating lobes. Placing a dielectric inside the waveguide increases the scan 
range by decreasing Xg, which in turn increases 6, as calculated by (7.28). 

So far, only the design of linear slot arrays has been described. Planar slot 
arrays are much more difficult, because the mutual coupling between parallel 
slots becomes significant. A good starting point is to design a linear slot array 
and stack them. This serves as an initial guess for a numerical optimization 
algorithm that will vary the offset and length of the slots to achieve the design 
goals [10]. 

The Airborne Warning and Control System (AWACS) uses an S-band 
planar slot array with over 4000 edge slots (Figure 7.28) to detect and track 
targets from the air [16]. It sits atop a Boeing 707 inside a radome (Figure 
7.29). The radome and antenna rotate in azimuth at 10 revolutions per minute 
while the antenna uses 28 ferrite phase shifters to scan in elevation. Figure 
7.30 shows the measured antenna pattern. The design goal for average side- 
lobe level was -37 dB while the actual measured average sidelobe level is 
-45 dB. 




Figure 7.30. Far-field pattern of AWACS antenna. (Courtesy of the National 
Electronics Museum.) 


Example. In reference 10, the design of a 2 x 4 resonant slotted waveguide 
array is presented at 8.933 GHz. The waveguide is 23.5 mm x 3.12mm. Slot 
lengths and displacements are given in Table 7.1 when the slot width is 1.63 mm. 
A computer model of the array is shown in Figure 7.31 with the E- and 77- 
plane pattern cuts in Figure 7.32. 
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Figure 7.31. A 2 x 4 planar slot array. 



Figure 7.32. Orthogonal cuts in the antenna pattern of the 2x4 slot array. 


TABLE 7.1. Slot Characteristics for a 2 x 4 Planar Array 


Element: 1 

2 

3 

4 

5 

6 

7 

8 

A„ (mm): -2.51 

Slot Length 17.60 

(mm): 

1.54 

16.94 

-3.10 

17.98 

1.54 

16.99 

-1.54 

16.99 

3.10 

17.98 

-1.54 

16.94 

2.51 

17.60 


7.6. BLASS MATRIX 

A Blass matrix is a multibeam feed network that has M beams created from 
N elements [17]. In a receive antenna, each beam port couples part of the 
signal from each element using a series feed line as shown in Figure 7.33. The 
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matched loads 


Figure 7.33. Diagram of a Blass matrix. 


couplers are equally spaced along the transmission line in such a way as to 
create a constant phase shift between elements in order to steer the beam to 
a desired angle. The beam and element transmission lines are terminated in 
matched loads. These terminations are needed to prevent reflections but have 
the unwanted side effect of reducing efficiency. If y/ m „ is the phase length from 
beam port m to element n, then the phase difference between any two adjacent 
element is 


A Wm = ¥rn,n + 1 “ Vm,n = Vm* ~ Wm,n-X (7.31) 

This progressive linear phase shift steers beam m to an angle of 

Ay f m 

Us ~~~kd (7.32) 

The Blass feed in Figure 7.33 is just one of many possible configurations [18]. 


7.7. BUTLER MATRIX 

The Butler matrix [19] is a hardware version of the fast Fourier transform 
(FFT) [20] that was invented several years prior to the FFT. It transforms 
spatial signal samples taken by elements in a uniform linear array to samples 
in angular space which correspond to peaks of the main beams of array factors. 
A Butler matrix has N = 2 M beam ports and N = 2 M element ports that are 
interconnected via passive four-port 3-dB quadrature hybrid power couplers 
and fixed phase shifts. 
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Figure 7.34. Computer model of a 3-dB quadrature hybrid coupler or two-port 
Butler matrix. 

The simplest version of a Butler matrix is also better known as a 3-dB 
quadrature hybrid coupler. The 3-dB quadrature hybrid coupler is a four-port 
device with two inputs and two outputs [3]. An input signal splits equally 
between the two outputs, but one of the outputs has a 90° phase shift due to 
the additional distance it has to travel. Figure 7.34 is a computer model of a 
3-dB quadrature hybrid in microstrip. If antennas were attached to port 3 and 
4, then an input signal, V u at port 1 results in an output at port 4 of V x f4l 
and at port 3 of -jVjy/2 . An input signal at port 2, V u results in an output 
at port 4 of -jV 2 /J2 and at port 3 of V 2 /V 2 .The total signals at ports 3 and 
4 are 


^3 


V\ - jV 2 

V2 


v _ziYi±YL 
4_ V2 


(7.33) 


Figure 7.35 and Figure 7.36 show the amplitude and phase of the coupling 
coefficients as a function of frequency. At the design frequency of 6 GHz, the 
two ports receive equal signal amplitude but are 90° out of phase. 

Larger Butler matrixes have N = 2 m , m = 1, 2, ..., input and output ports. 
The N beams are evenly spaced in angle such that each array factor beam n 
has a progressive linear phase shift given by 


8 sn =(2n-l)n/N for n = 1,2,..., N 
Therefore, the beam peaks occur when 


y/ x = 0 or AF„ 


sin [N(kdu+8 sn )/2] 
sin[(kdM + 5 m )/2] 


(7.34) 


(7.35) 
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Figure 7.35. Amplitude of the coupling coefficients vs. frequency for the hybrid coupler 
in Figure 7.34. 



Figure 7.36. Phase of the coupling coefficients versus frequency for the hybrid coupler 
in Figure 7.34. 


Since this is a uniform array factor, the peak sidelobes of each of the patterns 
are at about 13.2 dB. The angular coverage (bandwidth) is the angular separa¬ 
tion between the two outer beams [21]. 


angular coverage = 2 sin 1 



(7.36) 
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Hybrid couplers 


45° phase shifts 
i Hybrid couplers 

1R 2L 2R 1L 
Figure 7.37. Diagram of a four-port Butler matrix. 


The beam crossover level is found by substituting (7.36) into (7.35) to get 


1 


(7.37) 


which is approximately 2 Ik when N is large. The orthogonal beams overlap at 
the -3.9-dB level and have the full gain of the array. 

A basic component of the FFT is the twiddle factor, W. The twiddle factor 
equates to a constant phase shift defined by the steering phase difference 
between two adjacent elements. 


W = e i2n/N (7.38) 

The array factor at port m of an N element uniform linear array along the x 
axis is given by 

AF m = g e’* mnlN s n = £ W mn e ikndu ,m = ± 1, ± 2,..., ±N/2 (7.39) 

where s n is a sample of the incident plane wave at element n. Large Butler 
matrixes are lossy, but diagrams of up to 32 elements are shown in the litera¬ 
ture [18]. Outputs can be combined to form beams, and amplitude tapers can 
be placed on the elements [22], 

Example. Design a 4-element Butler matrix and plot the beams for uniform 
and low-sidelobe tapers. 

Figure 7.37 is a diagram of the Butler matrix with 2/2 element spacing. 
Figure 7.38 is a plot of the 4 beams using a uniform amplitude taper and (7.39). 



430 


ARRAY BEAMFORMING NETWORKS 




Figure 7.39. Butler matrix with amplitude taper. 

An element amplitude taper of produces the low-sidelobe beams shown in 
Figure 7.39. 


7.8. LENSES 

A waveguide lens antenna consists of a feed placed at the focal point of a lens 
made from stacking waveguides. The shape of the lens and the length of the 
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Figure 7.40. Stepped waveguide lens antenna for the Nike AJAX MPA-4 radar. 
(Courtesy of the National Electronics Museum.) 

waveguides are such that the phase path from the focal point to the front end 
of the waveguide is a constant. Since the phase velocity is higher inside the 
waveguide, the lens has the opposite curvature of a typical dielectric lens. 
Figure 7.40 is the zoned waveguide lens antenna for the Nike AJAX MPA-4 
radar. By 1956,80 Nike Ajax anti-aircraft missiles were deployed in the United 
States. An unconstrained lens [23] has curvature in the E plane (assuming 
linear polarization), while a constrained lens has curvature in the H plane. The 
unconstrained lens obeys Snell’s law on transmit and focusing occurs in the 
plane of the electric field. The constrained lens does not obey Snell’s law and 
focusing occurs normal to the electric field [24], Thus, the signal radiated from 
each open-ended waveguide element has the same phase. Two more advanced 
versions of the waveguide lens are the Bootlace and Rotman lenses. These 
types of lenses are not limited to open-ended waveguides as elements [25], 


7.8.1. Bootlace Lens 

The bootlace lens consists of two back-to-back arrays with elements facing in 
opposite directions (Figure 7.41) [26], An element on one side is connected 
to an element on the other side through a transmission line, phase shifter, 
amplifier, and so on. The elements on one side of the lens receives from/ 
transmits to a feed placed at the focal point. The shape of the input and output 
arrays, the length of the transmission lines between the input and output ele¬ 
ments, and the amplitude and/or phase weights between the receive and 
transmit elements determine the performance of the lens. Transmission lines 
in the lens are not as limited in length as are the waveguides in a waveguide 
lens. Thus, a bootlace lens can be designed to have an on-axis focal point like 
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Figure 7.41. Diagram of the bootlace lens. 


the waveguide lens, but it will also have two conjugate focal points. The feed 
has either one antenna placed at a focus or multiple antenna (multiple beams) 
placed along a focal arc. Gent found that the if the lens has a radius of 2R, 
then the focal points lie on a circle having radius R [27], A basic single-beam 
bootlace lens has one antenna at the feed, and the lens has a spherical shape 
on the side facing the feed and a flat face on the opposite side. 

S cn =k[jF 2 +yl-F) (7.40) 

If the side of the lens facing the feed has a spherical shape while the other 
side has a flat face, then equal length transmission lines between the elements 
on the two faces produce a plane wave output. Since the transmission lines 
are the same length, it is independent of frequency. This lens can have up to 
4 focal points that are symmetric about the lens axis. A feed placed on a curve 
that runs through these focal points will result in reasonably focused beams. 
Perfect focus only occurs when the feed is placed at one of the focal points. 
It is possible to extend the design of a bootlace lens to three dimensions [25], 
The Patriot radar, AN/MPQ-53, is a space-fed array approximately 2.5 m in 
diameter with over 5000 elements (Figure 7.42) [28]. Elements in front of the 
array are circular waveguides that are dielectrically loaded. They are con¬ 
nected to the rear rectangular waveguide dielectrically loaded via a ferrite 
phase shifter. Its feed consists of horns that are 2.5 m in back of the array. 


7.8.2. Rotman Lens 

A Rotman lens [29] is a type of bootlace lens with three focal points. It forms 
simultaneous multiple beams for an antenna array as shown in Figure 7.43. M 
elements at the beam ports ( x bm , y bm ) are placed on a curved arc. They radiate 
to or receive from the curved back of the lens. The elements along the curved 
portion of the lens are at the array ports ( x pn , y p „). Array elements are placed 
along the outside portion of the lens along a straight line (x„, y n ). Each beam 
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Figure 7.42. Patriot radar lens antenna array. (Courtesy of Raytheon Company) 



Figure 7.43. Diagram of a Rotman lens. 


port creates one array factor from the array elements. The beams have their 
peaks steered to predetermined angles based on the geometry. Because it has 
no moving parts or phase shifters it offers an inexpensive alternative to cor¬ 
porate feed networks. The Rotman lens is very broadband, unlike the Butler 
matrix. A switching mechanism at the output can be used to select the appro¬ 
priate beam in the desired look direction. In addition, interpolation can be 
used in direction finding to locate signals between adjacent beams. 

The original design equations for the Rotman lens appeared in reference 
29. These equations have been modified to include the permittivity of the lens 
substrate and the permittivity of the transmission lines and are given by [30] 
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where 


x„ - S 0 

y n =-{N-l)d/2:d:{N-l)d/2 
= vv g~l ffiT , ylsg 

" c a {c a -g)ie rs 2 e„(c„ - g)F 



x bn = -Rcosy m -G+R 
y b „ = Rsiny m 


(7.41) 


(7.42) 


(7.43) 


N = number of array ports and elements 
M = number of beam ports 
d = element spacing 
Awl + Bw„+C = 0 


A =\ 

ru-« ! 


Is. 


L(c«-g) 2 

£„ 


B = 

4(g-i)y’ 

( c a -g ) 2 

f- 


C = | 

1+—^ 

— -r + 

_g4 


4e„(c a 

-g) 2 

C «~ 


-b+4¥ 

-4 AC 



g = G/F 
c a = cos a 


s a = sin a 

£„ = relative dielectric constant of substrate 

e n = relative dielectric constant of transmission lines 




(Fc a -G) 2 +F 2 Sq 
2(G-Fc a ) 
2a(m-l) 


M -1 
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The original paper has an error in the B term which has unfortunately propa¬ 
gated through some papers published in the literature. These equations assume 
the lens feeds an TV-element uniform linear array. There are M feed ports that 
are placed along a circular arc of radius R. The M beams point at the angles 
Ym which are measured from broadside. Transmission line lengths inside the 
lens are found from *v„. 


S n =Fw n +c5 0 


(7.44) 


where <5b is the smallest length at the center of the lens. 

Example. Find the locations for the point sources for a Rotman lens with 
G = 4.24, F = 4, d = 0.6, a = 30°, N beara = 7 ,N= 11, e rs = 1, £„ = 1, and So = 0. 

Substituting these values into (7.41), (7.42), and (7.43), results in the design 
shown in Figure 7.44. The locations of the ports and elements are in Table 7.2. 

Figure 7.45 is the design of an 8-beam Rotman lens with 8-element ports 
at a center frequency of 10 GHz. The matched loads on the sides absorb power 
incident on them in order to reduce unwanted reflections. This design was 



Figure 7.44. Rotman lens design with corresponding array factors. 


TABLE 7.2. Element and Port Locations in X for the Rotman Lens Design 

nl 2 3 4 56789 10 11 


X b n 

Ybn 

Ypn 


Yn 


-3.84 -4.06 

-1.48 -1.01 

-1.50 -0.96 

-2.56 -2.18 

1 1 
-3.0 -2.4 


—4.19 —4.24 

-0.52 0 

-0.54 -0.24 

-1.71 -1.17 

1 1 

-1.8 -1.2 


4.19 4.06 

0.52 1.01 

-0.06 0 

-0.60 0 

1 1 

-0.6 0 


3.84 

1.48 

0.06 

0.60 

1 

0.6 


0.24 0.54 0.96 1.5 

1.17 1.71 2.18 2.56 

1111 
1.2 1.8 2.4 3.0 
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Figure 7.45. Computer design of a Rotman lens [31]. 


then implemented in microstrip as shown in Figure 7.46. Array elements are 
connected to the SMA connectors on top while receivers are connected to the 
beam ports. Matched loads are placed on the side SMA connectors to reduce 
internal reflections. 

An array that has a full 360° azimuth coverage can be made around a 
polygon or circle as described in Chapter 5. Beam scanning with these struc¬ 
tures is accomplished by a commutating feed and/or beam scanning. An alter¬ 
nate approach uses a Rotman lens that has overlapping beams covering all 
azimuth angles [32], Figure 7.47 is a diagram of the concept applied to a square 
having 4 elements on each side. Every other port in the Rotman lens is a beam 
port while the other half are connected to the elements. In order to work, the 
focal arc and the curvature of the inside of the lens must be identical. A switch¬ 
ing network connects the desired beam to the receiver. This concept can be 
extended to an array with more faces as shown in Figure 7.48b or to a circular 
array as in Figure 7.48c. Figure 7.49 is an experimental prototype of a 360° 
Rotman lens for a square array with 6 elements per face. 


7.9. REFLECTARRAY 

Reflect arrays are a cross between a reflector antenna and an antenna array. 
The feed antenna transmits to/receives from a flat to slightly curved surface 
covered with radiating elements as shown in Figure 7.50. Radiating elements 
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Array elements 



Beam ports 


Figure 7.46. Experimental microstrip Rotman lens. (Courtesy of Pennsylvania State 
University.) 


elements 



Figure 7.47. The beam and element ports are interleaved. (Courtesy of Amir Zaghloul.) 


are open-ended waveguides, patches, dipoles, and so on. The elements focus 
the signal at the feed for receive or in the far field for transmit. Element type, 
orientation, and size determine the phase and/or polarization of the reflected 
signal. The first reflectarray used shorted rectangular waveguides [33] whose 
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length determined the signal phase shift. These waveguide reflectarrays were 
too heavy to be practical. Reflectarrays became much more practical when 
they were made from printed elements. 

Like a parabolic reflector, the reflect array has a very high efficiency, 
because it avoids lossy power dividers. Unlike the reflector, the main beam of 
the reflect array can be steered to large angles from broadside. The disadvan¬ 
tage of the reflect array is that it is narrowband. Bandwidth is limited by both 
the elements and the differential phase delay. The differential phase delay can 
be reduced as follows [34]: 

1. Reduce the size of the reflecting surface. 

2. Increase the distance of the feed from the reflecting surface. 

3. Curve the reflecting surface. 

4. Use time delays instead of phase shifts at the elements. 

Aperture efficiency is found from [34] 

{[(1 + cos 9+1 9 e )/(<? + !)] + [(!—cos* 9 e )/<?]} 
n ' 2 tan 2 9 e [(l -cos 2<?+l 0 e )/(2^ +1)] V ’ 

As with reflector antennas, there is also a spillover efficiency given by 


T] s = 1 - cos 2,+1 9 e (7.46) 

where 9 e is the angle between feed normal and line from feed to array edge, 
and cos 9 9 is the feed element pattern. 

The RARF (Reflected Array Radio Frequency) used in the AN/APQ-140 
Radar was manufactured by Raytheon in 1969 [35], It has 3500 phase shifting 
modules that work for any polarization (Figure 7.51). Electronic phase con¬ 
trols allows ±60° scanning in elevation and azimuth. This is a passive array 
with no gain in the modules. 


7.10. ARRAY FEEDS FOR REFLECTORS 

Phased array feeds have better illumination control of a reflector surface than 
does a single antenna element. This control aids in beam steering [36], adap¬ 
tive nulling [37], beam shaping [38], and generating multiple beams [39]. Large 
arrays have more degrees of freedom to shape the pattern; but as the size of 
the array increases, the feed blockage and weight increases as well. The array 
pattern of a large uniform array has a narrow main beam that only illuminates 
a small portion of the reflector. In order to maximize antenna gain, the reflec¬ 
tor is calibrated by adjusting the phase of the elements in the feed array. A 
circular planar array feed with triangular spacing has been used to compensate 
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closeup of 
elements 


Figure 7.51. Picture of RARF reflectarray. (Courtesy of the National Electronics 
Museum.) 


for spherical reflector aberrations using a mean square minimization tech¬ 
nique [40]. Approaches to synthesizing phased array weights to maximize gain 
usually assume perfect analog array weights. Closed-form solutions for the 
array feed excitations exist that optimize the directivity of an ideal offset 
reflector [41]. Compensating for reflector surface distortions improves the 
main beam gain as well as the sidelobe levels [42]. 

An array at the focal point of a front-fed reflector causes blockage that 
severely degrades the main beam of the reflector antenna. It is possible to 
adjust the phase shifters of the elements using a genetic algorithm until the 
maximum reflector gain is obtained at <j> = 0° [43]. Optimizing the amplitude 
taper of the feed array contributes very little to the calibration, so it is ignored. 
Consider a 5-element uniform array with elements spaced half a wavelength 
apart placed at the focal point of a two-dimensional parabolic cylinder reflec¬ 
tor with a diameter of 20A and a focal distance of 10A ( F/D = 0.5). Its geometry 
with the compensated and uncompensated feed patterns appear in Figure 7.52. 
Compensated and uncompensated reflector antenna far-field patterns are 
shown in Figure 7.53. Calibration increases the main beam at 0 = 0° by 4.7dB 
and lowers the sidelobes adjacent to the main beam by 0.8 dB. 

Using an offset reflector reduces feed blockage, but the array still needs 
calibration for small F/D to ensure maximum gain at <j> = 0°. An offset reflector 
with an F/D of 0.8 places the feed about 10A from the reflector surface. At 
this F/D ratio, a uniform array works well, and the angle of the feed is not 
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Figure 7.52. Calibrated and uncalibrated 5-element phased array feed for the reflector 
antenna. 



Figure 7.53. Front-fed reflector far-field patterns when the 5-element array feed is 
calibrated and uncalibrated. 


very sensitive. Reducing the F/D to 0.3 brings the feed much closer to the 
reflector surface and necessitates calibration. Calibration for the offset feed 
includes adjusting the tilt or pointing direction of the feed. Figure 7.54 shows 
the antenna patterns of the calibrated and uncalibrated offset reflectors. 
Calibration provides a 4-dB improvement to the main beam at boresight. 
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Figure 7.54. Offset-fed reflector far-field patterns when the 5-element array feed is 
calibrated and uncalibrated. 


7.11. ARRAY FEEDS FOR HORN ANTENNAS 

Many systems need high-gain antennas that electronically scan over a limited 
angular range, although the range may be several hundreds of beamwidths. 
Large, array-fed reflectors are high gain but have a scan that is limited to 
several tens of beamwidths. Large conventional arrays are high gain and 
capable of scanning over a large angular extent but are prohibitively expensive 
due to the large number of elements. A hybrid array-fed horn antenna is a 
viable and affordable alternative to full phased array antennas for applications 
such as space-based radar. The minimum number of elements in an array is 
given by [44] 


Of 

N min =-— (7.47) 

^3 dB 

where Q s is the solid scan angle (field of view) and 8 MB is the array beamwidth. 
Dividing the number of elements in an array by N m[n gives the element use 
factor [21]. For a scan sector of 60° or more, the element use factor is close 
to unity. If the scan is limited to ±20°, the planar array element use factor is 
very high, and conventional phased arrays with one control per element over 
a full aperture are not very efficient. 

Figure 7.55 explains how the hybrid reflector-array antenna uses the 
Winstone Cone light concentrator to funnel all wavelengths passing through 
the entrance aperture out through the exit aperture to a planar array feed [45]. 
The two side reflectors were optimized for maximum ray intercept over the 
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Figure 7.55. Diagram of the array-fed horn antenna. (Courtesy of Boris Tomasic, 
USAF AFRL.) 



Figure 7.56. Picture of the experimental array-fed horn antenna. (Courtesy of Boris 
Tomasic, USAF AFRL.) 


prescribed angular range [46], Off-axis rays hitting the reflectors take multiple 
bounces before they reach the feed array. Reflectors are shaped so that 
incident waves within a ±20° sector only bounce once before reaching the 
feed array. 

A 43-element feed with d = 0.452o at 10GHz with 20% bandwidth was built 
for a parallel-plate flared waveguide shown in Figure 7.56 [44], A diagram of 
the element probes and reflector outline appears in Figure 7.57. The parallel 
plates are separated by 0.37Ao, and the probe height is 0.23Ao. The antenna 
aperture is 40 Ai (1.2m), while the array feed is 20Ao (0.6m). If the array scans 
±20°, then the array element spacing must be less than OTA. If the array is 
1.2 m long, then it would have 57 elements. Thus, the array-fed horn antenna 
has an element use factor of 43/28 = 1.53, which is better than the full array 
use factor of 54/28 = 2.03 [44], 
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Figure 7.57. Diagram of the elements and array-fed horn antenna. (Courtesy of Boris 
Tomasic, USAF AFRL.) 


30 



Figure 7.58. Plots of the calculated and measured far field pattern of the array-fed 
horn antenna at broadside. (Courtesy of Boris Tomasic, USAF AFRL.) 


The array-fed horn antenna was modeled on a computer using physical 
optics (PO), and the experimental antenna was measured in an anechoic 
chamber. Figure 7.58 shows that the measured and computed far-field patterns 
agree well within 6 = ±30°. No grating lobes appear when the beam is steered 
to G s = -20° (Figure 7.59). 
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Figure 7.59. Plots of the calculated and measured far field pattern of the array-fed 
horn antenna at 8 S = -20°. (Courtesy of Boris Tomasic, USAF AFRL.) 


All the element patterns were calculated using the uniform theory of dif¬ 
fraction (UTD) and compared with measured element patterns (Figure 7.60 
has four examples). Agreement is quite good over 9 = ±90°. An accurate 
representation of the far-field pattern is obtained using the measured far-field 
element patterns in the 43-element array as was done in Chapter 6. The ampli¬ 
tude and phase weights (Figure 7.61) were found that limit the maximum 
sidelobe level to below 30dB using the method of alternating projections [47], 
Figure 7.62 is the resulting far-field pattern. 


7.12. PHASE SHIFTERS 

Phase shifters change the phase of a signal in a transmission line or waveguide 
by inducing a phase delay between 0° and 360° (in time delay terms, between 
0 and AJc). Ideally, the amplitude of the signal passing through the phase 
shifter is the same for all phase states. Some phase-shifting technologies have 
a high insertion loss and must be integrated with an amplifier to be useful. 
Most phase shifters are designed to be reciprocal (even when they use nonre¬ 
ciprocal components), in order to have identical characteristics in the transmit 
and receive modes. Phase shifters used in phased arrays must have digital 
interfaces (including those that use analog technology to cause the phase 
delay), so they can be computer-controlled. Phase shifters work by either 
forcing the signal to take a longer/shorter path or increasing/decreasing the 
phase velocity over a set distance. 
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Figure 7.60. Plots of the calculated and measured far field element patterns of the 
array-fed horn antenna. (Courtesy of Boris Tomasic, USAF AFRL.) 




Figure 7.61. Low sidelobe element weights synthesized using the measured element 
patterns. (Courtesy of Boris Tomasic, USAF AFRL.) 


Switched line phase shifters add line lengths to increase the phase of a 
signal. When bit n of an ALbit phase shifter is a 1, the signal is delayed by 
traveling an additional 180°/« in phase. Thus, a three-bit phase shifter with 
input [1 1 0] has an additional phase delay of 270° (see Figure 7.63). Switches 
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Figure 7.62. Low-sidelobe patttern using the measured element patterns and the 
synthesized weights. (Courtesy of Boris Tomasic, USAF AFRL.) 


180- 



Figure 7.63. Diagram of a switched line phase shifter. 


are fast and lightweight but have low power-handling capability and are pos¬ 
sibly lossy. A number of different type of switches used in phase shifters 
technology include PIN diode and MEMS (micro-electromechanical systems). 

The PIN diode has heavily doped p-type and n-type regions separated by 
an intrinsic region [3]. A forward bias results in a very low resistance to high 
frequencies, while a reverse bias acts like an open circuit with a small capaci¬ 
tance. PIN diodes have a low frequency limit of about 1 MHz due to carrier 
lifetime. A few milliamps of DC current can cause the PIN diode to switch 
one or more amps of RF current. These switches have the disadvantage of 
being current controlled rather than voltage controlled. 

MEMS switches have low losses, high isolation, high linearity, small size, 
low power consumption, and low cost and are broadband. On the other hand, 
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they tend to have high losses at microwave and millimeter waves, limited 
power-handling capability (-100 mW), and they may need expensive packag¬ 
ing to protect the movable MEMS bridges against the environment [16]. An 
example of an RF MEMS switch developed by Radant Technologies is shown 
in Figure 7.64 [48], The base of the cantilever beam connects to the source to 
its right. The free-standing tip of the beam suspends above the drain. An 
electrostatic force pulls the beam down when a voltage is applied to the gate. 
Closing the switch results in an electrical path between the beam and the drain. 
MEMS switches have high isolation when open, but they have low insertion 
loss when closed while consuming a small amount of power. At first, MEMS 
switches had low reliability, but recent advances have made them competitive 
with other technologies. 

Ferrite phase shifters use current to magnetize or demagnetize a piece of 
ferrite in a waveguide [3], When it is demagnetized, the phase is zero. When 
it is magnetized, the phase is a function of the length of the ferrite. Ferrite 
phase shifters are reciprocal when the variable differential phase shift through 
the device is the same in either direction. A latching phase shifter makes use 
of the hysteresis curve for a ferrite. A current pulse controls whether the 
ferrite is in the positive or negative saturation state. The length of the ferrite 
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TABLE 7.3. Phase Shifter Characteristics [16] 


Type 

Ferroelectric 

Semiconductor/ 

MMIC 

Ferrite 

MEMS 

Cost 

Low 

High 

Very high 

Low 

Reliability 

Good 

Very good 

Excellent 

Good 

Power handling 

>1W 

>10W 

kW 

<50 mW 

Switch speed 

ns 

ns 

10-100 ps 

10-100 ps 

DC power 

Low 

Low 

High 

Negligible 

consumption 

Size 

Small 

Small 

Large 

Small 


is chosen so that the desired differential phase shift between the two saturation 
states corresponds to phase bit n where the phase for bit n is 36072". A phase 
shifter has independently biased ferrite sections of decreasing size in series. 
Latching ferrite phase shifters have the advantage of not requiring a continu¬ 
ous bias current and have been made from about 2 GHz to 94 GHz [49], 

The rotary-field phase shifter, on the other hand, induces a phase shift by 
rotating a fixed amplitude magnetic bias field [49]. It is inherently low phase 
error since the phase shift is controlled by the angular orientation of the bias 
field rather than the magnitude of the bias field. The angular orientation is a 
function of the current fed to a pair of orthogonal windings. Rotary-field phase 
shifter operate from S-band through Ku-band (2-18 GHz). 

Ferroelectric materials have a tunable dielectric constant. For phase shifters 
made from a ferroelectric material like barium strontium titanate (BST), part 
or all of the substrate of the phase shifting circuit is made from ferroelectric 
material [50]. As the fields pass through the ferroelectric layer, the phase 
velocity can be controlled by changing the permittivity of the ferroelectric [51]. 

Table 7.3 lists the characteristics of several types of phase shifters. 
Ferroelectrics and MEMS dominate the low cost. Ferrite phase shifters are 
needed for high-power applications, but also consume a lot of DC power 
consumption. Ferrites and MEMS tend to have slow switching speeds. 

Figure 7.65 is a picture of a waveguide-fed linear array of slots. Parts on 
the left are assembled to make the array on the right. The phase shifters fit 
between the waveguide feed and the slots. Electronic controls lie on top of 
the phase shifters. 

7.13. TRANSMIT/RECEIVE MODULES 

The transmit/receive (T/R) module has five functions [52]: 

1. Amplify the transmit signal. 

2. Amplify and provide low-noise figure for the receive signal. 

3. Switch between transmit and receive mode. 
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Figure 7.65. Diagram of a linear slot array with phase shifters. (Courtesy of Northrop 
Grumman and available at the National Electronics Museum.) 



4. Phase control of transmit and receive signals. 

5. Protect low-noise amplifier. 

A diagram of a T/R module is shown in Figure 7.66 [53]. The phase shifter at 
the bottom of the T/R module performs beam steering and calibration. A 
circulator or switch at either end isolates the transmit and receive channels. 
Communications systems usually operate in full duplex mode (simultaneously 
transmit and receive), while radar systems usually operate in half-duplex mode 
(sequentially transmit and receive). Care must be taken to isolate the transmit 
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and receive channels, as well as protect the transmit amplifier from reflections 
that result from impedance mismatches while beam scanning. An attenuator 
appears in both paths in order to calibrate the paths and implement low- 
sidelobe tapers. The attenuator only reduces gain, so the gain at each element 
starts at the minimum attenuation and is adjusted down rather than set at the 
mean level and adjusted up or down. Attenuators throw away signal power 
and create heat, so they need to be applied wisely to avoid overheating and 
loss of signal power. The receive channel typically has 10-20 dB of gain from 
the low-noise amplifier (LNA) in order to establish a low-noise figure before 
phase shifting and traveling through the feed network. Power amplifiers in the 
transmit channel typically have about 30 dB of gain in order to compensate 
for the losses in the feed network [53]. 

Module calibration ensures desired performance at each element [53]. 
Ideally, when calibrating the array, the phase shifter’s gain remains constant 
as the phase settings are varied, but the attenuator’s insertion phase can vary 
as a function of the phase setting. In this situation, the calibration process only 
has to be done at the broadside beam location. The first step of this calibration 
process adjusts the attenuators for uniform gain at the elements. The phase 
shifters are then adjusted to compensate for the insertion phase differences at 
each element. Steering the beam just adds a linear phase shift to the calibra¬ 
tion phase. This calibration should be done across the bandwidth and range 
of operating temperatures. If the phase shifter’s gain varies as a function of 
setting, then the attenuators need to be compensated as well. The process of 
adjusting the phase and amplitude iterates until the error is minimized. All 
the calibration settings are saved and applied at the appropriate times. 

The transmitter feeding a T/R module can be either centralized at the array 
or subarray output or distributed at each element. Centralized power ampli¬ 
fication has the following disadvantages [52]: 

1. The insertion loss of the beamformer and phase shifters occurs after the 
transmit amplifier or before the receiving amplifier. These losses degrade 
the array’s output power and noise figure. Attenuators also degrade a 
centralized system’s output power and noise figure. 

2. The power-handling requirement for centralized phase shifters and 
attenuators is significantly higher than a distributed system. 

3. A centralized amplifier conveys the same phase noise to each antenna 
element, creating correlated errors in the aperture. 

4. If the amplifier is a single device, then its failure will lead to failure of 
the phased array. A centralized amplifier can be made by power combin¬ 
ing several lower-power amplifiers to minimize the impact of a single 
amplifier’s failure. 

5. Output power and efficiency degradation created by the insertion loss 
of the output power combiner is a significant drawback for solid-state 
centralized amplifiers. 
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Figure 7.67. Picture of the MERAT/R module. (Courtesy of the National Electronics 
Museum.) 

The main disadvantage of distributed T/R modules is the increased cost and 
complexity associated with filters for reducing electromagnetic interference 
(EMI) [52]. In a centralized system, only one EMI filter is required and does 
not have the size restriction of fitting behind an element. Distributed amplifi¬ 
cation requires a filter for every T/R module. Distributed filtering typically 
has higher insertion loss than centralized filtering due to packaging size restric¬ 
tions. The filter’s loss may degrade system noise figure and output power 
depending on its location in the array. 

T/R module development started in 1964 with the Molecular Electronics for 
Radar Applications (MERA) Program [54]. A photograph of the brick module 
including the radiating element (dipole) is shown in Figure 7.67. The mono¬ 
lithic microwave integrated circuit (MMIC) was fabricated on high-density 
alumina and high-resistivity silicon, using thin-film techniques. Circuits are 
located on both sides of the module.The side shown in the photograph contains 
a four-stage S-band transmit amplifier at 2.25 GHz. The amplifier is followed 
by a times four frequency multiplier plus filters in order to transmit the 9-GHz 
signal. Also shown in the upper left-hand corner is a balanced mixer and a 500- 
MHz lumped element IF amplifier. Located on the opposite side is the four-bit 
phase shifter and local oscillator network. Each module in the array transmit¬ 
ted a peak power of 0.6W at 9.0GHz. A noise figure of 12 dB was obtained with 
a gain of 14dB. The received signal is output from the module at 2.125GHz. 
The module is 7.1 x 2.5 x 0.8cm, and it weighs 0.95 ounces. A T/R switch was 
to be used at X band to separate the transmitter and receiver functions. 

In 1987, the Advanced Tactical Fighter (ATF) program started the use of 
GaAs, MMIC technology in order to reduce the size and cost of T/R modules 
(Figure 7.68) [55], The AN/APG-77 radar antenna is a phased array with 2000 
T/R modules capable of scanning 120 degrees. 

As MMIC and heat dissipation technology improved, arrays using many 
T/R modules migrated from a brick design to a tile design. Figure 7.69 is a 
diagram of one tile in a 17-GHz three-tile multibeam active array that was 
launched into geostationary orbit in 2008 [56], Each tile has 33 RF modules, 
16 low-noise amplifiers, a tile controller, and a power supply. The element 
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Figure 7.68. Picture of the ATF T/R module. (Courtesy of the National Electronics 
Museum.) 



Antenna helices (2x2 helix 
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Figure 7.69. Example of an 8 x 8 array tile. (Courtesy of the Lockheed Martin, Corp. 
E. Lier and R. Melcher, A modular and lightweight multibeam active phased receiving 
array for satellite applications: Design and ground testing, IEEE Antennas Propagat. 
Mag., Vol. 51, No. 1,2009, pp. 80-90.) 

spacing is one inch, with each element having a directivity of 14.4 dBi. A 2 x 2 
subarray of helical elements are connected to a 4-to-l combiner. A plot of the 
antenna pattern for the tile is shown in Figure 7.70. Steering to the maximum 
scan angle of 5° results in the pattern shown in Figure 7.71. 

T/R modules have not enjoyed the mass production of other commercial 
technologies until recently. Computer, wireless, and solar cell initiatives are 
pushing substrate manufacturing that benefit T/R module design. Figure 7.72 
is a diagram of power-handling capability of different T/R module substrates 
versus frequency [53, 57], Gallium nitride (GaN) and silicon carbide MMIC 
chips have the potential to increase the T/R module power by one or two orders 
of magnitude. SiC technology offers 1-10 kW in the low-GHz frequency band 
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Figure 7.70. Predicted and measured antenna patterns of the tile when the main beam 
points at broadside. (Courtesy of the Lockheed Martin, Corp. E. Lier and R. Melcher, 
A modular and lightweight multibeam active phased receiving array for satellite appli¬ 
cations: Design and ground testing, IEEE Antennas Propagat. Mag., Vol. 51, No. 1, 
2009, pp. 80-90.) 



Figure 7.71. Predicted and measured antenna patterns of the tile when the main beam 
points at 5°. (Courtesy of the Lockheed Martin, Corp. E. Lier and R. Melcher, A 
modular and lightweight multibeam active phased receiving array for satellite applica¬ 
tions: Design and ground testing, IEEE Antennas Propagat. Mag., Vol. 51, No. 1,2009, 
pp. 80-90.) 

with better thermal concuctivity than GaAs. GaN modules work from a little 
less than 10 kW below 10 GHz to a little less than 100W above 100 GHz. It is 
capable of reduced chip size, broad bandwidth, and higher operating voltage. 
SiGe and CMOS offer low-power, low-cost, high-performance T/R modules. 
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Frequency (GHz) 

Figure 7.72. Solid state power handling versus frequency for several substrate 
materials. 


7.14. DIGITAL BEAMFORMING 

Digital beamforming (DBF) [58, 59] is similar to the use of T/R modules, 
except the T/R module contains an analog-to-digital (AD) converter that 
outputs a digital signal directly to the computer. It has the advantages 
of improved dynamic range, ease of forming multiple beams, adaptive nulling, 
and low sidelobes. Like T/R modules, the AD converter can be either central¬ 
ized or distributed [16]. The corporate feed in Figure 7.73a performs analog 
beamforming and converts the signal to digital once all the signals are 
combined. Figure 7.73b converts the analog signals to digital signals at each 
element. Figure 7.73c shows an array architecture in which the subarrays 
perform analog beamforming and the signals from the subarrays are converted 
to digital signals. This approach can increase the bandwidth of the array 
through digital time delay instead of hardware time delays. DBF is frequently 
implemented at the subarray level because the digital receivers are expensive, 
large, and heavy and require calibration. A full DBF array has the most flex¬ 
ibility and the least amount of feed hardware, because all weighting and 
combining is done in software. Calibration of the DBF can be done by cou¬ 
pling a calibration signal into the feed line from the element (Figure 7.74) [60]. 
Calibration can also be done using near-field or far-field sources [61]. 
Compensation for the amplitude and phase errors can be done in software. 
DBF is expensive and requires a lot of space behind each element, so it is 
usually limited to small arrays. DBF systems are moving up in frequency and 
becoming more common [62], 
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Figure 7.73. Digital beamforming versus corporate feed, (a) Corporate feed, 
(b) Subarray corporate feed and digital beamforming at the subarray ports, (c) Digital 
beamforming at each element. 


calibration 



Figure 7.74. Diagram of a digital beamforming array. 
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7.15. NEURAL BEAMFORMING 

An artificial neural network is ideally suited to form beams given the signals 
at each element of an array. Unlike traditional beamforming algorithms, 
which require either extremely well-matched channels or extensive calibra¬ 
tion, the neural network beamformer is trained in situ and learns to perform 
the required function regardless of array element degradations, large manu¬ 
facturing tolerances, or scattering from the platform. The neural beamformer 
architecture consists of antenna measurement input preprocessing, an artificial 
neural network, and output postprocessing (Figure 7.75). In some special 
cases, the neural beamformer is similar to a Butler matrix [63]. 

The input nodes receive preprocessed antenna data that are sent to hidden 
layer (or Gaussian processing) nodes. Element signals, jq = (x n , x n , ..., x ln ), 
/ = 1, 2, ..., L, are measured over the antenna field of view (±60°). Each 
element signal vector contains seven phase differences between adjacent ele¬ 
ments in the array. The hidden layer of nodes have Gaussian activation func¬ 
tions. A processing node has an output that depends on the radial distance 
between the element signal vector and the node center, as well as on the 
spread parameter, a. When the network receives the element input vector, the 
output of hidden layer node i is 0 ; , [64]: 

y \xilc~mn I 2 

**=*#*■' 20 ' (7-48) 

where i = 1, 2, ..., q for q hidden layer nodes. An interpolation matrix, 0, 
contains the processing node outputs, 0,,. Row 1 of this matrix is the outputs 
of the q hidden layer nodes corresponding to input vector x t . 
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The output matrix, Y, has components y tj that are a weighted sum of the 
hidden layer outputs. 

(7.49) 

where / = 1,2,..., r for r output nodes and vw, y are the components of the weight 
matrix, W. The weights come from training the network on a subset of the L 
measured input vectors. 

An 8-element array is trained using r = 13 output nodes, centered at 10° 
intervals from -60° to 60°. If the AOA (angle of arrival) is between two train¬ 
ing angles, the nodes have an output between 0 and l.The AOA, 8, for a wave 
between nodes j and j + 1, is found from [65] 

8 = 8; + 10° (7.50) 

37 + 37+1 


where 8 ) is the training angle for node and y t and y l+[ are the node output 
values produced by the network at nodes j and + 1, respectively. 

The network is trained using supervised learning (the network receives 
input vectors and the corresponding desired outputs), and backpropagation is 
used to find the weights. 

After training, the desired output matrix, Y d , is a 13 x 13 identity matrix. 
The training input vectors are a subset of the L measured input vectors cor¬ 
responding to waves from the training angles. The desired output matrix is 
the product of the training matrix times the weight vector. 


Y d =O t W (7.51) 

Since the number of hidden layer nodes equals the number of training angles, 
the weight matrix is found from 


W = 


or 1 


(7.52) 


since Y d is an identity matrix. 

In order to determine the AOA, the node with the largest response and 
the largest of its one or two nearest neighbors are selected. The final confi¬ 
dence of the interpolated AOA is obtained by adding the values from the two 
nodes. If this value exceeds a predetermined threshold, then a source is con¬ 
sidered detected. 

The threshold for the false alarm rate is determined through training the 
neural network by generating many noise samples, preprocessing them, and 
stimulating the network [64], The network’s outputs are processed with no 
threshold. All interpolated outputs are considered detected sources. These 
purposely generated false alarms are used to determine a detection threshold. 
The number of noise samples and quantity of false alarms depend on the 



CALIBRATION 459 


required the level of the detection threshold. A threshold for a probability of 
false alarm of 10“ 3 typically takes 100,000 noise samples. The 100 signal detec¬ 
tions with the largest confidence values and the smallest value becomes our 
threshold; that is, any confidence value over that threshold would be a false 
alarm, and these 100 out of 100,000 would give a false alarm probability 
of 10- 3 . 


7.16. CALIBRATION 

A phased array must be calibrated before it generates an optimum coherent 
beam. Calibration involves tuning the attenuators, phase shifters, receivers, 
and so on, such that peak gain is available for the desired low-amplitude taper 
for transmit and/or receive operations. A phased array is calibrated by adjust¬ 
ing the phase shifters until the signal path to each element is identical, thus 
ensuring the maximum gain of the array. The phase settings are stored for 
beam steering angles and select frequencies within the bandwidth of the array. 
Calibration tables may have to be updated on a periodic basis, depending 
upon the environment of the array. Age and temperature cause component 
characteristics to drift over time, so the array requires recalibration. 

Methods for performing array calibration include [66]: 

1. Near-Field Scan. A planar near field scanner positioned very close to 
the array moves a probe directly in front of each element to measure 
the amplitude and phase of that element when all other elements are 
turned off. 

2. Far-Field Gain. An antenna is placed at boresight in the far field. The 
amplitude and phase of an element is measured when all other elements 
are turned off. 

Usually, array calibration consists of pointing a beam at a transmit or 
receive calibration source in the far field. Radio telescope arrays often point 
the beam to a region of the sky with a single strong point source [67]. Calibration 
with near-field sources requires that distance and angular differences be taken 
into account. If the calibration source is in the far field, then the phase shifters 
are set to steer the beam in the direction of the source. Each element is then 
toggled through all of its phase settings until the phase setting that yields the 
maximum signal strength is found. The difference between the steering phase 
and the phase that yields the maximum signal is the calibration phase. The 
complex electric field at the element is found by measuring the maximum 
power, the minimum power, and the phase shift corresponding to the maximum 
power. 

Making power measurements for every element in an array for every phase 
setting is extremely time-consuming. Calibration techniques that measure 
both amplitude and phase of the calibrated signal tend to be much faster. 
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Accurately measuring the signal phase is reasonable in an anechoic chamber 
but difficult in the operational environment. Measurements at four orthogonal 
phase settings yield sufficient information to obtain a maximum likelihood 
estimate of the calibration phase [66]. The element phase error is calculated 
from power measurements at the four phase states, and the procedure is 
repeated for each element in the array. Additional measurements improve the 
signal-to-noise ratio, and the procedure can be repeated to achieve desired 
accuracy within resolution of the phase shifters, since the algorithm is intrinsi¬ 
cally convergent. 

Another approach uses amplitude-only measurements from multiple ele¬ 
ments to find the complex field at an element [68]. The first step measures the 
power output from the array when the phases of multiple elements are suc¬ 
cessively shifted with the different phase intervals. Next, the measured power 
variation is expanded into a Fourier series to derive the complex electric field 
of the corresponding elements. The measurement time reduction comes at the 
expense of increased measurement error. 
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Smart Arrays 


A smart antenna adapts its receive and/or transmit pattern characteristics in 
response to the signals in the environment. At least two different antennas 
comprise a smart antenna, usually in the form of an antenna array. The ampli¬ 
tude and phase of the received signals are weighted and summed in such a 
way as to meet some desired performance expectation. This chapter describes 
several different kinds of smart antennas. The first is a retrodirective array 
that retransmits a received signal back in the same direction. Another type of 
smart array finds the angular location of signals in the environment, so they 
are called direction finding (DF) arrays. The simple Adcock array was pre¬ 
sented in Chapter 2. In this chapter, arrays that can automatically detect many 
signals are presented. Antennas that automatically reject interference while 
still receiving the desired signal are important in an environment with many 
signals. It may place a null in the direction of an interference source or steer 
the main beam in the direction of a desired signal. The sidelobe canceller was 
the first approach to placing a null in the sidelobe of the array pattern. This 
concept was generalized to the adaptive array that requires signal measure¬ 
ments at each element. A digital beamformer is ideal for this approach due 
to the complete control of the signals at the elements. It is also possible to 
adaptively place nulls using a conventional corporate-fed array by using an 
optimization algorithm to minimize the total power output. The main beam 
is not nulled, because only some of the elements or a few bits in the amplitude/ 
phase controls. Finally, the ultimate smart antenna has an adaptive transmit 
and adaptive receive array. MIMO (multiple input multiple output) commu¬ 
nications systems have adaptive transmit and receive antennas. All of these 
approaches are described in this chapter. 


8.1. RETRODIRECTIVE ARRAYS 

Ideas for actual smart antennas did not originate until the 1950s when Van 
Atta invented retroirective and redirective arrays [1], The Van Atta array 
receives and reradiates an incident wave in a predetermined direction with 
respect to the incident angle. Usually, this type of array adjusts the phase and 
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Figure 8.1. Diagram of a Van Atta arrays, (a) Retrodirective array, (b) Redirective 
array. 


may also amplify the received signals such that it retransmits in the direction 
of the incident field. This array operates similar to a dihedral or trihedral 
corner reflector in which the signal reflects back to the transmitter. Less 
common is the redirective array that retransmits the received signal in a direc¬ 
tion different from the received direction. 

Figure 8.1a is a diagram of a Van Atta retrodirective array. Symmetric ele¬ 
ments about the center of the array are connected by a transmission line. All 
transmission lines connecting the elements are of identical length, so the rela¬ 
tive phase of the signals is maintained. Upon transmit, the received signals are 
now on opposite sides of the array, so the transmitted wavefront returns from 
direction that it came. Figure 8.1a follows the paths of signals received and 
transmitted by the end elements. Figure 8.1b is a redirective Van Atta array 
where the received signal is retransmitted in a different direction. 

The received signals at the elements of an isotropic Van Atta array are 
given by 


y e -jkdu,(N-m e -jkdm(,N-2)n ... e ikdm(.N-2)/2 e jkdu,(N- 1)/2] 

where «, is the angle of the incident field. Since the transmission lines are all 
the same length (/), a constant phase is added to the signals. By the time they 
reach the element on the other side of the array (assuming no loss), the signals 
are given by 

^ e jk[l+dui(N-\)l2\ e ikU+du,(N-2)l2) ... e -jk[e+dui(N-2)/2] e -/*[<+du,(JV-l)/2] ] (g 2 ) 

The phase shift between two adjacent elements in (8.2) is given by 

S = -kdui (8.3) 


which implies that the transmit beam points in the same direction as the inci¬ 
dent plane wave: u t . 
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Figure 8.2. Active element in a retrodirective array. 




Since the Van Atta array requires that symmetric elements in the array be 
connected by equal length transmission lines, this type of array will not work 
with nonplanar arrays or nonplanar wavefronts. An alternative is to have each 
element receive and then modify and retransmit the received signal in order 
to accommodate curved apertures, near-field sources, and broadband signals. 
An active retrodirective array has circulators and amplifiers in the transmis¬ 
sion paths between elements as shown in Figure 8.2. This type of retrodirective 
array has a radar cross section given by [2] 


N 2 G 2 e G a l 2 

a- -—-— 

4k 


(8.4) 


where N is the number of elements in the array, G e is element gain, and G a is 
amplifier gain minus losses of circulators. An active retrodirective array is 
useful as a transponder or as an enhanced radar target (Figure 8.2) [3]. This 
beacon automatically replies in the direction of the interrogation signal without 
prior knowledge of the interrogator location. 

One approach to an active retrodirective array uses phase conjugation at 
the elements [4], When a local oscillator (LO) heterodynes its signal with the 
RF signal, the following signal results [5]: 

Vtp = V RF cos(27r/ RF t + 8) x VLo cos(2tt/ L oO 

= ^F rf V lo [cos(2 n(f LO -/ RF )t-5) + cos(2^(/ LO +/ RF )f+ 5)] (8.5) 


If the LO frequency is double the RF frequency, then the lower sideband is 
the phase conjugation of the received signal. The high sideband signal is easily 
filtered out, so it is not retransmitted. This approach becomes less practical as 
/ RF gets higher, because the LO source must operate at double / RF , making the 
LO source very expensive [6]. 
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Figure 8.3. Diagram of an array with a receiver at each element. 

Retrodirective arrays have applications in radio-frequency identification 
(RFID) [7], wireless communications, and RF transponders. All these applica¬ 
tions require a signal be returned to the source. The signal may be amplified 
and the frequency or polarization may be slightly altered to distinguish it from 
the original signal. It is possible to have a two-dimensional retrodirective array 
that responds to both azimuth and elevation angles [8,9]. 


8.2. ARRAY SIGNALS AND NOISE 

Element signals are down-converted and sent to the computer (Figure 8.3). A 
computer forms an array steering vector to control the pattern. The time- 
dependent array output is 


F{t) = w'X{t,e) 


(8.6) 


where 


A(f,0 m ) = A(0 m )s(f) + N(f) (8.7) 

and w is the element weight vector, s(t) is the signal vector, A(6 m ) is the array 
steering vector, and N(t) is the noise vector. Neither the element weights nor 
the array steering vectors are time-dependent. The signal vector is the ampli¬ 
tude of the plane wave incident on the array at 0 m : 


f(0 = [*i(0 *2(0 - **(0f 


(8.8) 
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The signals have a bandpass spectrum modulated by a suppressed carrier 
frequency due to the time harmonic field representations. Some possible signal 
representations to use in a computer model are 


s m (f) = s m sign(randn(l, /f)) 

(8.9) 

s m (/) = (rand (1,/C)- 0.5) 

(8.10) 

s m (0 = s m cos(2^(1: K)/K)e* rmi 

(8.11) 


The function randn returns a normally distributed random matrix, and rand 
returns a uniformly distributed random matrix with N rows and K columns. 
Gaussian white noise has a flat power spectrum having an amplitude cruise • It 
is calculated using 

N(f) = V^noise randn (Af, K) (8.12) 


The array steering vector, A(0 m ), contains the phase of plane wave m at each 
of the elements. It varies with incident angle but not time. The steering vectors 
for each of the M incident signals are placed in the columns of a matrix, A. 


A(0) = 


The output power is proportional to the array output squared. 

P = \ff' = \ e {\ a ' (*)*('. *)l 2 }=\a'r t a 


(8.13) 


(8.14) 


where R r is the covariance matrix, t is the complex conjugate transpose of the 
vector, and £{} is the expected value. In this chapter, we assume that all the 
signals are zero mean, stationary processes, so the covariance matrix is also 
the correlation matrix. 

An estimate of the correlation matrix built from the signal and noise 
samples at K time intervals is given by 

R t = E{X{k)X^ (*•)} 

= E{X S (xr)Zl (jc)}+ £{N(jc)XJ (jc)} + E{X, (jc)N + (*)}+ £{N(/c)N t (*•)} 

- J t X < to X\ to + ^XN(*•) Xl (k) +1 f X, (*)N t (k) 

♦IlNMN’M 

= R s + /?noise-.t + ^t-noise + 


(8.15) 
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When the signal and noise are uncorrelated and enough samples are taken, 
then 


Rt=Rs+ Koisc 


(8.16) 


Since the noise is uncorrelated from element to element, the noise correlation 
matrix off-diagonal elements are zero when K is large enough, and the diago¬ 
nal elements are the noise variance. 


i? no ise 


Vpoise 

0 

0 



(8.17) 


Eigenvectors and eigenvalues of the correlation matrix correspond to the 
received signals and noise. An eigen decomposition of the correlation matrix 
is written as 


incise 


Aj 0 
0 Az 

0 - 


•. 0 
0 X N 


V? = I A „V x [:,m]V x [:,m] + (T n 2 oise / w (8.18) 


where Vx is a matrix whose columns are the eigenvectors, A„ is an eigenvalue 
associated with the eigenvector in column n, and I N is an N x N identity matrix. 
The largest eigenvalues correspond to the signals, while the rest are associated 
with the noise. The signal eigenvectors span the signal subspace, while the 
noise eigenvectors span the noise subspace. All the noise eigenvalues equal 
the noise variance, <Tn 0ise . They are not a function of angle. The signal eigenval¬ 
ues, however, are a function of signal direction and signal amplitude. M uncor¬ 
related signals incident on an N element array (N > M) produces M signal 
eigenvalues and N - M noise eigenvalues. Element patterns and element 
spacing affect the eigenvalues of the correlation matrix [10]. 

The signal eigenvectors associated with the correlation matrix are the array 
weights that have beams in the directions of the signals. The noise eigenvec¬ 
tors associated with the correlation matrix are the array weights that have nulls 
in the directions of the signals. Eigenvalues are related to the signal and noise 
powers. Array factors associated with eigenvector weights are called eigen- 
beams [11]. For a uniform linear array along the x axis, eigenbeam m is cal¬ 
culated from eigenvector m by 

F m (0) = | Vx [n, m\e lkl "~ l)dsme (8.19) 

The correlation matrix is the crux of most adaptive array schemes, so it is 
worth further investigation before presenting any adaptive antenna algo¬ 
rithms. A few examples will help. 
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Example. Compare the eigenvectors and eigenvalues of the correlation matrix 
of a 4-element uniform array with half-wavelength spacing under the following 
scenarios: 

a. 1-V/m plane wave incident at 20°. 

b. 1-V/m plane wave incident at -50° and a 1-V/m plane wave incident 
at 30°. 

c. 1-V/m plane wave incident at -50° and a 2-V/m plane wave incident 
at 30°. 


Assume <7 noiS e = 0.01. 


a. The eigenvectors and eigenvalues associated with 1-V/m plane wave 
incident at 20° are displayed in Table 8.1. The first three eigenvalues 
equal <7 noise while the last one, corresponding to the signal, is much 
higher. The amplitude of V 4 is uniform while the phase has a progression 
equal to the phase needed to steer the eigenbeam to 20°. 


9 S = sin 1 


1.0762 ^ 
kd ) 


= 20 ° 


Figure 8.4 is a plot of the four eigenbeams. The signal eigenbeam is a 
uniform array factor steered to 20°. The noise eigenbeams all have nulls 
at 20°. 

b. The eigenvectors and eigenvalues associated with 1-V/m plane wave 
incident at -50° and a 1-V/m plane wave incident at 30° are displayed in 
Table 8.2. The first two eigenvalues are equal to cr„ oiS e while the second 
two, corresponding to the signals, are much higher. The eigenbeams 
associated with V 3 and V 4 have peaks at -50° and 30° because 


TABLE 8.1. Eigen Analysis of the Correlation Matrix for a 4-Element Uniform Array with a 
1-V/m Plane Wave Incident at 20° 


Eigenvectors 

Vi 


v 2 


v 2 


v 4 


Amplitude 

Phase 

Amplitude 

Phase 

Amplitude 

Phase 

Amplitude 

Phase 

0.2364 

2.2504 

0.4856 

-6.0233 

0.6777 

-0.8105 

0.4990 

3.2150 

0.5232 

-0.7366 

0.5877 

-3.5063 

0.3601 

-0.5136 

0.5012 

2.1462 

0.4502 

-2.8798 

0.4914 

-1.5152 

0.5521 

0.3777 

0.5010 

1.0762 

0.6838 

0 

0.4211 

0 

0.3259 

0 

0.4988 

0 

Eigenvalues 

A, 





l 3 


A. 

0.0099 


0.0103 


0.0109 


1.3418 
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Figure 8.4. Plot of eigenbeams for the 4-element uniform array with one signal present 
at Q = 20°. 


TABLE 8.2. Eigen Analysis of the Correlation Matrix for a 4-Element Uniform Array 
with a 1-V/m Plane Wave Incident at -50° and a 1-V/m Plane Wave Incident at 30° 


Eigenvectors 


Vi 


V 2 


V 3 


V 4 


Amplitude 

Phase 

Amplitude 

Phase 

Amplitude 

Phase 

Amplitude 

Phase 

0.6169 

5.0193 

0.1334 

1.7328 

0.5586 

0.3545 

0.5382 

-4.0009 

0.3420 

2.3395 

0.6950 

2.2633 

0.5167 

0.2259 

0.3647 

-1.3021 

0.3426 

2.6843 

0.6940 

-0.4834 

0.5898 

0.8114 

0.2304 

-1.5727 

0.6206 

0 

0.1323 

0 

0.2703 

0 

0.7241 

0 

Eigenvalues 

A, 


Xl 



a 3 


A4 

0.0101 


0.0108 


0.2628 


2.9598 


6 S = sin 1 


8 S - sin 1 


o.sim 
, kd ) 
-1.5727 
. kd 


= -50° 
■ j = 30° 


Figure 8.5 is a plot of the four eigenbeams. The noise eigenbeams all 
have nulls at -50° and 30°. 
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Figure 8.5. Plot of eigenbeams for the 4-element uniform array with 1-V/m plane wave 
incident at -50° and a 1-V/m plane wave incident at 30°. 


TABLE 8.3. Eigen Analysis of the Correlation Matrix for a 4-Element Uniform Array 
with a 1-V/m Plane Wave Incident at -50° and a 2-V/m Plane Wave Incident at 30° 


Eigenvectors 

V! 


V 2 


V 3 


v 4 


Amplitude 

Phase 

Amplitude 

Phase 

Amplitude 

Phase 

Amplitude 

Phase 

0.5900 

4.8935 

0.2263 

-0.0702 

0.5579 

0.3535 

0.5380 

-3.9996 

0.3877 

2.8131 

0.6707 

1.4889 

0.5171 

0.2247 

0.3639 

-1.3072 

0.3880 

2.0843 

0.6700 

-1.5496 

0.5900 

0.8093 

0.2290 

-1.5733 

0.5925 

0 

0.2236 

0 

0.2706 

0 

0.7251 

0 

Eigenvalues 

A, 





^3 


A 4 

0.0101 


0.0108 


0.4083 


7.5103 


c. The eigenvectors and eigenvalues associated with 1-V/m plane wave 
incident at -50° and a 2-V/m plane wave incident at 30° are displayed in 
Table 8.3. As in Table 8.2, the first two eigenvalues are equal to o- noise 
while the second two, corresponding to the signals, are much higher. The 
eigenbeams associated with V 3 and V 4 have peaks at -50° and 30°. This 
time, the peaks in the patterns are not of equal height: One beam has a 
higher peak at -50° and the other beam has a higher peak at 30°. Figure 
8.6 is a plot of the four eigenbeams. The noise eigenbeams all have nulls 
at -50° and 30°. 
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Figure 8.6. Plot of eigenbeams for the 4-element uniform array with 1-V/m plane wave 
incident at -50° and a 2-V/m plane wave incident at 30°. 


Example. The eigenvalues of the correlation matrix relate to the strength of 
the signals, the noise, and the separation between the signals. A 4-element 
uniform array with half-wavelength spacing has up to two signals incident 
upon it. Plot the relationship between the eigenvalues and the standard devia¬ 
tion of the noise, the eigenvalues and the separation distance between two 
signals of equal strength, and the eigenvalues and the ratio of the strength of 
two signals. 

When two signals of strength 1-V/m modeled by (8.9) are incident at 0° and 
40° with (Tnoise = 0.01, the correlation matrix is 


' 1.80 0.55 + y'0.82 

0.55-/0.82 2.09 

0.33 + /0.67 0.67-/1.06 
1.80 + /0.20 0.36 + /0.70 


0.33-/0.67 
0.67 + /1.06 
2.13 

0.53-/0.84 


1.80-/0.20" 

0.36-/0.70 

0.53+/0.84 

1.88 


and has the eigenvalues [0.0078 0.0102 3.3786 4.5022] T . 

The two signals correspond to the two largest eigenvalues. Increasing cy noiS e 
from 0 to 1.98 when only one signal is present at 0 t = 0° causes the eigenvalues 
to increase as shown in Figure 8.7. The eigenvalues are sorted from the largest, 
Ai (signal), to the smallest, A*. As cT noiS e increases, so do all the eigenvalues. 
Variations in the eigenvalues increase as cr noise increases. 
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Figure 8.7. Plot of eigenvalues versus C7 n0ise for the 4-element uniform array with one 
signal present at d t = 0°. 



Figure 8.8. Plot of eigenvalues versus angular separation distance between two equally 
weighted signals are incident on the 4-element array. 


Two signals incident on the array (cr n oise = 0.01) with one incident at ft = 0° 
and the other incident at -49.5° < ft < 49.5° results in the eigenvalue plot 
shown in Figure 8.8. Aj begins to increase and A 2 decrease as s 2 enters the 
main beam. When both signals are incident at 6 = 0°, then approximately 
doubles and A 2 is approximately zero and is indistinguishable from the noise 
eigenvalues. Two signals are incident on the array (cr noise = 0.01) with = 1 
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Figure 8.9. Plot of eigenvalues versus signal strength ratio for two equally weighted 
signals are incident on the 4-element array. 


incident at 0, = 0° and 0 < s 2 < 1.98s, incident at = 40°. Figure 8.9 shows the 
eigenvalues graphed as a function of s 2 /si. When s 2 = 0, then A, = 4 and A 2 = 0. 
Increasing s 2 until it equals Si results in A, staying approximately constant but 
Xi increases. When s 2 > s, then Xi stays approximately constant while A, 
increases. The largest eigenvalue always corresponds to the most powerful 
signal. 

The same principles for forming the correlation matrix for linear arrays 
apply to arbitrary arrays as well. The array steering vector becomes a function 
of 9 and <p rather than a single angle. 


8.3. DIRECTION OF ARRIVAL ESTIMATION 

Direction finding was already introduced in Chapter 2. This chapter presents 
several signal processing algorithms for automatically determining the loca¬ 
tions of the signals incident upon an array [12]. All the algorithms presented 
here assume that a calibrated receiver is at each element in the array. A cali¬ 
brated receiver ensures that the relative signal amplitudes and phases are 
maintained between the elements. Otherwise, the correlation matrix would 
not be correct, so the eigenvectors and eigenvalues would be wrong. 

Since an array’s ability to resolve signals depends upon the beamwidth of 
the array, other high-resolution algorithms have been developed, so that even 
small arrays can resolve closely spaced signals. They resolve N - 1 signals by 
using narrow nulls in place of the wide main beam. These are also sensitive 
to noise, however. 
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8.3.1. Periodogram 

One way to determine the signals present in the vicinity of an array is to 
scan the beam over the region of interest and plot the output power as a func¬ 
tion of angle. The relative array output power as a function of angle can be 
found by 


P(6) = A'(6)R T A(6) (8.20) 

where the uniform array steering vector is given by 

A{6) = e min <6< 0 max (8.21) 

A plot of the output power versus angle is known as a periodogram. Resolving 
closely spaced signals is limited by the array beamwidth. 

Example. Demonstrate the effect of separation angle between two sources 
using an 8-element uniform array with A/2 spacing. 

When ft = -30° and ft = 30°, two distinct peaks occur in the periodogram 
(Figure 8.10). Moving ft to 10° still maintains two distinct peaks, but the dip 
between them has become shallow. When ft is at 20°, then only one peak 
occurs halfway between the two signals. Thus, if the signals are close together, 
then they appear as one signal from a direction between the two signals. 



o (degrees) 


Figure 8.10. Plot of the periodogram of the 8-element uniform array when ft = -30°, 
10°, 20°, and ft = 30°. 
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8.3.2. Capon’s Minimum Variance 

The periodogram basically uses the main beam of the array to determine 
signal locations. Since the main beam is wide, especially for small arrays, the 
ability to separate multiple signals or accurately locate a signal is not very 
good. Using nulls to locate signals is much more desirable, because the nulls 
have a narrow angular extent. Capon’s method is the maximum likelihood 
estimate of the power arriving from a desired direction while all the other 
sources are considered interference [13]. Thus, the goal is to minimize the 
output power while forcing the desired signal to remain constant. The signal- 
to-interference ratio is maximized by the array weights 


w 


Rr A 
A'R?A 


The resulting spectrum is given by 


P(d) = 


1 

A f (e)Rr l A(e) 


( 8 . 22 ) 


(8.23) 


Capon’s method does not work well when the signals are correlated. 


Example. An 8-element uniform array with 2J2 spacing has three signals 
incident upon it: Si(-60°) = 1, s 2 (0°) = 2, and s 3 (10°) = 4. Find the Capon 
spectrum. 

Figure 8.11 shows the result of Capon’s method superimposed on the peri¬ 
odogram. Capon’s method can better distinguish between two closely spaced 
sources and the spectrum between the source peaks is very low. The periodo¬ 
gram cannot separate the signals at 0° and 10°. 


8.3.3. MUSIC Algorithm 

MUSIC is an acronym for A/t/ltiple S/gnal Classification [14]. MUSIC assumes 
the noise is uncorrelated and the signals are either uncorrelated or mildly 
correlated. When the array calibration is perfect and the signals uncorrelated, 
then the MUSIC algorithm can accurately estimate the number of signals, 
the angle of arrivals, and the signal strengths [15], The MUSIC spectrum is 
given by 


P(9) = 


AH0)A(0) 

A^e)V x VlA{6) 


(8.24) 


where V x is a matrix whose columns contain the eigenvectors of the noise 
subspace. The eigenvectors of the noise subspace correspond to the N - N s 
smallest eigenvalues of the correlation matrix. 
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Figure 8.11. Plot of the 4-element uniform array Capon spectrum with three signals 
present. 



Figure 8.12. Plot of the 8-element uniform array MUSIC spectrum with three signals 
present. 


Example. An 8-element uniform array with A/2 spacing has three signals 
incident upon it: Xi(-60°) = 1, s 2 (0°) = 2, and s 3 (10°) = 4. Find the MUSIC 
spectrum. 

Figure 8.12 shows the MUSIC spectrum superimposed on the periodogram. 
MUSIC easily distinguishes between two closely spaced sources and the spec¬ 
trum between the source peaks is lower than in the Capon spectrum. 
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The MUSIC algorithm is not very robust, so many improvements have been 
proposed. One popular modification, called root-MUSIC, accurately locates 
the direction of arrival by finding the roots of the array polynomial [16]. The 
denominator of (8.24) can be written as 

A f (d)V x VlA(6)= % CnZ n (8.25) 

n=M +1 


where 


Z _ gjkndsmB 

c n = X V>yl = sum °f nth diagonal of matrix V k Vl 

The summation in (8.25) is over the diagonals of V^Vl ■ Coefficient n is the 
sum of the elements in diagonal n. Roots of the polynomial, z m , close to 
the unit circle correspond to the poles of the MUSIC spectrum. Solving for 
the angle of the phase of the roots of the polynomial in (8.25) produces 


d m = sin' 1 


arg(z m n 

, kd ) 


(8.26) 


Roots close to the unit circle correspond to actual signals while the rest are 
spurious. The has 2N -1 diagonals, so the polynomial has 2N -2 roots. 

Example. An 8-element uniform array with A/2 spacing has three signals 
incident upon it: S](-60°) = 1, s 2 (0°) = 2, and s 3 (10°) = 4. Find the location of 
the signals using the root MUSIC algorithm. 

The magnitude and angle of the roots are calculated using lz m l and (8.26) 
to get the values in Table 8.4. The three signal directions are accurately identi¬ 
fied as the roots that lie on the unit circle (lz m l = 1). A unit circle plot of all 14 
roots is shown in Figure 8.13. 


TABLE 8.4. The Roots Found Using Root MUSIC 0 


m 

IzJ 

0 m (degrees) 

Signal? 

m 


9 m (degrees) 

Signal? 

1 

2.05 

-34.21 

No 

8 

0.99 

0.08 

Yes 

2 

1.82 

-22.50 

No 

9 

1.01 

-60.10 

Yes 

3 

1.64 

33.12 

No 

10 

0.99 

-60.10 

Yes 

4 

1.66 

53.59 

No 

11 

0.61 

33.12 

No 

5 

1.00 

10.0 

Yes 

12 

0.60 

53.59 

No 

6 

1.00 

10.0 

Yes 

13 

0.55 

-22.50 

No 

7 

1.01 

0.08 

Yes 

14 

0.49 

-34.21 

No 


“The ones close to the unit circle represent the correct signal directions. 
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Figure 8.13. Unit circle representation of all the roots found using root MUSIC. 


8.3.4. Maximum Entropy Method 

The maximum entropy method (MEM) is also called the all-poles model or 
the autoregressive model. MEM is based on a rational function model of the 
spectrum having all poles and no zeros [17]. Hence, it can accurately repro¬ 
duce sharp resonances in the spectrum. The MEM spectrum is given by [18] 


P{9) = 


_ 1 _ 

i4 t (e)/?f 1 [:,»]/$- 1 [:,»]i4(fl) 


(8.27) 


where n is the nth column of the inverse correlation matrix. The selection of 
n gives slightly different results. 


Example. An 8-element uniform array with A/2 spacing has three signals 
incident upon it: S!(-60 o ) = 1, s 2 (0°) = 2, and s 3 (10°) = 4. Find the MEM 
spectrum. 

Figure 8.14 shows the MEM spectrum superimposed on the periodogram. 
MEM has even sharper spectral lines than the MUSIC spectrum. 


8.3.5. Pisarenko Harmonic Decomposition 

The smallest eigenvector (A w ) minimiz es the mean squared error of the array 
output with the constraint that the norm of the weight vector equals one. The 
Pisarenko harmonic decomposition (PHD) spectrum is [19] 
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Figure 8.14. Plot of the 4-element uniform array MEM spectrum with three signals 
present. 



0 (degrees) 

Figure 8.15. Plot of the 4-element uniform array PHD spectrum with three signals 
present. 


P(6) = 


1 

\A'(6)e x \ 


(8.28) 


Example. An 8-element uniform array with A/2 spacing has three signals 
incident upon it: ^(-60°) = 1, s 2 (0°) = 2, and s 3 (10°) = 4. Find the PHD 
spectrum. 

Figure 8.15 shows the PHD spectrum superimposed on the periodogram. 
PHD has very sharp spectral lines like MEM. 
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8.3.6. ESPRIT 

ESPRIT is an acronym for Estimation of Signal Parameters via Rotational 
/nvariance Techniques [20], It is based upon breaking an A-element uniform 
linear array into two overlapping subarrays with N - 1 elements. One subarray 
starts at the left end of the array, and the other starts at the right end of the 
array. The N - 2 shared elements in the middle are called matched pairs. 
ESPRIT makes use of the phase displacement between the two subarrays to 
calculate the angle of arrivals for the signals. The signals at the elements in 
the two subarrays are written as 


X 1 (k) = A 1 s(k)+N(k) 

X 2 (*■) = ^ 2 s(K')+N(K') = AjOs^ + N^) 


where the diagonal matrix, <t> has elements <h m m =e /Wsin9m . The eigenvectors 
of the full array are in matrix V x . A new N x M matrix with only the signal 
eigenvectors is defined by 


V, = V x [1: N, 1: M] 


(8.30) 


The first N - 1 rows are associated with the first subarray, while the last N - 1 
rows are associated with the second subarray. A matrix 'P relates the two 
subarray eigenvector matrixes by 


V, [1: N -1,1: M] = 'PE, [2: N, 1: M] (8.31) 


Solving for 'P and equating its eigenvalues to <fi results in the signal angle 
estimates of 


^ m) 

kd ) 


(8.32) 


where XZ = eigenvalues of 'P. 

Example. An 8-element uniform array with A/2 spacing has three signals 
incident upon it: Si(-60°) = 1, $ 2 ( 0 °) = 2, and s 3 (10°) = 4. Estimate the incident 
angles using ESPRIT. 

First calculate the correlation matrix, then find the eigenvectors associated 
with the three signals. 
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-0.2981 -O.OOOOi 
-0.2967+ 0.1666i 
-0.2097 +0.3127i 
-0.0565 + 0.38521 
0.1100 + 0.37671 
0.2517 + 0.2828i 
0.3166 +- 0.12461 
0.2946-0.0457i 


-0.5109-O.OOOOi 
-0.3576 + 0.0594i 
-0.2840 + 0.0643i 
-0.1554 - 0.0297i 
-0.1231 -0.093 li 
-0.1546-0.2559i 
-0.1997-0.2998i 
-0.3451-0.3684i 


-0.2513+O.OOOOi 
0.3588-0.2779i 
-0.1276 + 0.2624i 
0.0633-0.3765i 
0.1494+0.3602i 
—0.1812 — 0.2271 i 
0.3966 +0.204 li 
-0.2493 + 0.0485i 



4 


Subarray 1 


Subarray 2 


Next, compute ¥ to get 

‘ 0.87 - y'0.45 -0.31-y0.061 0.096 + y'0.022' 

0.07 - y'0.067 0.95-y0.063 -0.35+y0.32 

-0.0085 + y0.0008 -0.13 - y'0.025 -0.88 + y0.40. 

The eigenvalues of V|/ are found and substituted into (8.32) to find an estimate 
of the angle of arrival. 

9 m =[- 59.91° 0.06° 10.0°] 


8.3.7. Estimating and Finding Sources 

Many of the direction finding algorithms need to know the exact number of 
sources incident upon the array. One way is to just pick the eigenvalues that 
exceed some threshold set above the noise. The number of eigenvalues that 
exceed the threshold equals the number of sources. One algorithm for estimat¬ 
ing M is as follows [21]: 

1. Estimate the correlation matrix from K time samples. 

2. Find and sort the eigenvalues (Aj > A 2 > - > X N ). 

3. Find M that minimizes [21] 


where 


K(A-M)ln 


I A. 


(n-m) n K\ 


- f(M,N) 


(8.33) 


f{M,N) = 


[ M(2N-M) 

[0.5M{2N-M)lnN 


AIC 

MDL 
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AIC = Akaike’s information criterion 
MDL = minimum description length 


8.4. ADAPTIVE NULLING 

As the wireless users crowd the frequency spectrum, interference becomes 
more common. When the main beam gain times the desired signal is less than 
the sidelobe gain times the interference signal, then the interference over¬ 
whelms the desired signal. An adaptive antenna adjusts its antenna pattern to 
steer the main beam in the direction of the desired signal while placing nulls 
in the direction of the interference. The original adaptive antenna, called a 
sidelobe canceler, was invented by Howells and Applebaum [22]. It was mainly 
intended for radar systems. A similar adaptive algorithm was independently 
developed by Widrow [23]. This least mean square (LMS) algorithm became 
the canonical adaptive algorithm primarily intended for communications 
systems. Many signal processing algorithms have their roots in the LMS algo¬ 
rithm. They all require a calibrated receiver at each element in the array. 
Another approach that relies on random search algorithms works with a cor¬ 
porate fed array with one receiver [24], These approaches minimize the output 
power of the array. If only a few of the elements or the least significant bits 
of the weights are used to perform the nulling, then nulls cannot be placed in 
the main beam but can be placed in the sidelobes [25]. The advent of global 
optimization algorithms have made this approach more attractive [26]. 

This section is divided into three parts. First, the radar approaches called 
sidelobe blanking and sidelobe canceling are presented. These techniques do 
not require a pilot signal or replica of the desired receive signal to work. The 
second set of algorithms rely upon the signal correlation matrix. They are 
similar to the direction finding algorithms, except one of the signal steering 
vectors corresponds to the desired signal, while the others correspond to the 
interference. Some examples that demonstrate the operation of these types of 
algorithms are presented. Finally, the random search type algorithms are 
presented, because of their attractive minimal hardware requirements. 

8.4.1. Sidelobe Blanking and Canceling 

A sidelobe blanker eliminates unwanted interference entering the sidelobes 
of a radar array [27] (Figure 8.16). It consists of a high-gain radar antenna 
and a lower-gain auxiliary antenna. The gain of the auxiliary antenna must 
exceed the gain of the highest sidelobe of the high-gain antenna as shown 
in Figure 8.17. A software algorithm tests three hypotheses in the detection 
decision [28]: 

1. A target in the main beam results in a large signal in the main channel 
but causes a small signal in the auxiliary channel, because the main beam 
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auxiliary antenna 



Figure 8.16. Sidelobe blanker. 



Figure 8.17. The main antenna has a high gain, while the auxiliary antenna has a gain 
slightly greater than the maximum sidelobe level of the main antenna. 


gain is much higher than the auxiliary antenna gain. The sidelobe blank¬ 
ing processing allows this signal to pass. 

2. If the signal received by the auxiliary antenna is larger than the signal 
received by the main antenna, then the sidelobe blanking processing 
suppresses that signal. 

3. No signal is present 

Figure 8.18 is a diagram of a sidelobe canceler that consists of a high-gain 
antenna pointing at the desired signal and one or more low-gain auxiliary 
antennas [29], The gain of the small antennas is approximately the same as 
the gain of the peak sidelobes of the high-gain antenna. Appropriately weight¬ 
ing the low-gain antenna signal and subtracting it from the high-gain antenna 
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auxiliary antenna 
khigh gain antenna A X7 



feedback 


receiver 

Figure 8.18. Sidelobe canceler. 


signal results in canceling the interference in the high-gain antenna. One low- 
gain antenna is needed for each interfering signal [30], The low-gain antenna 
minimally perturbs the main beam of the high-gain antenna. The sidelobe 
blanker is a decision-making system, whereas the sidelobe canceler actually 
mixes signals in order to eliminate the interference. 


8.4.2. Adaptive Nulling Using the Signal Correlation Matrix 

The sidelobe canceler assumes that the weighted signals from N small auxiliary 
antennas cancel the interference signals entering the sidelobes of a high-gain 
antenna. If the large antenna is an array, then the array elements could also 
serve as the auxiliary antennas. This configuration is called an adaptive array 
[30]. As shown for direction finding, the correlation matrix is useful for deter¬ 
mining the directions of signals incident on the array. 


8.4.2.1. Optimum Element Weights. Making use of the correlation matrix 
for adaptive arrays is slightly different than for direction finding, because 
not all the received signals are treated equally. In adaptive nulling applica¬ 
tions, one signal is desired while all the other signals cause interference and 
should be rejected. If the desired signal arrives at the elements from the angle 
( 6 S , 0 S ), then the difference in phase between the signals at the N elements is 
given by the array steering vector 


A s = 




(8.34) 
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M undesired signals strike the array at angles (0 m , 0 m ). The phase difference 
between interference signal m at all the elements is given by the array steering 
vector 


e )k{xiu m +yiv m +z\w m ) 
e jk(x 2 u m +y2V m +Z2W m ) 




m = l,2,...,M (8.35) 


In the time domain, the signals present at the elements are given by 


s(t) = desired signal 

i m ( t ) = signal from interference source m (8.36) 

N(t) = white Gaussian noise 


Discrete time samples of these signals, s(k), i m (x), and N(k), add together to 
form a discrete sample of the total signal at each element. 


J(ir) = y4 J x((r)+ X ^ml'm(K’)+N(fC) 
= Z s (ir)+l-(ic) + N(r) 


(8.37) 


Multiplying these signals by their corresponding element weights and adding 
them together results in the array output. 

F = w*X(k) (8.38) 


In terms of power the output is 

P = FF* = •Ejlw't.Y (jc)| 2 } = (8.39) 

where 


R t =E{X{k)X' (fc)} 

= E{X S (k)X1 (ir)}+ E{X t (k)X] (kt)}+ £{N(K-)N f (*•)} (8.40) 

= R S + Ri+Ru 


A good figure of merit for evaluating how well an array receives the desired 
signal while rejecting the interference and noise is the signal-to-noise 
ratio [31]: 

SNR = -^!*!2L_ (8.41) 

w'(R,:*R,)W ’ 


The signal received by the array differs from the desired reference or pilot 
signal, d(ic), by 
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£(*) = <*(*)-** (*)*(*•) (8.42) 

The mean square error of (8.42) is 

E {e 2 (k )} = E{d 2 (fc)} + ( k)R t (jc) w (jc) - 2vv f (k) g(fc) (8.43) 

where the signal correlation vector is defined to be 

?(K-) = £{d(K:)s(K-)} (8.44) 

Taking the gradient of the mean square error with respect to the weights 
results in 


V w E{e 2 (*)} = 2 R t (K)w(K)-lq{K) (8.45) 

The optimum weights make the gradient zero, so 

2 R t (*) w opt (jc) - 2 q (k:) = 0 (8.46) 

Solving for the optimum weights yields the Wiener-Hopf solution [32]: 

w opt (K) = R} l (K)q{K) (8.47) 

Finding the solution requires two very important pieces of information: the 
signal at each element to form the correlation matrix and the desired signal 
for the signal correlation vector. 

8.4.2.2. Least Mean Square Algorithm. Although the Wiener-Hopf solution 
is not a practical approach to adaptive antennas, it forms the mathematical 
basis of the adaptive least mean square (LMS) algorithm [23]. The LMS algo¬ 
rithm uses the method of steepest descent to find the minimum of k ). In 
the method of steepest descent, the new weight vector is found by adding a 
step size times the negative of the gradient of &(k ) to the current weight 
vector. The gradient is with respect to the weights. 

w {k +1) = w (*) + n [-V w £ {|d (r) - ^ M X(k)\ 2 }] (8.48) 

Taking the gradient yields 

w (k + 1) = w {k) + fiS ( k) [d (*•) - w f s (*•)] (8.49) 

where fi is the step size that absorbs the -2 that results from taking the gradi¬ 
ent in (8.48). Note that the expected values conveniently disappear due to the 
difficulty in implementing the expected value operator in real time. Instead, 
the instantaneous values replace the expected values. LMS convergence speed 
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is proportional to the size of p. If p is too small, then convergence is slow, 
while if p is too large, then the algorithm will overshoot the optimum weights. 
The algorithm is stable when [32] 

0<p< —(8.50) 

^max 

where A^* is the maximum eigenvalue of the correlation matrix. Its conver¬ 
gence speed slows as the ratio of the maximum to minimum eigenvalues 
increases, because (8.43) has a long, narrow valley that slows the gradient’s 
progress toward the minimum [33], 

Selecting an adequate reference or pilot signal is important to the success 
of the LMS algorithm. If the pilot signal is the signal itself, then the output 
reproduces the signal in the optimal mean square error sense and eliminates 
the noise. Of course, the actual signal would not be used as the pilot signal, 
because if the actual signal is known, then there is no reason to have the adap¬ 
tive system. The LMS algorithm is typically used in communications systems 
where the desired signal is present but not in radar systems where the desired 
signal is not present. Some considerations regarding the reference signal 
include the following [24]: 

1. It needs to be highly correlated with the desired signal and uncorrelated 
with the interference signals. 

2. It should have similar directional and spectral characteristics as those of 
the desired signal. 

Example. An 8-element uniform array with A/2 spacing has the desired signal 
incident at 0° and two interference signals incident at -21° and 61°. Use the 
LMS algorithm to place nulls in the antenna pattern. Assume a n = 0.01. The 
signal is represented by (8.11) and the interference by (8.9). 

After K = 500 iterations, the antenna pattern appears in Figure 8.19. It has 
a directivity of 8.7 dB, which is lower than the 9.0 dB of the 8-element uniform 
array. Figure 8.20 shows the LMS signal superimposed on the real signal as a 
function of iteration. Figure 8.21 and Figure 8.22 are the LMS weights. They 
converge in about 150 iterations. 

8.4.2.3. Sample Matrix Inversion Algorithm. A single time sample of the 
correlation matrix does not accurately represent the correlation matrix to use 
in (8.47).The sample matrix, R T , i s the time average estimate of the correlation 
matrix [34].This estimate comes from an average of K samples of the received 
element signals 


R T =jtx(Ky(K) 


(8.51) 
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Figure 8.19. The adapted pattern after the LMS algorithm ran for 500 iterations. The 
signal is at 0° and the interference is at -21° and 61°. 



Figure 8.20. The LMS signal (dashed line) and the actual signal (solid line), 
and the correlation vector is 




(8.52) 


At the kth time sample, the weights are given by 


(8.53) 
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Figure 8.21. The amplitude weights of the 8-element array versus iteration for the LMS 
algorithm. 



Figure 8.22. The phase weights of the 8-element array versus iteration for the LMS 
algorithm. 


Example. An 8-element uniform array with A/2 spacing has the desired signal 
incident at 0° and two interference signals incident at -21° and 61°. Use the 
SMI algorithm to place nulls in the antenna pattern. Assume a n = 0.01. The 
signal is represented by (8.11) and the interference by (8.9). 

The SMI pattern improves as the number of samples increases. Figure 8.23 
shows the adapted pattern for K = 10,25, and 50 samples. The array directivity 
increases from 5.9dB (K = 10) to 8.0dB (K - 25) to 8.5dB (K = 50). 
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Figure 8.23. The SMI adapted pattern after K = 10,25, and 50 samples. 


8.4.2.4. Recursive Least Squares Algorithm. The recursive least squares 
(RLS) algorithm recursively updates the correlation matrix such that more 
recent time samples receive a higher weighting than past samples [31]. A 
straightforward implementation of the algorithm is written as 


R r (K-) = x(x-)x t (K-)+a/? r (K--l) (8.54) 

and the correlation vector is 

q(?r) = d t (tc)s(tc)+a9(tc-l) (8.55) 

where the forgetting factor, a, is limited by 0 < a < 1. Higher values of a give 
more weight to previous values than do lower values of a. An even better 
relationship calculates an update for the inverse of the correlation matrix [31] 


R T l (k + 1) = cc 'Rj - 1 (if) — 


/g 1 (*)*(*+ 1)^ Qc + l)/^ 1 W 

a 2 [l + X f (k + 1) Rf 1 (x) X (k- + l)/a] 


(8.56) 


with the weights given by 


w(K- + l) = H>(K-)+/? r 1 (k-+1)^(k-+1)[s(k-+1)- X 1 ( x - + 1)w(k-)] (8.57) 


Example. An 8-element uniform array with A/2 spacing has the desired signal 
incident at 0° and two interference signals incident at -21° and 61°. Use the 
RLS algorithm to place nulls in the antenna pattern. Assume a„ = 0.01. The 
signal is represented by (8.11) and the interference by (8.9). 
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Figure 8.24. The adapted pattern after the RLS algorithm ran for 25 iterations. The 
signal is at 0° and the interference is at -21° and 61°. 



Figure 8.25. The RLS signal (dashed line) and the actual signal (solid line). 


After K = 25 iterations and a = 0.9, the antenna pattern appears in Figure 
8.24 with a directivity of 8.6 dB. Figure 8.25 shows the RMS signal superim¬ 
posed on the real signal as a function of iteration. Figure 8.26 and Figure 8.27 
are the RMS weights. They converge in about 15 iterations. 
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Figure 8.26. The amplitude weights versus iteration for the RMS algorithm. 


80 r— 



Figure 8.27. The phase weights versus iteration for the RMS algorithm. 


8.4.2.S. Comparing the LMS, SMI, and RLS Algorithms. The LMS algo¬ 
rithm slowly converges when the ratio of the maximum to minimum eigen¬ 
value of the correlation matrix is large. A large eigenvalue ratio implies that 
there are narrow valleys in the cost surface [33], so the method of steepest 
descent converges slowly. Since the amplitude of the eigenvalues of the cor¬ 
relation matrix are proportional to the interference signal powers, the LMS 
algorithm converges fast when the interference powers are similar and slow 
when they are not. Figure 8.28 shows the adapted pattern after 1000 iterations 
with a null placed at 21° but not at -21°. The 0-dB desired signal was incident 
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Figure 8.28. The adapted array factor for the LMS algorithm after K = 1000 iterations 
when a 0-dB signal is incident at 0°, and a -10-dB interference is incident at -21° and 
a 0-dB interference is incident at 21°. 



Figure 8.29. Plot of the RLS signal (100 iterations) versus the LMS signal as a function 
of iteration when a 0-dB signal is incident at 0° and a -12-dB interference is incident 
at -21° and 61°. 


on the 8-element array at 0°, while a -10-dB interference was incident at 21° 
and a OdB interference was incident at -21°. 

Figure 8.29 is a plot of the received signal as a function of iteration for the 
RLS and LMS algorithms when the 0-dB desired signal was incident on the 
8-element array at 0° while 12-dB interference signals are incident at -21° and 
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Figure 8.30. Plot of the received signal for the RLS and LMS algorithms when the 
noise is a^j.* = 0.1. 


61°. Note that the RLS algorithm converges within a few iterations, while the 
LMS takes many iterations. The forgetting factor plays an important role in 
speeding convergence. 

The algorithms are also sensitive to noise. Increasing the noise from 
<T n0 ise = 0.01 to <7 noi se = 0.1 significantly reduces the effectiveness of the adaptive 
algorithms. Figure 8.30 is a plot of the received signal recovered by the LMS 
and RLS algorithms. The LMS is much more sensitive to noise than the RLS 
algorithm. Figure 8.31 shows the adapted patterns after 100 iterations. The 
RLS algorithm places deep nulls at -21° and 61°, while the SMI algorithm has 
a null at 61° but a small sidelobe at -21°. On the other hand, the LMS algo¬ 
rithm has a null at -21° but a sidelobe still remains at 61°. 

8.4.3. Adaptive Nulling via Power Minimization 

Another class of adaptive nulling algorithms adjusts the array weights until 
the total output power is minimized. These algorithms are cheap to imple¬ 
ment, because they use the existing array architecture without expensive addi¬ 
tions, such as digital beam forming. Since a digital beamformer is not needed, 
array calibration is simpler too. Their drawbacks include slow convergence 
and possibly high pattern distortions. This approach only works if the desired 
signal is not present or if the gain of the cancellation beams in the adaptive 
algorithm is small compared to the main beam gain. Sidelobe cancelers are an 
example of limiting the nulling to the sidelobes, because the gain of the aux¬ 
iliary antennas are too small to have a major impact on the main beam, but 
large enough to cancel sidelobes. 
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Figure 8.31. Adapted array factors for the SMI, RLS, and LMS algorithms after 
K = 50, 200, and 1000 iterations when a 0-dB signal is incident at 0° and a -12-dB 
interference is incident at -21° and 61°. 


Making only a few of the array elements adaptive prevents the destruction 
of the main beam but allows nulls to be placed in the sidelobes [35]. Enough 
elements are selected to place a null in the highest sidelobe without signifi¬ 
cantly distorting the main beam. A second approach forms an approximate 
numerical gradient and uses a steepest descent algorithm to find the minimum 
output power [36]. As long as the weight changes are small and the sidelobes 
are low, little main beam distortion occurs while placing the nulls. This 
approach has been implemented experimentally but is slow and can get 
trapped in a local minimum. As a result, the best weight settings to achieve 
appropriate nulls are usually not found. A final approach limits the array 
weight settings. Large reductions in the amplitude weights are required in 
order to reduce the main beam. Consequently, if only small amplitude and 
phase perturbations are allowed, then a null cannot be placed in the main 
beam but can be placed in the sidelobes. Lower sidelobes require smaller 
perturbations to the weights in order to place the null. Using only a few least 
significant bits of the digital phase shifter and attenuator prevents the algo¬ 
rithm from placing nulls in the main beam. The amplitude and phase associ¬ 
ated with each bit of a digital weight (up to 8 bits) is shown in Table 8.5. The 
lower bits are quite capable of disrupting the main beam. For instance, giving 
half the elements a 180° phase shift (bit 1) will place a null in the peak of the 
main beam. 

Example. A 20-element, 20-dB, n = 3 Taylor linear array with elements 
spaced half a wavelength apart has 6-bit amplitude and phase weights. If the 
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TABLE 8.5. Amplitude and Phase Values of the Nulling Bits when There Are a 
Total of 6 bits for the Amplitude and Phase Weights 


Weight Bit 

Amplitude weight 

Phase weight (degrees) 

1 

0.5 

180 

2 

0.25 

90 

3 

0.125 

45 

4 

0.0625 

22.5 

5 

0.03125 

11.25 

6 

0.015625 

5.625 

7 

0.0078125 

2.8125 

8 

0.00390625 

1.40625 



Figure 8.32. Maximum main beam reduction possible when 1 to 4 least significant bits 
out of 6 total bits in an amplitude weight are used to null a signal at 0 = 90°. 0 bits is 
the quiescent pattern. 


only source enters the main beam, then the adaptive algorithm tries to reduce 
the main beam in order to reduce the total output power. Show how using 1 
through 4 least significant bits (bits 3 to 6) alters the main beam. 

Figure 8.32 (amplitude weights) and Figure 8.33 (phase weights) show the 
main beam reduction when the following bits from Table 8.5 are used: 

1. bit 6 

2. bits 5,6 

3. bits 4,5,6 

4. bits 3,4,5,6 
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4 (degrees) 

Figure 8.33. Maximum main beam reduction possible when 1 to 4 least significant bits 
out of 6 total bits in a phase weight are used to null a signal at 0 = 90°. 0 bits is the 
quiescent pattern. 



•j computer j 

Figure 8.34. Diagram of an adaptive antenna that minimizes the total output power. 


A maximum reduction of ldB is possible using four least significant bits of 
amplitude. Using one through three least significant bits results in very little 
perturbation to the main beam. Unlike amplitude-only nulling, phase-only 
nulling causes beam squint. The phase had more effect on the main beam than 
did amplitude. This example demonstrates that adaptive nulling with the least 
significant bits would not result in significant degradation to the main beam. 

A diagram of the adaptive array appears in Figure 8.34. The array has a 
corporate feed with variable weights at each element. The phase shifters in 
the weights are available for beam steering and calibration as well as nulling. 
The amplitude weights are used for low-sidelobe tapers and calibration. This 
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Figure 8.35. The least significant bits of the amplitude phase weights are put in 
chromosome. 


crossover 

| parent 1 

001 000 111 010 ... 100 001 
101 011 001 100 ...010 110 
i oi in on on ... nooio 

t • parent 2 

I III 001 110010... 000 101 


offspring 1 

101 110 111 010 ... 100 001 

00100 1 on on ... nooioj 

offspring 2 


Figure 8.36. Two parents are selected from the mating pool. Two offspring are created 
using single-point crossover and placed into the population matrix to replace discarded 
chromosomes. 


adaptive array configuration is much simpler and cheaper than the digital 
beamforming array required by other adaptive algorithms. 

8.4.3.I. Amplitude and Phase Adaptive Nulling. To demonstrate the 
concept of adaptive nulling through power minimization, consider an array 
with 5-bit amplitude and phase weights at each element. To prevent main 
beam nulling and severe pattern distortion, the genetic algorithm that per¬ 
forms the adaptive nulling controls only the 3 least significant bits of each 
weight. A vector called a chromosome stores the adaptive bits as shown in 
Figure 8.35. All the chromosomes under consideration make up the N pop rows 
of the population matrix. In this case, there are 3 bits/weight, 2 weights per 
element, and A adap adaptive elements in the array, so the population matrix is 
yVp 0 p x 6A adap . Each chromosome in the population is then sent from the com¬ 
puter to the antenna to adjust the weights, and the output power is measured 
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cost population 


9 


101 000 111 010... 100 011 

12 


111 011 00/ 100 ...010 100 

16 


001 101 011 Oil ... 110/10 

25 


0/1 110 111 0*00 ... 100 001 

36 


101 001 011 OH ... 110 010 


t_ I 

measure arra> array amplitude weights 

output power and phase shifters J 

Figure 8.37. Random bits in the population are mutated (italicized bits). The chromo¬ 
somes are sent to the array one at a time and the total output power measured. Each 
chromosome then has an associated output power. 


I starting I 
population! 

* 



| parents | 
mating pool 


Figure 8.38. Flow chart of the adaptive genetic algorithm with a linear array. 


and stored as the cost associated with the chromosome (Figure 8.37). Low-cost 
chromosomes become parents and mate to form offspring as shown in Figure 
8.36 (single point crossover used here). Mutations occur inside the population 
(italicized digits in Figure 8.37). This process continually adjusts the antenna 
pattern by placing nulls in the sidelobes while having minimal impact on the 
main beam as shown in Figure 8.38. 
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total power 


desired signal 

jammer 2 


jammer 1 




Generation 

Figure 8.39. Signal levels as a function of generation for the phase-only algorithm. 


Example. A 20-element array of point sources spaced 0.5A apart has 6-bit 
amplitude and phase weights and a 20-dB, n - 3, low-sidelobe Taylor ampli¬ 
tude taper. The desired signal is incident on the peak of the main beam and 
is normalized to one or OdB. Two 30-dB jammers enter the sidelobes at 111° 
and 117°. The genetic algorithm has a population size of 8 and a mutation rate 
of 10%. 

Figure 8.39 are the power levels received by the array. The total power level 
decreases while the desired signal power remains relatively constant. 
Sometimes, one jammer power goes down while the other jammer power goes 
up. The ratio of the signal power to the jammer power is graphed in Figure 
8.40. Figure 8.41 shows the adapted antenna pattern superimposed on the 
quiescent pattern. 

Amplitude- and phase-adaptive nulling with a genetic algorithm was exper¬ 
imentally demonstrated on a phased array antenna developed by the Air 
Force Research Laboratory (AFRL) at Hanscom AFB, MA [37],The antenna 
has 128 vertical columns with 16 dipoles per column equally spaced around 
a cylinder that is 104cm in diameter (Figure 8.42). Figure 8.43 is a cross- 
sectional view of the antenna. Summing the outputs from the 16 dipoles forms 
a fixed elevation main beam pointing 3° above horizontal. Only eight columns 
of elements are active at a time. Consecutive eight-elements form a 22.5° arc 
(1/16 of the cylinder), with the elements spaced 0.42A apart at 5 GHz. Each 
element has an 8-bit phase shifter and 8-bit attenuator. The phase shifters have 
a least significant bit equal to 0.0078125 tt radians. The attenuators have an 
80-dB range with the least significant bit equal to. 3125 dB. The antenna has 
a quiescent pattern resulting from a 25-dB, n = 3 Taylor amplitude taper. 
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Figure 8.40. The signal-to-interference ratio for the phase-only adaptive algorithm 
with two jammers at 111° and 117°. 



Figure 8.41. Adapted pattern for phase-only nulling with two jammers. 


Phase shifters compensate for the curvature of the array and unequal path 
lengths through the feed network. 

A 5-GHz continuous-wave source served as the interference. Only the four 
least significant bits of the phase shifters and attenuators were used. The 
genetic algorithm had a population size of 16 chromosomes and used single- 
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Figure 8.42. Experimental adaptive cylindrical array (R. L. Haupt, Adaptive nulling 
with a cylindrical array, AFRL-SN-RS-TR-1999-36, March 1999). 



Figure 8.43. The cylindrical array has 128 elements, with 8 active at a time. 


point crossover. Only one bit in the population was mutated every generation, 
resulting in a mutation rate of 0.1%. Nulling tended to be very fast with the 
algorithm placing a null down to the noise floor of the receiver in less than 30 
power measurements. Two cases of placing a single null are presented here. 
The first example has the interference entering the sidelobe at 28°, and the 
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Figure 8.44. Convergence of genetic algorithm for jammers at 28° and 45°. 



second example has the interference at 45°. Figure 8.44 plots the sidelobe level 
at 28° and 45° as a function of generation. The resulting far-field pattern mea¬ 
surements are shown in Figures 8.45 and 8.46 superimposed on the quiescent 
pattern.These examples demonstrate that the genetic algorithm quickly places 
nulls in the sidelobes in the directions of the interfering signals by minimizing 
the total power output. 
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Figure 8.46. Null placed in far-field pattern at 45°. 



Figure 8.47. Photograph of 8-element adaptive array (courtesy of Andrea Massa, 
University of Trento). 


The particle swarm optimization algorithm has also been used for adaptive 
nulling [38], As an example, the 2.4-GHz 8-element array of eight equally 
spaced (d = A/2) dipole elements above a ground plane is shown in Figure 8.47 
served as an adaptive antenna with amplitude and phase weights at each 
element. A passive RF power combiner with seven microstrip Wilkinson 
power combiners sent the output power to a spectrum analyzer in order to 
estimate the SINR (signal-to-interference-plus-noise ratio). The particle 
swarm algorithm adjusted the weights through a vector modulator in order to 
maximize the SINR. Figure 8.48 shows plots of the computed and measured 
adapted antenna patterns. 

8.4.3.2. Phase-Only Adaptive Nulling. A phased array may or may not have 
variable amplitude weights but always has phase shifters for beam steering 
and calibration. Since the phase weights already exist, why not use the phase 
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e (degrees) 


Figure 8.48. Computed and measured adapted antenna patterns (courtesy of Andrea 
Massa, University of Trento). 

shifters as adaptive weights? The theory behind phase-only nulling first 
appeared in reference 39. The authors present a beam-space algorithm derived 
for a low-sidelobe array and assume that the phase shifts are small. When the 
direction of arrival for all the interfering sources is known, then cancellation 
beams in the directions of the sources are subtracted from the original pattern. 
Adaptation consists of matching the peak of the cancellation beam with the 
culprit sidelobe and subtracting [40]. 

The new phase settings that minimize the output power can be found by 
using the method of steepest descent [25]. 

Sn (K +1)= 8 n (k ) (8 . 58) 

A(«0 

where P(k) is the array output power at time step k, 8„(k) is the phase shift 
at element n, A( k) is the small phase increment, and 

_ 

j£[P(v)-P(v-l )] 2 

This algorithm was tested for phase-only simultaneous nulling of the sum 
and difference patterns of an 80-element linear array of //-plane sectoral horns 
[25], The sum channel had a 30-dB Taylor taper, and the difference channel 
had a 30-dB Bayliss taper. Both channels shared the 8-bit beam steering phase 
shifters. No source was present in the main beam, but one CW source was 
aimed at the sidelobes in the quiescent sum and difference patterns at 23°. If 
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Figure 8.50. Difference patterns due to adaptive nulling in the sum pattern only. 


the algorithm is only used to minimize the sum channel output, then the result¬ 
ing sum pattern appears in Figure 8.49 with the difference pattern in Figure 
8.50. A null appears in the sum pattern but not the difference pattern. 
Minimizing the output from both channels results in the patterns shown in 
Figures 8.51 and 8.52. This time, nulls are placed in both patterns. 
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Figure 8.51. Sum patterns due to simultaneous adaptive nulling in the sum and differ¬ 
ence patterns. 



Figure 8.52. Difference patterns due to simultaneous adaptive nulling in the sum and 
difference patterns. 


The gradient method is slow, because the phase at each element is serially 
toggled for a power measurement every iteration. Also, the steepest descent 
algorithm can get stuck in a local minimum. A genetic algorithm was first 
proposed for phase-only adaptive nulling in reference 41. 
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Figure 8.53. Convergence of the phase-only adaptive nulling algorithm using a genetic 
algorithm. 


lOr 



Figure 8.54. Signal-to-jammer ratio versus generation of the phase-only adaptive 
nulling algorithm using a genetic algorithm. 

Example. A 20-element array of point sources spaced 0.5A apart has 6-bit 
phase shifters and a 20-dB, it = 3 low-sidelobe Taylor amplitude taper. The 
desired signal is incident on the peak of the main beam and is normalized to 
one or OdB. Two 30-dB jammers enter the sidelobes at 111° and 117°. The 
genetic algorithm has a population size of 8 and a mutation rate of 10%. 

The algorithm successfully placed nulls at both angles. The convergence is 
shown in Figure 8.53 while the increasing signal to jammer ratio appears in 
Figure 8.54. Figure 8.55 shows the adapted pattern compared to the quiescent 
pattern. 
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Figure 8.55. Adapted array pattern for phase-only adaptive nulling algorithm using 
genetic algorithm. 


40p- t- 


35 



Figure 8.56. Convergence of the phase-only algorithm with symmetric jammers. 


Moving to the case of two 30-dB interference sources at 50° and 130° con¬ 
fronts the adaptive algorithm with the problem of symmetric interference 
sources. The genetic algorithm could only null one of the interference sources 
with three least significant phase bits, so a minimum of four had to be used. 
Adding a fourth bit resulted in nice convergence as shown in Figure 8.56. As 
noted previously, four phase bits results in noticeable main lobe degradation 
as shown in Figure 8.57. 
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Figure 8.57. Adapted pattern for phase-only nulling with symmetric jammers. 


Phase-only nulling has the advantage of simple implementation. The trad¬ 
eoff is that more bits must be used to null interference signals that are at 
symmetric locations about the main beam. The additional nulling bits result 
in higher distortions in the main beam and sidelobes. Small phase shifts 
produce symmetric cancellation beams that are 180° out of phase. When they 
are added to the quiescent pattern to produce a null at one location, the sym¬ 
metric sidelobe increases. Allowing larger phase shifts [42] or adding ampli¬ 
tude control overcomes this problem. 

8.4.3.3. Amplitude-Only Adaptive Nulling. Although not very common, 
an array can have variable amplitude weights at the elements without phase 
shifters. Vu suggested moving conjugate zeros on the unit circle in the direc¬ 
tion of interfering sources [43], This approach is not adaptive and depends 
upon the ability of finding the locations of the interfering sources. All the zeros 
that are not used to place nulls can then be used to control the rest of the 
array factor. 

The simulated array consists of eight vertically polarized dipoles spaced 
0.075A with a variable amplitude weight at the two elements on each end of 
the array. It is a narrow band system operating at 2 GHz. Two signals are 
incident upon the array. A 0-dB desired signal appears at </> = 90° and an 
undesired signal appears at <j> = 68°. The GA found the amplitude settings for 
the four dipoles as appears in Table 8.6. The three-dimensional quiescent and 
adapted patterns are shown in Figure 8.58. Table 8.7 indicates that the gain 
decreases by 1.2 dB while the sidelobe in the direction of the interference 
decreases by 19.2 dB. As a result, the signal-to-noise ratio (SNR) increases 
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TABLE 8.6. The Quiescent and Adapted Amplitude Weights 
for the 8-Element Array 


Element: 1 2 34567 8 

Quiescent: 1 1 11111 1 

Adapted: 0.02 0.27 1 1 1 1 0.81 0.13 


z z 



a. Quiescent. b. Adapted. 


Figure 8.58. (a) Quiescent and (b) adapted patterns for the 8-element amplitude-only 
dipole array. 


TABLE 8.7. Array Pattern Statistics for the Quiescent 
and Adapted Arrays 



Quiescent 

Adapted 

Gain (dB) 

12.3 

11.1 

SLL at 68° (dB) 

-0.6 

-19.8 

SNR (dB) 

-4.2 

31.9 


from -4.2 dB to 31.9dB. Pattern cuts for the quiescent and adapted arrays are 
shown in Figure 8.59. 

A 2.2-GHz, 8-element array was made from monopole/switch elements as 
shown in Figure 8.60. The elements have a variable switch controlled by an 
IR LED [44]. The corporate feed consists of 8 low-loss, phase-stable coaxial 
cables and a broadband 8-to-l power combiner. Only the two edge elements 
on either side of the array are used by a genetic algorithm to place nulls. The 
measured S n of the array is below -lOdB from 2.11 to 2.53 GHz for a band¬ 
width of 18.4%. Figures 8.61 and 8.62 are the measured amplitude and phase 
of Sj 2 for the adaptive elements in the array (the numbers on the plots cor¬ 
respond to the element numbers in Figure 8.60) as a function of LED current. 

Figure 8.63 shows the adapted pattern superimposed on the quiescent 
pattern when only a 10-dBm signal at -35° is present. The main beam loses 
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Figure 8.59. Quiescent and adapted pattern cuts. 



Figure 8.60. Experimental linear array of broadband monopole elements with variable 
IR switches for amplitude control. 


3.9 dB while the null is 42dB below the sidelobe at -35°. A second example 
shows the results of placing two signals of 15 dBm at -19° and -35° (Figure 
8.64). No signal is incident upon the main beam. In this case, the main beam 
is reduced by 3.6dB. The sidelobe at -19° goes down 13 dB, and the sidelobe 
at -35° is reduced by 9dB. 
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Diode Current (mA) 

Figure 8.61. Measured S 2 i of the elements as a function of diode current. 



Figure 8.62. Measured phase of of the elements as a function of diode current. 

8.5. MULTIPLE-INPUT MULTIPLE-OUTPUT (MIMO) SYSTEM 

A typical communications system has one antenna for transmit and one 
antenna for receive, which is known as a single-input single-output system. 
Another version has a single antenna on transmit and an array on receive. 
This version is known as single input and multiple output. The converse of an 
array on transmit with a single antenna on receive is a multiple input single 
output system. These types of systems have driven the need for antenna arrays 
for many years. 
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Figure 8.63. Adapted and quiescent far-field patterns when a signal is incident at -35°. 


°r 



Figure 8.64. Adapted and quiescent far-field patterns when a signal is incident at -19° 
and -35°. 


A multiple-input multiple-output (MIMO) system uses an array for trans¬ 
mit as well as another array for receive (Figure 8.65). As a result, both anten¬ 
nas can be smart or adaptive to increase the amount of data transferred over 
the communications channel. MIMO was developed to counteract the prob¬ 
lems associated with multipath in wireless communications. A MIMO system 
increases its capacity in rich multipath environments by exploiting the spatial 
properties of the multipath channel, thereby offering an additional dimension 
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that enhances communication performance. A beam is synthesized to transmit 
data to a single user while placing nulls in the directions of the other users. 
An array provides antenna or spatial diversity, because more than one element 
transmits/receives the same signal from different locations. Separating the 
antenna elements causes the signals from M transmitting antennas to take 
different paths to the N receiving antennas. The received signals are a function 
of the transmitted signals, the channel paths, and the noise [45]. 

r = Hs + N (8.59) 

where N is the noise vector and H is the channel matrix given by 


/l]] h \2 * * * klN 

hn h 22 

h m • • • h MN 


(8.60) 


and the channel matrix elements, h^, are the transfer functions describing the 
channel between transmit antenna m and receive antenna n. In order to 
recover the transmitted data, s, an accurate estimate of H is needed. The 
transmitted data are then calculated from the received data by inverting the 
channel matrix 


s = H~ l r (8.61) 

If the medium were free space, then these channel matrix elements would 
just be the free-space Green’s function and H is written as 
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g-jkR\\ g-jkRmn g-jkRmn "j 

R n R m „ R m „ 

g-jkRll g-jkRmn 

R 2] R mn 

g—jkRmn g~jkRmn 

RmN Rmn 

Multipath, noise, fading, Doppler shift, coupling, and interference all contrib¬ 
ute to variations in the H matrix that are difficult to analytically or numerically 
predict. Consequently, H is usually found through experimentation. 

The power received by the array is given by 

P = rV = s'HH's (8.63) 

The M x M matrix HFf can be decomposed as 

'A, 0 O' 

HH* = Vx 0 0 Vl (8.64) 

.0 0 Am. 

The singular value decomposition of H is given by [46] 

H = U SVD DVt VD (8.65) 

where 

'VaT 0 0 

D= 0 •. 0 

. 0 0 -v/Am . 

VU = singular values 
Usvd, Vsvd = singular vectors 

The singular values are just the square root of the eigenvalues in (8.64). 
Substituting (8.65) into (8.59) results in 

r = U SVD DV£ VD s+N (8.66) 

This equation can be written as 


(8.62) 



■' = Ds' + N' 


( 8 . 67 ) 



RECONFIGURABLE ARRAYS 519 



where 


r' — UsvD r 
s = Vs VD s 
N' = Usl D N 

There are g parallel independent radio subchannels between the transmit and 
receive antennas, where g is the rank of H. The rank of a matrix is the number 
of nonzero singular values. 

Example. A MIMO system has a 3-element array of isotropic point sources 
spaced d apart on transmit and receive. The system operates at 2.4 GHz and 
the arrays are 100 m apart and face each other. Show how the condition 
number of H changes as the element spacing increases. 

Figure 8.66 shows how the condition number of H decreases as the element 
spacing for both the transmit and receive arrays increase. Increasing the 
element spacing in only the transmit or receive array also decreases the condi¬ 
tion number but not as fast. The lower the condition number, the more accu¬ 
rate the inversion of H is. 


8.6. RECONFIGURABLE ARRAYS 

A reconfigurable array changes its performance characteristics by using 
switches, such as MEMS or PIN diodes, to connect elements to adjacent 
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Figure 8.67. Diagram of the adaptive reconfigurable patch array. 


structures. The 5-element array in Figure 8.67 has elements that are rectan¬ 
gular patches made from a PEC that is 58.7 x 39.4 mm. The substrate is a slab 
of optically transparent fused quartz with e r = 3.78 backed by a PEC ground- 
plane. The substrate is 88.7 x 69.4 mm and is 3 mm thick. The patch has a thin 
strip of silicon (G) 58.7 x 2mm with e, = 11.7. The right edge of the patch is 
a thin strip of PEC (F) 58.7 x 4.2 mm. A laser or LED beneath the groundplane 
illuminates the silicon through small holes in the groundplane or by making 
the groundplane from a transparent conductor. The silicon conductivity is a 
function of the light intensity. A graph of the amplitude of the return loss is 
shown in Figure 8.68 for the following conductivities: 0, 2, 5, 10, 20, 50, 100, 
200, and 1000 S/m. At 2 GHz, there is a distinct resonance when the silicon has 
no conductivity. As the conductivity increases, the resonance is at 1.78 GHz. 
The amount of power delivered to the patch at 2 GHz reduces as the conduc¬ 
tivity increases, so the photoconductive silicon acts as an amplitude control to 
that element. 

The element spacing is 75 mm or 0.5A. If the silicon insets all have a con¬ 
ductivity of zero, then the array is uniform with a far-field pattern shown in 
Figure 8.69. This quiescent pattern has a gain of 12.81 dB and a relative peak 
sidelobe level of 13.84dB. The element patterns of the uniform array are 
shown in Figure 8.70. The average gain of these patterns at boresight is 
6.14 dB. 

Increasing the conductivity of the silicon in a patch decreases the product 
of the patch gain times the power delivered to the patch. Carefully tapering 
the illumination of the LEDs creates an amplitude taper. An array pattern 
with equal sidelobes results when the conductivity has values of [16 5 0 5 16] 
S/m (Figure 8.69). The antenna pattern has a gain of 10.4 dB with a peak rela- 
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1.7 1.8 1.8 2 2.1 

Frequency (GHz) 

Figure 8.68. Plots of the magnitude of s u for silicon conductivities of 0,2,5,10,20,50, 
100,200, and 1000 S/m. 



Figure 8.69. The quiescent pattern is the dashed line and has all the conductivities 
set to 0. The adapted pattern is the solid line and has the silicon conductivities set to 
[16 5 0 5 16] S/m. 

five sidelobe level of 23.6 dB. The upper-left element patterns correspond 
to the uniform array. Applying the illumination taper produces the element 
patterns shown in Figure 8.70. 

The antenna in Figure 8.71 has a Z-shaped active microstrip element in the 
center of 18 identical, equally spaced parasitic metallic elements. Its operating 
frequency is 2.45 GHz. The parasitic elements have PIN diodes (activated 














RECONFIGURABLE ARRAYS 523 



Cluster Size 

Figure 8.72. Plot of the percent element failures required to raise the average sidelobe 
level of an 8000 element circular array with a 40-dB Taylor amplitude taper and trian¬ 
gular element spacing with d = 0.5A by 3 or 6dB for several cluster sizes. 


elements in black and deactivated elements in gray color) that connect adja¬ 
cent elements. Connecting several adjacent parasitic elements steers the main 
lobe in azimuth. The beamwidth depends upon the number of parasitic ele¬ 
ments connected together. The dark parasitic elements in Figure 8.71 corre¬ 
spond to the ones that are connected by the PIN diodes. Plots of the computed 
and measured far-field patterns are also shown in Figure 8.71. 

As noted in Chapter 2, element failures reduce gain and increase sidelobe 
levels. At some point, the failures cause the system to shut down. To develop 
an acceptable maintenance schedule and to reduce the probability of a cata¬ 
strophic array failure, the mean time between failure of the array should be 
maximized by minimizing the component failure rate and selecting an appro¬ 
priate array architecture. 

The cost of an array consists of the production cost (design, purchase and/ 
or fabrication of parts, assembly, and testing of the antenna) and the life-cycle 
cost (cost over an antenna’s operational lifetime to replace or repair all failed 
components in the antenna). The life-cycle cost is highly dependent upon the 
component MTBF. Usually, the array has a very high passive component 
MTBF, so its contribution to the life-cycle cost is ignored here. On the other 
hand, the MTBF of active components, such as T/R modules and power sup¬ 
plies, drive the life-cycle cost of an antenna. 

Performance degredation is defined in terms of increased peak and/or 
average sidelobes from associated with the component failures. If one T/R 
module feeds multiple elements, then the T/R module failure results in a 
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cluster of element failing. The larger the cluster, the more devastating the 
failure is. Figure 8.72 is a plot of the percent element failures required to raise 
the average sidelobe level by 3 or 6dB for several cluster sizes for an 8000- 
element circular array with a 40-dB Taylor amplitude taper and triangular 
element spacing with d = 0.5A [47]. Using components with high MTBF, reduc¬ 
ing the number of elements, and adding redundancy increases the array 
MTBF. 

In order to reduce the effects of element failures, the element weights can 
be recalculated to bring the sidelobe levels down. Techniques for finding these 
new element weights are described in reference 48 for corporate arrays and 
for digital beamforming arrays [49]. Recently, more sophisticated approaches 
using a genetic algorithm [50] and an iterative method using the inverse 
Fourier transform [51]. In all cases, the location of the failed elements must 
be known to calculate the weight corrections. 


REFERENCES 

1. L. C. V. Atta, Electromagnetic Reflector, 2,908,002, U.S.P. Office, 1959. 

2. S. Drabowitch, Modern Antennas, 2nd ed., Dordrecht: Springer, 2005. 

3. M. Skolnik and D. King, Self-phasing array antennas, IEEE Trans Antennas and 
Propagat., Vol. 12, No. 2,1964, pp. 142-149. 

4. C. Pon, Retrodirective array using the heterodyne technique, IEEE Trans. 
Antennas and Propagat., V 61.12, No. 2,1964, pp. 176-180. 

5. R. Y. Miyamoto and T. Itoh, Retrodirective arrays for wireless communications, 
IEEE Microwave Mag., Vol. 3, No. 1,2002, pp. 71-79. 

6. S. Lim and T. Itoh, A 60 GHz retrodirective array system with efficient power 
management for wireless multimedia sensor server applications, IET Microwaves 
Antennas Propagat.,V 61.2, No. 6,2008, pp. 615-625. 

7. T. Y. Y. L. Chiu, W. S. Chang, Q. Xue, C. H. Chan, Retrodirective array for RFID 
and microwave tracking beacon applications. Microwave Opt. Technol. Lett., 
Vol. 48, No. 2, 2006, pp. 409-411. 

8. B. Nair and V. F. Fusco, Two-dimensional planar passive retrodirective array, 
Electron. Lett., Vol. 39, No. 10, 2003, pp. 768-769. 

9. M. K. Watanabe, R. N. Pang, B. O. Takase et al., A 2-D phase-detecting/ 
heterodyne-scanning retrodirective array, IEEE Trans. Microwave Theory Tech., 
Vol. 55, No. 12,2007, pp. 2856-2864. 

10. R. Compton, Jr., On eigenvalues, SINR, and element patterns in adaptive arrays, 
IEEE Trans. Antennas Propagat., Vol. 32, No. 6,1984, pp. 643-647. 

11. A. W. Rudge, The Handbook of Antenna Design, 2nd ed., London: P. Peregrinus 
on behalf of the Institution of Electrical Engineers, 1986. 

12. S. Chandran, Advances in Direction-of-Arrival Estimation, Boston: Artech House, 
2006. 

13. J. Capon, High-resolution frequency-wavenumber spectrum analysis, Proc. IEEE, 
Vol. 57, No. 8,1969, pp. 1408-1418. 



REFERENCES 525 


14. R. Schmidt, Multiple emitter location and signal parameter estimation, IEEE 
Trans. Antennas and Propagat., Vol. 34, No. 3,1986, pp. 276-280. 

15. R. Schmidt and R. Franks, Multiple source DF signal processing: An experimental 
system, IEEE Trans. Antennas Propagat., Vol. 34, No. 3,1986, pp. 281-290. 

16. A. Barabell, Improving the resolution performance of eigenstructure-based 
direction-finding algorithms, IEEE International Conference on Acoustics, Speech, 
and Signal Processing, 1983, pp. 336-339. 

17. J. P. Burg, The relationship between maximum entropy spectra and maximum 
likelihood spectra, Geophysics, Vol. 37, No. 2,1972, pp. 375-376. 

18. R. T. Lacoss, Data adaptive spectral analysis methods. Geophysics, Vol. 36, No. 4, 
1971, pp. 661-675. 

19. V. F. Pisarenko, The retrieval of harmonics from a covariance function, Geophys. 
J. Ini, Vol. 33, No. 3,1973, pp. 347-366. 

20. A. Paulraj, R. Roy, and T. Kailath, A subspace rotation approach to signal param¬ 
eter estimation, Proc. IEEE, Vol. 74, No. 7,1986, pp. 1044-1046. 

21. L. C. Godara, Smart Antennas, Boca Raton, FL, CRC Press, 2004. 

22. P. Howells, Explorations in fixed and adaptive resolution at GE and SURC, IEEE 
Trans. Antennas Propagat., V 61. 24, No. 5,1976, pp. 575-584. 

23. B. Widrow, P. E. Mantey, and L. J. Griffiths et al., Adaptive antenna systems, Proc. 
IEEE, Vol. 55, No. 12,1967, pp. 2143-2159. 

24. R. A. Monzingo, T. W. Miller, and Knovel (Firm), Introduction to Adaptive Arrays, 
Scitech, 2004. 

25. R. L. Haupt, Adaptive nulling in monopulse antennas, IEEE Trans. Antennas 
Propagat. , Vol. 36, No. 2,1988, pp. 202-208. 

26. R. L. Haupt and D. H. Werner, Genetic Algorithms in Electromagnetics , Hoboken, 
NJ: IEEE Press/Wiley-Interscience, 2007. 

27. M. I. Skolnik, Radar Handbook, New York: McGraw-Hill, 2007. 

28. H. M. Finn, R. S. Johnson, and P. Z. Peebles, Fluctuating target detection in clutter 
using sidelobe blanking logic, Aerospace and Electronic Systems, IEEE Transactions 
on, Vol. AES-7, No. 1,1971, pp. 147-159. 

29. A. Farina, Single sidelobe canceller: theory and evaluation, IEEE Trans. Aerosp. 
Electron. Syst., Vol. AES-13, No. 6,1977, pp. 690-699. 

30. S. Applebaum, Adaptive arrays, IEEE Trans. Antennas and Propagat., Vol. 24, 
No. 5,1976, pp. 585-598. 

31. F. B. Gross, Smart Antennas for Wireless Communications: With MATLAB, New 
York: McGraw-Hill, 2005. 

32. R. T. Compton, Adaptive Antennas: Concepts and Performance, Philadelphia: 
Prentice-Hall, 1987. 

33. W. H. Press and Numerical Recipes Software (Firm), Numerical recipes in 
FORTRAN, Cambridge University Press, 1994. 

34. I. Gupta, SMI adaptive antenna arrays for weak interfering signals, IEEE Trans. 
Antennas and Propagat., Vol. 34, No. 10,1986, pp. 1237-1242. 

35. D. Morgan, Partially adaptive array techniques, IEEE Trans. Antennas and 
Propagat., Vol. 26, No. 6,1978, pp. 823-833. 




526 SMART ARRAYS 


36. R. Haupt, Adaptive nulling in monopulse antennas, IEEE Trans. Antennas and 
Propagat.,\ ol. 36, No. 2,1988, pp. 202-208. 

37. R. L. Haupt and H. Southall, Experimental adaptive cylindrical array. Microwave 
Journal , 1999, pp. 291-296. 

38. M. Benedetti, R. Azaro, and A. Massa, Experimental validation of fully-adaptive 
smart antenna prototype. Electron. Lett., Vol. 44, No. 11,2008, pp. 661-662. 

39. C. Baird and G. Rassweiler, Adaptive sidelobe nulling using digitally controlled 
phase-shifters, IEEE Trans. Antennas Propagat., Vol. 24, No. 5, 1976, pp. 
638-649. 

40. H. Steyskal, Simple method for pattern nulling by phase perturbation, IEEE Trans. 
Antennas and Propagat., V ol. 31, No. 1,1983, pp. 163-166. 

41. R. L. Haupt, Phase-only adaptive nulling with a genetic algorithm, IEEE Trans. 
Antennas Propagat., V ol. 45, No. 6,1997, pp. 1009-1015. 

42. R. Shore, Nulling a symmetric pattern location with phase-only weight control, 
IEEE Trans. Antennas and Propagat., Vol. 32, No. 5,1984, pp. 530-533. 

43. T. B. Vu, Method of null steering without using phase shifters, IEE Proc. 
Microwaves Opt. Antennas, H, Vol. 131, No. 4,1984, pp. 242-245. 

44. J. R. Flemish, H. W. Kwan, R. L. Haupt et al., A new silicon-based photoconduc- 
tive microwave switch. Microwave Optical. Technol. Lett., IEEE Aerospace 
Conference, Vol. 51, No. 1, 2009, pp. 248-252. 

45. S. M. Alamouti, A simple transmit diversity technique for wireless communica¬ 
tions, IEEE J. Selected Areas Commun., Vol. 16, No. 8,1998, pp. 1451-1458. 

46. M. A. Jensen and J. W. Wallace, A review of antennas and propagation for MIMO 
wireless communications, IEEE Trans. Antennas Propagat., Vol. 52, No. 11, 2004, 
pp. 2810-2824. 

47. A. K. Agrawal and E. L. Holzman, Active phased array design for high reliability, 
IEEE Trans. Aerosp. Electron. Syst., Vol. 35, No. 4,1999, pp. 1204-1211. 

48. T. J. Peters, A conjugate gradient-based algorithm to minimize the sidelobe level 
of planar arrays with element failures, IEEE Trans. Antennas and Propagat., Vol. 
39, No. 10,1991, pp. 1497-1504. 

49. R. J. Mailloux, Phased array error correction scheme. Electron. Lett., Vol. 29, 
No. 7,1993, pp. 573-574. 

50. S. Seong Ho, S. Y. Eom, S. I. Jeon et al.. Automatic phase correction of phased 
array antennas by a genetic algorithm, IEEE Trans. Antennas Propagat., Vol. 56, 
No. 8, 2008, pp. 2751-2754. 

51. W. P. N. Keizer, Element Failure Correction for a large monopulse phased array 
antenna with active amplitude weighting, IEEE Trans. Antennas and Propagat., 
Vol. 55, No. 8, 2007, pp. 2211-2218. 



INDEX 


Active electronically scanned arrays 
(AESA) 6 

Active element impedance 340-341 
Adaptive arrays 5,484-515 
Adaptive nulling 484-515 
amplitude only 512-516 
least mean square 488-489 
phase only 506-512 
power minimization 496-515 
recursive least squares 492-494 
sample matrix inversion 489-492 
sidelobe canceler 484-486 
Adcock array 92-93 
circular 300-303 
Admittance matrx 342 
Advanced Tactical Fighter 
(ATF) 452-153 
Aericibo antenna 1-2 
Airborne Warning and Control System 
(AWACS) 423-124 
AIRLINK® 307 
Aliasing 64 

Amplitude only adaptive 
nulling 512-516 
AN/APG-68 249 
AN/APG-77 70-71,452 
AN/APG-81 473,475,279-280 
AN/APQ-140 243,439-440 
AN/FLR-9 300 
AN/FPS-115 288-289 
AN/FRD-10 300 
AN/MPQ-3 432-433 
Antenna pattern cuts 26 
Antenna temperature 39 
Aperiodic array 156-177 
Aperture antenna 234-257 


Aperture efficiency 80 
Archimedian spiral 264-270 
Array blindness 388-397 
Array feeds 408-460 
Array shape 70-75 
Array steering vector 468 
Atacama Large Millimeter Array 
(ALMA) 323 

Average element pattern 363-365, 
381-382 

Average sidelobe level 102,158 

Baffles 391-395 
Balkanov transformation 126 
Bandwidth 
Array 75-78,264 
Definition 23,28, 29 
dipole 271 
Microstrip patch 260 
Operational 29 76-78 
Quarter wave transformer 407—108 
Resonant slot array 420 
Slot 244 

Spherical array 315-316 
spiral 265-270 
Basis function 351-353 
Entire domain 351 
Galerkin’s method 352 
subdomain 351-352 
Bayliss taper 141-144 
Circular 141-142 
Experimental array 507-509 
linear 142-144 

Beam broadening factor 97-98 
Beam steering 

Beamwidth and array size 78 


Antenna Arrays: A Computational Approach, by Randy L. Haupt 
Copyright © 2010 John Wiley & Sons, Inc. 


527 



528 INDEX 


Beam steering ( cont’d ) 
blindness 388 

Element pattern effects 219,223 
frequency 52-53 
Function of frequency 78 
Grating lobe plot 69 
Infinite array 369 
Linear array 49 
Mutual impedance 362 
Nonplanar arrays 287 
Phase 48,77 
Quantized 105 
Spherical array 313 
Subarray 99-100 
Unit cell 375 
Beamwidth 58-59 
3dB 27,58,59 
Definition 58 
Null-to-null 61 
Planar 324 
SAR 281 
Vivaldi 

Bickmore-Spellmire taper 140 
Biconical antenna 271 
Binomial array 121-122 
Blackbody 38 
Blass matrix 425—426 
Blockage 304 

Booker’s relationship 237, 348 
Bootlace lens 431-432 
Boundary conditions 12 
Bow tie antenna 271-272,309 
Beam-broadening factor 
Chebyshev array 124 
Definition 97, 98 
Brick architecture 409 
Brick module 452 
Brightness temperature 39 
Broadband antenna 264-283 
Broadband dipoles 271 
Butler matrix 426-430 

Calibration 
Array 459-460 
Digital beamforming 455 
Reflector 440-442 
T/R module 450-451 
Cancellation beam 203-210 
Cantor array 108-110 


Capon’s minimum variance 477—478 
Chain Home radar 4-5 
Channel matrix 517 
Circular Adcock array 300-303 
Circular aperture 235-239 
Circular array 88-91 
Circular waveguide 243-244 
Circulator 406-407 
Coaxial cable impedance 401-402 
Commutating feed 298-299 
Concentric ring array 
Definition 89-92 
Nonuniformly spaced 173-177 
thinned 165-166 
Conformal array 287 
Conjugate focal points 432 
Constitutive parameters 10-11 
Constrained lens 431 
Corporate feed 408-414,456 
Correlation matrix 468 
Correlation vector 488,490 
Cost function 152-154 
Covariance matrix 468 
Crossed dipoles 225-228 
Curvature compensation 291-293, 
311-313 

Cutoff frequency 240 
Cylindrical array 302-306, 502-505 

Delta gap model 354 
Density taper 
Concentric ring 165-166 
Genetic algorithm thinned 163-164 
Nonuniformly spaced linear 
array 166-170 
Statistical 156-157 
Thinned linear 156-159 
Thinned planar 159-160 
Z transform 161-163 
Dielectric rod antenna 278-283 
Difference pattern 116-118,141-144, 
201-203 

Adaptive nulling 507-509 
Adcock 300-303 
Bayliss 141-145 
Experimental pattern 258 
Fourier series 67,116-119 
Monopulse radar 35 
nulling 208-210 



INDEX 529 


thinned 202-203 
uniform 61-63 
Digital beamforming (DBF) 
array 455^156 
Dipole antenna 
analysis 223-224 
Array 302-306 
Bent printed 271,273-274 
Chain home radar 4-5 
Crossed 225-228 
Cylindrical array 302-306,502 
Fat 271 

finite 360-368,379-386 
infinite 371,373-374,377-378 
HAARP 226-227 
Halfwave 224-227 
Hertzian 17-19 
Hertzian dipole array 219-223 
Input impedance 364 
Linear array 506, 513 
MERA array 225 
Mtual impedance 340,342-349 
MoM 350-356 
Rotated in array 227-231 
SCR-270 5 

Spherical array 311-313 
Direction finding 
Adcock 92-93 
Arrays 91-94 

Circular Adcock 300-303,278-279 
Direction of arrival 
estimation 475-483 
HF 299,305-307 
Neural network 458-459 
Orthogonal linear 93-94 
Overview 42 
Vivaldi 278-279 
Wullenweber array 298-300 
Directivity 235-236 
Aperture antenna 220-222 
array of Hertzian dipoles 75,78 
Array shape 216-218 
Array with element pattern 109 
Cantor array 226 
Crossed dipoles 356 
Function of dipole segmentation 232 
Helical antenna 251 
Horn antenna 79-80 
Linear array 261 


Microstrip patch 227 
Monopole 81-82 
Planar 82 
Scan 157 
thinned 

Distributed array 319 
Dolph-Chebychev array 
Amplitude taper 123-127 
Feed network design 413-414 
Resonant slot array 419-420 
Dominant waveguide mode 241 
Driving point impedance 342,359-360, 
362 

Edge elements 376-377 
Effective aperture 29 
effective isotropically radiated power 
(EIRP) 27 
Efficiency 
Binomial array 122 
Chebyshev array 125 
Hansen taper 140 
Polarization 33 

Polarization spherical array 315 
Radiation 24 
Reflect array 439 
Taylor circular taper 137 
Taylor linear taper 133-134 
Thinned 158 
Transmitted power 23 
Eigen beams 468-475 
Eigenvalues 468^175 
Eigenvectors 468^175 
Electric wall 375 

Electromagnetic bandgap material 
(EBG) 397-398 

Electronically agile radar (EAR) 6, 
243-244 

Element failures 101-104,523-524 
Element pattern conformal 
array 293-297 
Element polarization 217 
Element use factor 442 
Emissivity 39 
End-fire 232 
End-fire array 51-52 
E-plane sectoral horn 249-255 
Errors 

compensation 455 
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Errors ( cont’d ) 
quantization 105-108 
random 99-104 

Estimation of Signal Parameters via 
Rotational Invariance Techniques 
(ESPRIT) 482-483 

Far field 18,21 

Fast multipole method (FMM) 378 

Fences 392-394 

Fast fourier transform (FFT) 

Butler matrix 426,429 
Linear array 67-68 
Planar array 72,75-76 
Zero padding 67-68 
Floquet modes 370, 371,375-376,390 
Floquet series 370,371 
Focusing 53-54 
Fourier series 
Electric field 7 
Linear array analysis 63-67 
Partially tapered arrays 149-150 
Pattern synthesis 115-118 
Planar array analysis 67-75 
Fourier transform 9,370 
Fractal array 108-112 
Fractional z transform 166-170 
Frequency beam steering 52-53 
Friis transmission formula 34-45 

Gain 24,29 

Gaussian white noise 468 
Generating array 108-109 
Genetic algorithm 
Adaptive nulling 500-506,510-511 
Advantages 155 
Hybrid 172,178 
Interleaved arrays 200-203 
Introduction 155-156 
Nonuniformly spaced arrays 173-177 
Plane wave projection 195-197 
Reflector calibration 440-441 
Subarray tapers 179-183 
Thinned arrays 164-165 
Thinned subarrays 183-193 
Tilted dipole array 230-231 
Geodesic Dome Array 318-319 
Geodesic Dome Phased Array Antenna 
(GDPAA) 318,321-322 


Geodesic sphere 316 
grating lobe 
definition 64-65 
dipole array 222-223 
floquet modes 376 
horn array 242-243 
infinite array 369-371 
linear array directivity 80 
location 69 

minimum redundancy array 170 
planar array directivity 82-83 
plot 68-70 
reflector array 236 
subarray 95-99 
sub array weighting 179-193 
Grating lobe series 371 
Grating lobe suppression 70 

Hansen taper 136-140 
Hansen-Woodyard 51-52 
Hawk radar 414—415 
Helical antenna 231-234 
axial mode 232 
normal mode 231 
Hertzian dipole 17-19, 219-223 
Hidden layer nodes 457 
High Frequency Active Auroral 
Research Program 
(HAARP) 227-228 
High Frequency Surface Wave Radar 
(HFSWR) 333-337 
Horn antenna 
array feed 442-447 
E-plane sectoral 249-257 
H-plane sectoral 250-258 
pyramidal 250-256 

Icosahedron 318 
Illumination efficiency 80 
Impedance 
Defined 18 

Driving point 342,359-360,362 

Mutual 341-349,358 

Scan 387 

Self 341,344 

slot 237 

Impedance matrix 342 
Infinite array 
Dipoles 371-374 
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point sources 368-371 
slots 371-374 
Input impedance 
Aperture antenna 234 
complementary spiral 264 
dipole 225,354 
Helical antenna 233 
monopole 227 
Insertion loss 407 
International Maritime Satellite 
(INMARSAT) 307 
Interleaved arrays 197-203 
difference pattern 201-203 
thinned 201-203 
Iterative projection method 192 

Joint Surveillance Target Attack Radar 
System (Joint STARS) 416-417 

Least mean square (LMS) algorithm 
488^191 

Least squares 120-121,151,194-196,204 
Lens 430-438 
bootlace 431^132 
Rotman 432^138 
Waveguide 430-431 
Linear array 
Array factor 47 
Bandwidth 50 
Beamwidth 58-59 
Beam pointing 49 
Directivity 79-80 
End-fire 50-51 
Grating lobes 65 
Quantization lobes 106 
z-transform 84 

Longitudinal slot array 418-421 
Longitudinal slot array bandwidth 420 
Longitudinal slots 245 

Magnetic wall 375 
Mark 8 radar 283 
Matching circuits 407-408 
Maxwell’s equations 10-11 
Mean time between failure (MTBF) 
523-524 

Maximum entropy method (MEM) 
480-481 

Method of moments (MoM) 349-358 


Micro-electro-mechanical systems 
(MEMS) 447^149, 519 
Microstrip 403^104 
Microstrip antenna 257-264 
Microstrip bend 404-405 
Minimum redundancy array 170-172 
monolithic microwave integrated circuit 
(MMIC) 452 

Molecular Electronics for Radar 
Applications (MERA) 452 
Monopole 227-228 
Monopulse 35,208 
Multiface array 288 
Multiple Input Multiple Output 
(MIMO) 515 

Multiple Signal Classification (MUSIC) 
477-478 

Multirole electronically scanned array 
(MESA) 289-290 
Mutual coupling 421 
Mutual coupling element patterns 
363-368 

Mutual impedance 341-342 
collinear dipoles 346-348 
offset dipoles 346-347 
parallel dipoles 345,347 

Nelder Mead downhill simplex method 
151-152 

Neural beamforming 457^159 
Neural training 458 
Nike AJA MPA-4 radar 431 
N-port network 405^106 
Nonplanar arrays 287-338 
Nulls 57 

Null synthesis 203-210 
Nyquist rate 63 

Open ended waveguide 239-244 
Optimum adaptive weights 486-488 
Overlapped subarrays 186 

Partially tapered array 149-151 
Particle swarm optimization (PSO) 
506-507 

Patch antenna 257-264 
Bandwidth 260 
polarization 260 
Input resistance 262-263 
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Passive electronically scanned array 
(PESA) 6 

Patriot radar 432-433 
Pattern multiplication 217-218 
Pattern synthesis 
Bayliss 141-144 
Bickmore-Spellmire 140 
Circular Bayliss 142-144 
Difference 116-119 
Dolph-Chebyshev 123-127 
Fourier series 115-118 
Hansen one parameter 136-140 
Hansen-Woodyard 51-52 
Least squares 120-121 
Taylor linear array 127-132 
Taylor circular 133-137 
Taylor one parameter 132-134 
Unit circle 143-149 
Woodward-Lawson 118-120 
Periodogram 476 
Phase beam steering 5,49-50 
Phase center 46,55,56,62,65,216 
Phase compensation 298,310, 
331-332 

Phase correction 291-293 
Phase dithering 107 
Phase-only nulling 206-210,506-512 
Phase shifters 5,445-449 
Ferrite 448-449 
Ferroelectric 229 
Latching 448-449 
MEMS 447-448 
PIN diode 447 
Rotary field 449 
Switched line 446-447 
Phase taper 177-178 
Phase taper subarray 192-193 
Pilot signal 489 
PIN diode 521-523 
Pisarenko Harmonic Decomposition 
(PHD) 480-481 
Planar array 
Array factor 47-48 
Beam pointing 50 
circular 88 
concentric ring 89 
direction finding 93 
Directivity 81-83 
element spacing 59-61 


Grating lobes 69 
waveguide 423-425 
Plane wave 21 

Plane wave projection 193-197 
Point matching 352 
Point source 15, 45 
Poisson sum 370,371 
Polarization 30-34 
Polarization efficiency 33,315 
Polarization loss factor 226 
Polyfractal array 111-112 
Polyhedron 316,320 
Poynting vector 12,18 
Precision Acquisition Vehicle Entry 
(PAVE) Phased Array Warning 
System (PAWS) 288-289 
Principal component 89 
Pyramidal horn 250-254,414-416 

Quadrature hybrid coupler 426-427 
Quantization errors 105-108 
Quantization lobes 106-107 
Quarter wave transformers 407-408 

Radar cross section 36 
Radar range equation 37 
Random errors 100-104 
Reciprocity 341,342 
Reconfigurable array 519-524 
Rectangular aperture 235-236 
Rectangular spacing 60 
Rectangular waveguide 239-240 
Recursive least squares (RLS) 492-494, 
494—496 

Reflectarray 436-440 
Reflected Array Radio Frequency 
(RARF) 243, 439^140 
Reflection coefficient 223 
Reflector antenna with array feeds 
439-442 

Relative antenna pattern 25 
Resistive divider 410-411 
Resonant waveguide array 246,418-421 
Retrodirective arrays 464-467 
Root MUSIC algorithm 479^180 
Rotman lens 432-436 

S parameters 405-407 
S parameter matrix 406-407 
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Sample matrix inversion (SMI) 489-492 
SBX-1 6 

Scan impedance 386-387 
SCR-270 5 
Self impedance 344 
Series feed 408, 414 
Sidelobe blanker 484-485 
Sidelobe canceler 485-486 
Sidelobes 57 
Sierpinsky array 110-111 
Simultaneous nullling in the sum and 
difference patterns 507-509 
Singular value decomposition (SVD) 

518 

SIR-B 326-327 
SIR-C 327,329 
SIR-C/X SAR 326-328 
Slot admittance 244 
Slot impedance 244,348-349 
Slot resonance 244 
Slot susceptance 244 
Slotted waveguide array 327,414-415, 
416-425 
Slow wave 388 
Smart arrays 464-526 
Spatical diversity 517 
Spherical array 309-319 
Spiral antenna 246-270 
Spiral array 305-307 
Square kilometer array (SKA) 1-2 
Standing wave ratio (SWR) 23 
Steepest descent algorithm 50 
Steepest descent method 488,494-496 
Stefan-Boltzmann law 38 
Stripline 402-403 
Subarray 94-99,317-319 
amplitude taper 179-183 
beam steering 99 
grating lobes 97-99,179-193 
thinned 183,186 
weighting 95-99 
Surface wave 395-397 
Synthetic aperture (SA) 323-324 
Synthetic aperture radar (SAR) 

324-329 

T junction 408-410 

Taper efficiency 80,158 

Tapered slot antenna (TSA) 272-280 


Tapered slot array 389-390 
Taylor taper 414-416,127-136, 

144-148 

Circular 133-136 
One-parameter 132-134 
TE mode 239,241, 389 
Techsat 21 331-333 
Thinned array 152-154,156-164, 
201-203 

average sidelobe level 158 
directivity 157 
efficiency 158 
peak sidelobe level 158 
Tile architecture 409^111,452-454 
Time-modulated arrays 328-330 
Time-varying arrays 323-337 
TM mode 239,241, 389 
Transmit-receive (T/R) modules 6,289, 
449-455 

Traveling waveguide array 
421-423 

Triangular lattice/spacing 60,69-70, 
81-82,317 

Tseng and Chang taper 126-127 

Ultra wideband 28 
Unconstrained lens 431 
Uniform array 
beamwidth 58-59 
Difference pattern 61-63 
sampling 63-75 
sidelobe level 57 
sum pattern 55-61 
Unit cell 374-376 
Unit circle 85 

Unit circle synthesis 143-149 

Van Atta array 464-466 
Very Large Array (VLA) 237-239 
Vivaldi antenna 272,277,278 
Very Long Baseline Interferometry 
(VLBI) 319,322-323 

Wave equation 13,15 
Waveguide lens 430-431 
Waveguide slots 244-249 
Waveguide wavelength 240 
Wavenumber 239-240 
Wiener-Hopf solution 488 
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Wilkinson power divider 411-413 
Winstone cone light reflector 442-443 
Woodward-Lawson synthesis 118-120 
Wullenweber array 298-300 


X-SAR 327,329 

Z transform 84-88,160-163, 
166-170 



